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Introduction (version francgaise)

Cette these étudie le caractére bien posé et le comportement asymptotique des solutions
de différentes équations cinétiques dans des domaines bornés.

L’objectif de cette introduction est d’établir le cadre de la these :

Nous présenterons d’abord les différents niveaux de description mathématique des
systemes de particules, ou nous expliquerons l'intérét physique et mathématique de ’étude
de la théorie cinétique des gaz.

Nous donnons ensuite un apercu de la ligne générale de recherche que nous considérons
dans notre travail et nous expliquons les différents problemes physiques qui motivent les
questions étudiées dans chacun des chapitres de cette these.

Ensuite, nous introduisons le cadre général de I’étude des équations cinétiques : leur
forme fondamentale, les conditions aux bords appropriées pour ’étude du probleme de
Cauchy, et les techniques de hypocoercivité pour les équations cinétiques linéarisées dans
des domaines bornés.

Par la suite, nous présenterons plusieurs exemples d’équations cinétiques pertinentes
pour cette these, en soulignant & la fois leurs propriétés mathématiques et leur role dans la
modélisation de phénomenes et de possibles applications physiques.

Enfin, nous exposerons nos résultats principaux, suivis d’une discussion sur les lignes
de recherche qu’ouvre notre travail, et la structure générale de la these.

1 Niveaux de description des systemes de particules

L’un des principaux objectifs de la physique mathématique est de décrire des systemes
généraux de multiples particules qui composent un gaz dilué comme par exemple lair, les
galaxies ou le plasma. Pour accomplir une telle tache, nous connaissons aujourd’hui trois
échelles physiques principales pour décrire un tel systéme.

e Le point de vue microscopique/newtonien qui considére chaque particule du
systéme comme un point dans ’espace, se déplacant avec un vecteur vitesse, et écrit les
équations newtoniennes tenant en compte les interactions entre chaque particule.

Cependant, cette méthode n’est pas pratique dans la plupart des situations d’intérét, ou
N (le nombre de particules) peut étre tres élevé. En particulier, pour trois corps déja, nous
savons que ce systeme est chaotique, c’est-a-dire que la dynamique des particules est tres
sensible a de petites perturbations des conditions initiales (voir par exemple [145, 165]).

Il est donc clair que lorsque ’on veut étudier les gaz, dont le nombre d’Avogadro indique
que N ~ 10?3, la voie lactée, avec N ~ 10!! étoiles (voir Figure 1) , ou le noyau du soleil,
avec N ~ 102! particules, cette approche devient pratiquement impossible.

e Le point de vue macroscopique ot nous prenons un cube dans ’espace, suffisamment
petit pour étre négligeable par rapport a ’ensemble du systéme, mais suffissamment grand
pour étre considéré comme une unité, c’est-a-dire contenant suffisamment de particules pour
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Figure 1: Photo de la Voie lactée apparaissant au-dela de ’horizon terrestre, prise par
lastronaute de la NASA Don Pettit le 29 janvier 2025. Image credit: NASA/Don Pettit.

étre traité statistiquement. Nous pourrions alors considérer le comportement des quantités
observables de cette unité, telles que la masse, la quantité de mouvement, 1’énergie, la
pression, la température, le flux de chaleur, entre autres. Cela conduit & la description
hydrodynamique du systéme via les équations d’Fuler ou de Navier-Stokes. Pour plus de
références a ce sujet, nous renvoyons a [122, Chapter 1],[96, Section2], et aux références
qui s’y trouvent.

Ce point de vue présente toutefois un inconvénient majeur : des éléments tels que la
viscosité ou la conductivité thermique sont donnés comme des données phénoménologiques
ou expérimentales, et ne sont pas liés a des comportements microscopiques.

e Le point de vue mésoscopique/cinétique représente une alternative entre les
deux descriptions précédentes. Au lieu de chercher a savoir quelles particules font quoi,
nous nous intéressons plutdét au nombre de particules qui, en moyenne, se comportent
d’une certaine maniére. Cela se traduit mathématiquement par ’étude de la fonction de
distribution caractérisant le systeme, qui mesure les “proportions” des particules dans
I’espace de phase de la position et de la vitesse.

De plus, cette fonction de distribution codera a la fois les interactions moléculaires
(d’une maniere statistique), ainsi que les quantités macroscopiques (également appelées
mesurables ou observables) telles que la masse, la quantité de mouvement et 1’énergie.

La maniere formelle d’obtenir une description mathématique d’un tel objet est de
prendre la limite, dans la représentation microscopique de I’ensemble de particules du
systeme, lorsque N — oo d’une maniére statistique. Ce type de limite est appelé limite a
nombreuses particules ou limite thermodynamique. Voir par exemple [56, Chapter 2], [123],
ou plus récemment [68], pour le cas particulier de I’équation de Boltzmann
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2 DMotivation et cadre de la theése

Cette these s’inscrit dans le cadre de ’étude des systeémes statistiques de particules illustrés
par leur description mésoscopique. Nous nous intéressons particulierement a ceux qui sont
en état de non équilibre thermodynamique, c’est-a-dire lorsqu’il y a présence de flux de
quantités observables telles que la masse ou 1’énergie.

Il convient de remarquer dans ce contexte que la deuziéme loi de la thermodynamique
implique que les systémes physiques isolés, bien qu’ils puissent étre en non-équilibre
a un moment donné du temps, sont tenus d’évoluer vers un état d’équilibre stable.
Mathématiquement, cela équivaut au fait qu'un tel état d’équilibre ressemble & une
distribution Mazwellienne (gaussienne en dehors du monde de la théorie cinétique). Cette
hypothese a été formulée pour la premiere fois par J. C. Maxwell dans [131] et prouvée
plus tard par L. Boltzmann dans [28], avec I'introduction de la premiére équation cinétique
et du théoréme H, un moyen de quantifier la production d’entropie du systeme et qui
implique—au moins qualitativement—un tel comportement a long terme vers des états
d’équilibre.

Les résultats remarquables de Boltzmann sont devenus le point de départ de la
théorie cinétique des gaz ainsi que de nombreuses études et développements physiques et
mathématiques. Nous reviendrons sur ce sujet plus loin dans la Section 6.

Cependant, lorsque notre systeme de particules n’est pas isolé et qu’il est soumis a
des forces non conservatrices, telles que la présence de reservoirs thermiques interagissant
avec les particules, la deuxiéme loi de la thermodynamique ne s’applique plus et, méme si
le systeme est laissé a évoluer en tant que t — oo, nous constaterons ’existence des flux
d’énergie. On dit dans ce cas que 1'on est en présence d’un état stationnaire en non-équilibré
(NESS), et en particulier il ne peut pas ressembler & une distribution Maxwellienne (voir
[163] pour un résultat dans ce sens pour le cas particulier de I’équation cinétique de
Fokker-Planck).

L’étude de ces systémes, tant sur le plan physique que mathématique, est aujourd’hui
extraordinairement compliquée. Du point de vue physique, la création d’expériences
fructueuses est délicate et se heurte souvent aux limites du maintien de températures fixes
pour les reservoirs suffisamment longtemps pour faire des observations significatives sur le
comportement & long terme des particules, voir par exemple les commentaires dans [94].
Sur le plan mathématique, déja dans le cadre de 1’équilibre de 1’équation de Boltzmann
et des modeles associés, leur étude a nécessité, au cours du siecle dernier, la création de
nouveaux domaines, théories et techniques pour donner un sens rigoureux aux solutions
et quantifier leur tendance a 1’équilibre, en laissant encore aujourd’hui de nombreuses
questions ouvertes.

Ce n’est qua la fin du XX siecle, avec lacces & des ordinateurs puissants, que
les physiciens ont redonné de l’attention a ces problemes par le biais de simulations,
encourageant ainsi I’étude mathématique de problemes tels que I'existence d’états stationnaires
hors équilibre, leur unicité et stabilité. Pour les travaux mathématiques dans ce cadre,
nous nous référons a [7, 8, 10, 42, 44, 82| pour l’équation de Boltzmann et a [19, 41, 43,
45, 84, 85, 87] et les références qui y figurent pour des résultats connexes dans d’autres
modeles cinétiques.

Cette these s’inscrit dans ce cadre et est motivée par 1’étude des questions de bien
posé et de stabilité des états stationnaires hors équilibre pour les équations cinétiques
dans des domaines bornés en présence de reservoirs de chaleur sur le bord. Pour étre plus
précis, nous expliquons maintenant brievement les principaux axes de notre recherche et
les motivations de chacun des chapitres (numérotés) de notre these.
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e Dans le Chapitre 1, nous étudions une équation de Fokker-Planck cinétique linéaire
générale en présence d’une température variant sur le bord et nous prouvons 'existence
et I'unicité d’un solution stationnaire hors équilibre. De plus, nous caractérisons le
comportement a long terme de ses solutions de maniere quantitative.

e Dans le Chapitre 2, nous utilisons les résultats du Chapitre 1 pour étudier une
équation de Fokker-Planck cinétique faiblement non linéaire avec des reservoirs de type
BGK dans un domaine borné, présentant également des températures variant sur le bord.
Nous prouvons l'existence d’une solution stationnaire hors équilibre et sa stabilité, sous la
condition de petitesse de la donnée initiale.

e Enfin, nous consacrons le Chapitre 3 a ’étude d’une équation de Boltzmann proche de
sa limite hydrodynamique. Nous étudions ce probléme confiné dans un domaine cylindrique
ou les bases ont une température fixe et ou il y a une réflexion spéculaire dans sa surface
latérale. La motivation principale de cette étude est la premiere étape de I’étude du cadre
physiquement pertinent de 1’équation de Boltzmann dans un domaine cylindrique avec des
températures différentes sur chaque base, et une réflexion spéculaire sur la surface latérale.

Pour une définition précise des conditions aux bords des équations cinétiques mentionnées
ci-dessus, ou pour savoir comment représenter la présence d’une température sur le bord,
voir Section 4. En outre, pour le lecteur intéressé par des discussions sur les systémes
en équilibre et en non-équilibre thermodynamique d’un point de vue plus orienté vers la
physique, voir [94, 117] et [93, Chapitre 9].

3 Cadre général pour I’étude des équations cinétiques

Comme expliqué précédemment, pour une dimension donnée d > 1, nous nous intéressons
a une fonction de distribution F' = F(t,z,v) telle que, a chaque instant t € Ry, elle
représente une particule & la position z € Q, ot Q C R? est un domaine, et se déplacant &
une vitesse v € R

Nous notons que la représentation ci-dessus de F' est au sens statistique. Une maniere
plus mathématiquement précise de décrire F' est de la considérer comme une mesure de
probabilité dépendante de ¢ (bien que nous puissions également considérer des mesures
absolument continues par rapport & la Lebesgue), et telle que pour chaque ¢t > 0, la quantité
F(t,z,v)dzdv est la moyenne des particules dans le cube de taille dzdv dans 'espace des
phases Q x R3.

De plus, il convient de remarquer que méme si le choix le plus physique de la dimension
est d = 3, il est physiquement significatif et mathématiquement intéressant d’étudier ces
problemes dans des dimensions arbitraires.

La formulation générale d’une équation cinétique se lit alors
OF +TF =Q(F) dansU := (0,00) x Q x R%, (1)

ou nous avons 1’opérateur de collision Q, possiblement non-linéaire, et nous avons défini
I'opérateur de transport

TF :=v-V,F + V. V,F,

pour une fonction potentielle ¢ : (0,00) x Q@ — R.

En général, la distribution F' n’est pas physiquement mesurable mais, pour tout
(t,z) € Ry x Q fixes, il est possible d’observer certaines des propriétés des particules que
F décrit. Ces propriétés sont appelées quantités macroscopiques (QM) et sont liées a la
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distribution F' par les formules suivantes

densité locale p(t,xz) = F(t,z,v)dv,

R4
. 1
vitesse moyenne locale wu(t,z) := 7/ v F(t,z,v)dv,

p(t, z) Jrd

. (QM)
température local T(t,z) = ——— —u(t,z)|* F(t,2,v)d
empérature locale (t,z) A7) Rd|v u(t,x)|* F(t,z,v)dv,
¢ Pentropie local S(t, ) L [ F(t,z,0)lo8 F(t,2,0)d
et l'entropie locale ,x) = — ,z,v)lo ,x,v)dv.
g plt.2) Jpa ;

En ce qui concerne les choix possibles pour €2, nous avons quatre possibilités principales :

e D’une part, pour les choix non bornés de €2, nous rencontrons dans la littérature soit
tout I’espace R, soit des domaines non bornés avec des fronticres, comme par exemple le
demi-espace RY := {(z1,...,24) € R, 21 > 0}.

e D’autre part, si nous voulons travailler dans un ensemble {2 avec une mesure de
Lebesgue finie, nous pouvons soit choisir le tore T%, ce qui signifie que z € [0, 1]d et nous
supposons que F' est périodique dans cet ensemble, ou nous prenons {2 comme un domaine
arbitraire (suffisamment régulier) borné dans R

En particulier, nous remarquons que lorsque 2 est soit Ri soit un domaine borné, nous
devons compléter ’'Equation (1) avec des conditions aux bords appropriées.

4 Conditions au bord

Nous supposons maintenant que € est un domaine borné dans R?, et nous supposons qu’il
existe une fonction

5 € WE°(RY,R) telle que Q = {x € RY, §(x) > 0}, et 6(x) = dist(z, dQ) (2)

sur un voisinage du bord. Ici, la fonction dist(-, 0f2) représente la fonction de distance a la
frontiere 0€2.

Défini de cette maniere, nous observons que 92 = {z € R%, §(x) = 0} et nous avons
classiquement que |Vd(x)|= 1. Par conséquent, nous définissons le vecteur normal vers
I’extérieur comme suit

Vo(x

i) e __ V(@) 0
ng = n(z) = -Vi(z) = Vo) pour presque tout x € . (3)

Nous définissons également ’ensemble du bord 3 = 9 x R? et nous distinguons les
ensembles de vitesses sortantes (X4), entrantes (X_), et rasantes (X¢) sur le bord définis

par
Y :={(z,v) €X, £ny,-v >0}, et Xg:={(z,v) €X, ny-v=0}

En outre, nous notons également I' := (0, 00) X ¥ et par conséquent I'y := (0, 00) x ¥4. Nous
définissons ensuite vF' comme la fonction de trace associée a F' sur I', et 4 F := 1p vF.

Nous notons qu’en raison de la nature du systéme que nous décrivons, nous ne sommes
pas en mesure de fixer le comportement des particules qui quittent le domaine, c’est-a-dire
celles dont les coordonnées (z,v) € X;. Ceci est dii au fait que leur dynamique est
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completement déterminée par leur “histoire” a l'intérieur de 2. Par conséquent, pour avoir
un probléme bien posé, il suffira de donner les conditions au bord que sur v_F, la partie
entrante de la trace.

Nous remarquons également qu’une fagon trés naturelle de définir les particules entrantes
est de les relier a celles qui quittent €2. Physiquement, cela signifie que la particule subit
une reflexion, d’une sorte ou d’une autre, au bord.

Cependant, le probléme de la description de I'interaction entre un gaz et une surface,
méme s’il a été étudié au moins depuis le XIX®™¢ siecle, reste assez difficile, voir par
exemple [53, Chapitre III, Section 1] pour une discussion orientée vers la physique & ce
sujet.

En particulier, on sait qu’en général, ces collisions peuvent dépendre de la température
au bord, de la propreté et de la rugosité du matériau, et méme du temps, car la surface est
sujette a des changements dus a des processus chimiques entre les particules entrant en
collision avec celles présentes sur la frontiere.

Néanmoins, sous des hypotheses assez générales, nous pouvons modéliser un tel processus
par

Ing - v|y_F(t, z,v) = /d Y+ F(t,z,u) (v — v,x) (ng - u)r du  sur I'_| (4)
R

ou X = (u— v,x) est appelé le noyau de diffusion et il décrit I'interaction des particules
du gaz avec le bord. Ce noyau peut étre supposé posséder les propriétés suivantes :

e Non négatif: £ > 0, puisqu’il représente la distribution de probabilité liée au changement
de vitesse apres une collision avec le bord.

e Non-poreux et non-adsorbant/Conservatif si la surface est supposée réémettre chaque
particule, sans tenir compte de sa vitesse, nous supposons que

/ H(u— v, z)du =1, YV € 09.
Ny <0

e Loi de réciprocité/Equilibre détaillé: 1l existe une distribution Maxwellienne définie

comme suit
|v]?

1
Mo = M@('U) = Wexp <_2®> 5 (5)

o1 0:0— R* représente une température prescrite au bord, pour laquelle on a que

p M@(tu x?”) ’%/(u — ’U,CL') (nw ’ U)+ du = ‘nm ’ U‘M@)(t,[ﬂ, ’U).
R

Sous les conditions ci-dessus, nous avons en particulier I'inégalité de Darrozes et Guiraud,
voir par exemple [62] ou [53, Chapitre III, Section 4].

La formulation générale (4), pour les conditions au bord, vise a décrire le comportement
complexe présent dans les interactions entre les particules d’un gaz et une surface, a
travers une formulation générale, et laisse le noyau de diffusion J# comme un opérateur
phénoménologique a adapter aux particularités de chaque situation pratique.

Cependant, définies de maniere aussi générale, les conditions au bord ne fournissent
pas une information suffisante pour établir une théorie du bien-posé pour les équations
cinétiques. Nous pouvons donc soit restreindre davantage le comportement de 2 en
introduisant des hypotheses supplémentaires, soit choisir des cas particuliers de conditions
au bord approchant le comportement d’un gaz a une surface.

En optant pour cette derniére solution, nous distinguons dans la littérature les choix
suivants de conditions au bord pour compléter I’Equation (1).
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e Condition au bord du type inflow. Pour une fonction donnée f : I'_ — R nous
posons
v F(t,z,v) =f(t,z,v) sur I'_.

Physiquement, cela revient a injecter dans le domaine des particules suivant la dynamique
décrite par f§.

¢ Condition au bord du rebond/bounce-back. Nous posons
v_F(t,z,v) =+ F(t,z,—v) sur [_.

Cette condition au bord n’est pas tres physique, mais comme elle établit un lien assez
simple entre les particules sortantes et les particules entrantes, elle a été utilisée dans des
modeles jouets pour comprendre des problemes plus compliqués.

¢ Réflexion spéculaire. Nous considérons
’Y*F(tvl‘vv) = y’%#F(tvxa U) = ’Y+F(t,$, VJSU) sur F*a (6)

ou Vv := v — 2(ny - v)Ny.

Cette condition au bord représente une particule se reflétant sur la surface de la méme
maniére que la lumiére se reflete sur un miroir, c¢’est-a-dire qu’elle suit le principe de I’angle
d’incidence est le méme que l’angle de réflerion, voir la Figure 2 pour une représentation
graphique. En effet, pour tout = € R?, tel que le vecteur normal n, est bien défini, et tout
v € R% nous observons que

Vo -ng = —v-ng, et |[Vou|*=|v]?,

ce qui valide le fait que la particule rebondit sur la surface de maniére symétrique par
rapport & la normale au point de collision, tout en conservant la méme vitesse. Il s’agit de
I'une des conditions au bord les plus simples, physiquement parlant, puisqu’elle suppose
que les collisions sont parfaites et qu’il n’y a pas de rugosité ou d’échange d’énergie a la
frontiere.

De plus, nous remarquons que (6) n’est rien d’autre que (4) lorsque l'on choisit
H = 0p(u—V,v), ou dp représente la fonction delta de Dirac.

Figure 2: Representation graphique d’une particule subissant une réflexion spéculaire, au
bord 0f2, avec un angle d’incidence 6.

e Réflexion diffusive. Pour une fonction donnée © : Q — R%, nous définissons la
distribution Mazwellienne du bord

2w
%@ — @M@7 (7)
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ou nous rappelons que Mg est défini dans (5). Nous prenons alors
V-F(t,z,v) = D74 F(t,2,0) = Mo(v)y F(t,x) surl_, (8)

ol
o F = 7 F(t,7) = /R i E(t . u) (ng ) du,

et il convient de remarquer que Mg a ét¢ défini de manicre a ce que la condition de
normalisation Mg = 1 soit respectée.

Physiquement, cette condition au bord représente la présence d’une température
prescrite © a la frontiére, qui peut éventuellement varier dans I'espace. L’intuition est
que la surface absorbe la particule sortante (z,v4) € ¥4 et en introduit une nouvelle
(x,v_) € ¥_, ou v_ représente une variable indépendante donnée par la distribution
gaussienne modifiée .Zg.

En outre, il convient de remarquer que, physiquement, la stochasticité inhérente a la
condition au bord diffusive peut également étre utilisée pour modéliser la rugosité de la
frontiere

De plus, nous remarquons que la condition au bord diffusive (8) est un cas particulier
de (4) lorsque l'on choisit " = |n, - v|.#o(x,v).

e Réflexion Maxwellienne. J. C. Maxwell a introduit cette condition au bord dans [132,
Appendix], ou il la décrit comme un moyen approprié de traiter I'interaction entre un gaz
et une surface.

La proposition de Maxwell consistait a diviser 'opérateur de réflexion en une partie
locale (spéculaire) et une partie diffuse, combinées, de maniére convexe, par un coefficient
d’accommodation.

En effet, nous prenons ¢ : 9Q — [0, 1], et nous considérons

’)/7F(t,$,’0) :'%/erF(tax?U) sur F*a (9)
ou nous avons défini 'opérateur de réflexion de Maxwell
%’Y-FF(ta .’IJ,’U) = (1 - L<m‘))‘5ﬂfy+F(t7 .’E,U) + L(fl?).@’)ﬂ,.F(t,aﬁ, U)' (10)

Nous rappelons que les opérateurs . et & sont donnés par les opérateurs de réflexion
spéculaire et diffusive respectivement, et nous notons que ¢ est le coefficient d’accommodation,
qui peut dépendre de la variable spatiale.

Naturellement, nous observons que (8) est un cas particulier de (4) en choisissant

H(u—v,2)=(1—1u(x)dp(u— V) + t(x)|ng - v| Mo (x,v).

e Condition au bord de Cercignani-Lampis. Plus récemment, C. Cercignani et M.
Lampis ont introduit dans [52] un opérateur visant a étre plus précis physiquement pour
modéliser 'interaction entre des particules de gaz et une surface, en généralisant le modele
de Maxwell.

Cette condition au bord s’écrit alors comme (4) avec

S 1 ol (=) f?
Jg@i_é””w‘_'@CwTL(2w@CﬂTM2—-WDﬂd1V2emo<_29¢”TL__ 20(@)rL )

(1—7)Yu, - m) . (_Iv - (1 —T||)U|\2>
Xh( O(x)r. P\ 20@m2—r) )
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pour une température de paroi donnée © : {2 — R | les notations
v = (Veng)ng, v =v—vy, U= (Usng)ng, U =u-—ug,

avec les coefficients d’accommodation normale et tangentielle r; € (0,1] et r € (0,2)
respectivement, et ou Iy est la fonction de Bessel modifiée

Iy(y) := 1/ e s oy,
0

™

Il convient de noter que d’autres conditions au bord—sans doute plus précises physiquement
que celles examinées précédemment—peuvent étre envisagées pour modéliser la dynamique
entre les particules du gaz et une surface solide, voir par exemple [53, Sections 3.6 et 3.7].
Cependant, ces modeles impliquent souvent des expressions mathématiques complexes pour
atteindre un tel degré de précision, ce qui les rend peu pratiques pour leur analyse et pendant
les simulations informatiques. De plus, indépendamment de la complexité, et a notre
connaissance, nous manquons aujourd’hui de conditions au bord non phénoménologiques
pour les équations cinétiques, c’est-a-dire qui ne reposent pas sur des parametres sélectionnés
empiriquement tels que les coefficients d’accommodation.

Comme expliqué dans [52] (voir aussi [53, Sections 3.8]), & part les expériences de
faisceaux de gaz sur les phénomenes de réflexion moléculaire, il n’y a actuellement pas
assez de données expérimentales pour déterminer quel modele est le plus approprié pour
compléter les équations cinétiques dans les domaines bornés.

Par conséquent, la plupart des articles de recherche considérent aujourd’hui les conditions
au bord de Maxwell comme un modele pratique et fiable pour les réflexions de gaz aux
frontieres. En particulier, au cours de cette theése, nous considérons principalement les
conditions au bord de type Maxwell.

5 Théorie d’hypocoercivité

L’étude mathématique de I’Equation (1) dépend fortement de la forme explicite de
l'opérateur Q. Dans la plupart des cas d’intérét, la structure du probleme—jusqu’a
la théorie connue—n’est pas suffisante pour construire des solutions faibles, nous ne
pouvons qu’espérer construire des solutions renormalisées, qui sont encore plus faibles (voir
[3, 69, 75, 76, 78, 127, 138, 139]).

Cependant, pour les systémes en équilibre thermodynamique, nous pouvons généralement
inspecter des états d’équilibre explicites (souvent Maxwelliennes). Dans ce cas, nous pouvons
étudier les solutions perturbatives de ce probléme au voisinage de 1’équilibre et la stabilité
de cette solution stationnaire. En effet, si nous supposons que M est un tel état d’équilibre,
independent de la variable spatiale x, nous prenons F' = M + f et nous observons que f
satisfait, a priori, I’équation suivante

of+Tf=Cf+Q(f),
o nous avons défini Cf := Q(f + M) — Q(f), et nous remarquons que

QM, /) +Q(f,M) siQ(f)=Q(f,[f) est un opérateur bilinéaire.

Cela motive la définition de

Cf = { 0 si Q est un opérateur linéaire,

Lf— Q(f) si Q est un opérateur linéaire,
] Cf si Q est un opérateur bilinéaire,



10 Introduction (version francaise)

et nous 'appelons opérateur de collision linéarisé.
Afin d’étudier le caractere bien-posé des solutions perturbées et la stabilité de la solution
stationnaire M, nous analysons d’abord ’équation linéarisée.

Oif + Tf = Lf, (11)

ce qui implique de traiter avec I'opérateur conservatif de transport T et 'opérateur de
collision linéarisé L qui est typiquement dissipatif—dans un certain espace de Hilbert
H—mais non coercitif, dans le sens ou il n’admet pas de trou spectral, et possede a la
place un énorme noyau.

Le but de la théorie d’hypocoercivité est alors d’établir des techniques pour traiter ce type
de situations (voir [21, 79, 167]) et nous remarquons qu’un tel cadre est similaire au type
de problémes rencontrés dans la théorie de 1'hypoellipticité, cf. [116]. Son objectif principal
est de construire, au moins au niveau des estimations a priori, une estimation explicite
de la décroissance des solutions de 'Equation (11) dans H. Cela se fait typiquement en
construisant une nouvelle norme, équivalente a celle de H, et sous laquelle 'opérateur
—T + L sera coercitif.

Pour des résultats explicites dans le cas de domaines spatiaux bornés avec des conditions
de Maxwell (isothermes), nous nous référons a la théorie de I’hypocoercivité développée
par A. Bernou, K. Carrapatoso, S. Mischler et I. Tristani dans D'article [21]. Pour les
situations concernant l’espace complet ou le tore, le lecteur peut consulter I'article [79] de
J. Dolbeault, C. Mouhot et C. Schmeiser, ou le mémoire de C. Villani dans [167].

6 Exemples d’équations cinétiques

Dans cette section, nous présentons plusieurs équations cinétiques pertinentes pour cette
these, ainsi que certains de leurs résultats mathématiques connus et leur motivation
physique.

6.1 L’équation de Boltzmann

J. Maxwell [131] et L. Boltzmann [28] ont écrit la premiere équation de la théorie cinétique,
connue aujourd’hui sous le nom d’équation de Boltzmann (BE), qui s’écrit

OF +v-V,F=Q(F,F) dansU, (12)

ou O, appelé [l'opérateur de collision de Boltzmann, représente les collisions entre les
particules & 'intérieur de €, et est donné par la forme bilinéaire suivante

1
(G, H) = /d /d B(v—v.,0) [CLH + HIG' ~ G.H ~ GH.] dodv,,  (13)
Rd JSd—

ou nous avons utilisé les abréviations

H=H(), H.,=H,), H =H({), H,=H®),

*
et nous avons défini les vitesses post-collisionnelles

,::U—I—U* |U—U*|U’ ;::v—i—v*_h}—v*]a (14)
2 2 2 2

Pour expliquer la définition (14), nous devons nous plonger briévement dans la modélisation
des collisions de particules & I’échelle microscopique : si nous considérons deux particules
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entrant en collision avec des vitesses v, vy, €t que nous supposons des collisions élastiques,
ce qui signifie que

v+, = v+ (conservation de la quantité de mouvement),

[o2+|ve|? = |V/|>+[vL]? (conservation de I’énergie), (15)

puis nous voulons calculer & quoi ressemblent les vitesses post-collision. Nous remarquons
que (15) représente un systeme de d + 1 équations, alors que nous cherchons un vecteur
a 2d—dimension composé des composantes des vecteurs post-collisionnels v' et v/,. Cela
signifie qu’il y a d — 1 parametres libres a déterminer, ce qui motive l'introduction du
vecteur o € S et la définition (14). Voir la Figure 3 pour une représentation graphique
de ce phénomene.

Figure 3: Représentation graphique
d’une collision binaire élastique avec
des vitesses pré-collisionnelles v, v,, pour
o\ un certain choix du vecteur o générant
les vitesses post-collisionnelles associées
v/, vl,. Voir également la représentation
graphique de 'angle de déviation 6 (voir
ci-dessous pour sa définition).

Vs

Le noyau de collision B = B(v—w., o), décrit la configuration dans laquelle les particules
interagissent lors de 'impact et prend la forme de

B(v—vy,0) = v — 0| 2(v — vy, 0),

ol X(v — v, 0) est appelée la section transversale. En particulier, nous remarquons que
nous pouvons aussi écrire B = B(|v — v/, cosf) (en abusant de la notation en conservant
le symbole B), ou

0= 2(v— v, v —0) €0,7], est appelée I'angle de deviation,

et de sa définition méme, il en résulte que

cosf := <v—v*,0>.
v — vl

Nous notons que nous ne considérons ici que le cas des collisions élastiques entre particules,
mais pour les noyaux de collision de Boltzmann relativistes, quantiques ou non élastiques,
nous nous référons a [166, Chapitre 1, Section 1.6] et aux références qui s’y trouvent.

1l existe plusieurs choix pour le noyau de collision. Tout d’abord, pour un gaz de sphéres
dures, nous avons (éventuellement jusqu’a une constante positive) que

B(v—vy,0) :=|(v—u4) -0l (16)

Ce modele décrit la collision de particules comme des boules de billard dans le domaine
d—dimensionnel 2.

Pour les particules chargées suivant des interactions données par—jusqu’a une constante
positive—une loi inverse de la forme

ou r > 0 représente la distance entre les particules,
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le noyau de collision prend la forme

s—(2d—1)

B(|Jv — vi|,0) := |v — v.|"b(cos0)  avec 7y := P m—

et ou la fonction b(cos ), souvent appelée le noyau de collision angulaire, n’est pas explicite
dans la plupart des situations. On sait cependant que

b(cosO)sin?20 ~ ¢ ) avec v = ,
6—0 s—1

(17)

pour une constante ¢ > 0, voir par exemple [168, Section 4].

Il convient de noter que (17) est valable pour tout s > 2. En particulier, dans le cadre
tridimensionnel d = 3, la valeur limite s = 2 correspond a l'interaction de Coulomb, dont
on sait qu’elle ne s’inscrit pas dans le cadre de I’équation de Boltzmann, voir par exemple
la discussion de [166, Paragraphe 1.7].

Enfin, nous remarquons que, dans la littérature, nous classons les différents noyaux de
collisions comme suit :

e v > (0 — potentiels durs,

e v =0 — molécules Maxwelliennes,
e v < 0 — potentiels mous, et

e v < —2 — potentiels trés mous.

Cette notation, bien qu’utile, peut étre trompeuse. Le fait est que les potentiels durs
ne sont pas nécessairement durs a étudier et que I’équation de Boltzmann présente des
propriétés plus connues dans ce cadre, telles que la présence d’un trou spectral pour le
probléme linéarisé dans des espaces de Hilbert appropriés et, dans certains cas, également
des trous spectraux entropiques. En revanche, pour les potentiels mous ou tres mous, la
théorie de 1’équation de Boltzmann présente de nombreuses difficultés mathématiques.
Pour plus d’informations sur cette discussion voir [168, Figure 4] et les références qui y
figurent.

L’hypothése de cutoff de Grad introduite par H. Grad dans [98] consiste & imposer
que le noyau de collision angulaire b soit intégrable par rapport a la variable angulaire o,
c’est-a-dire que

/ b(cos 0) sin? 260 df < . (18)
0

Physiquement, cela équivaut a exiger que les particules n’interagissent que sur de courtes
distances. D’un point de vue mathématique, cela simplifie considérablement les difficultés
mathématiques liées a 'opérateur de collision de Boltzmann et la plupart des résultats
connus aujourd’hui sur I’équation de Boltzmann sont valables sous cette hypothese.

Il convient de noter que pendant longtemps, on a cru que ’hypothese de cutoff de Grad
ne changerait pas les propriétés fondamentales des solutions de I’équation de Boltzmann et
que ces solutions seraient équivalentes, dans un certain sens, au phénomene physique réel
étudié.

Cependant, comme 1’a noté pour la premiere fois L. Desvillettes dans [73] et comme
I'ont étudié une série d’auteurs dont nous mentionnons [2, 67, 100, 128], on sait aujourd’hui
que la présence d’interactions a large portée entre les particules fait que I'opérateur de
collision @ se comporte comme un laplacien fractionnaire.
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En conséquence, les solutions de I’équation de Boltzmann sans cutoff bénéficient d’un
gain immédiat de régularité dans la variable vitesse, pour tout temps strictement positif
t > 0. Ceci est en contraste avec le cas avec cutoff oti nous ne pouvons pas attendre de
régularité supplémentaire pour les solutions, autre que—au mieux—celle de la donnée
initiale.

Lois de conservation de I’opérateur de collision de Boltzmann. Il est bien
connu que, pour toutes fonctions régulieres G, H, ¢ : R — R, 'opérateur de collision de
Boltzmann satisfait classiquement que

. 1 ! 7! !~ / /
[ oG me=g [ BGUH +HIG -Gl ~GH) (oo~ — ). (19
voir par exemple [56, Section 3.1].
En utilisant (19), nous observons que si nous notons R? > v = (v1,...,vq), et en
choisissant ¢ = (v) comme étant soit 1,v1,...,vq, soit |v]?, on a
[ (G, 1)) ple) dv =0 (20)

De plus, (20) n’est rien d’autre que de dire que Q conserve la masse, la quantité de
mouvement et I’énergie localement en (t,z) € Ry x Q.

Si nous cherchons maintenant des fonctions (suffisamment régulieres) F' telles que (20)
soit valable pour G = H = F', nous constatons que F' est nécessairement une Maxwellienne

de la forme
P _lv—uf?

Gyt T -

F(t,z,v) =Mpur=Mpurv) =
ou p = p(t,z) est la densité locale, u = u(t, x) est la vitesse moyenne locale, et T' = T'(¢, x)
est la température locale dont nous rappelons qu’elle est donnée par (QM). Pour une
preuve de ce résultat, nous renvoyons a [56, Section 3.2], mais voir aussi [31, Théoréme
2.1] pour ce résultat sous des hypotheses plus faibles.
I1 convient de noter que les fonctions de la forme (21) sont appelées des Maxwelliennes
locales, tandis que lorsque p,u, T sont des constantes, elles sont appelées des Maxwelliennes
globales.

Lois de conservation pour les solutions de I’équation de Boltzmann. Nous
considérons maintenant que § est I'espace complet R? ou le tore T¢ (mais nous pourrions
aussi supposer que ) est un domaine borné avec des conditions au bord conservatives),
et nous considérons que F' = F(t,z,v) est une solution de I’équation de Boltzmann (12),
nous observons alors que (20) implique que

d

dt
d
dt

/ Fdzdv = / —v - Vo F + Q(F, F)dxdv = 0,
QxRd QxRd

/ vFdedv = / v (=v-VyF)+vQ(F, F)dzdv = 0,
QxR QxR

d/ |v|? Fdzdov
dt Jaxrd

| JoP (=0 VaF) + o Q(F, F)dado = 0.
QxR

ol nous avons utilisé le théoreme de divergence ainsi que (20) pour déduire chacun des
résultats ci-dessus.



14 Introduction (version francaise)

Si nous complémentons alors 'Equation (12) avec une donnée initiale Fp : Q x R? — R,
les calculs ci-dessus impliquent les lois de conservation suivantes

/ Fidzdv = / Fydzdv (masse),
QxR? QxR2

/ vF dedv = / v Fydzdv  (quantité de mouvement), (22)
QxR4 QxR4

/QRd|v|2Ftdxdv = ARd|U|2ng$dv (énergie),
X X

pour tout ¢ > 0.

Entropie et irréversibilité. L’une des principales contributions de L. Boltzmann
dans [28] a été l'introduction de la fonctionnelle-H

H(F):= /Qx]Rd F(t,z,v)log F(t,z,v) dzdv,

qui agit comme une fonctionnelle de Lyapunov pour I’Equation (12), et qui est physiquement
interprétée comme une forme de “quantifier” I’information d’un systéme de particules, ou
comme 'opposé de I'entropie du systéme. En effet, nous avons le résultat suivant.

Théoréme 1 (Théoréme H de Boltzmann). Supposons que € soit I'espace complet R? ou
le tore T?, et que F = F(t,z,v) soit une solution de ’équation de Boltzmann (12). Nous
avons que

d
ZH(F)=-D(F) <0,

A nli

1 . F'F!
D(F) = _/Qde Q(F, F)log F = Z/Q/de /SUHB(F*F — FF,)log (FF> >0, (23)

*

est appelée la fonction de production d’entropie (ou de dissipation d’information).

Remarque 2. La deuxiéme égalité dans (23) provient de l'utilisation de (19). De plus,
I'inégalité D(F') > 0 est une conséquence du fait que la fonction (X,Y) — (X —Y)log(X/Y)
est non négative

Remarque 3. Parfois, dans la littérature, la fonctionnelle H est appelée fonctionnelle
d’entropie et D est appelée fonctionnelle de dissipation d’entropie. Cependant, dans le
cadre de cette these, nous avons choisi d’utiliser les désignations présentées ci-dessus, telles
que suggérées par C. Villani dans son introduction a [166], et qui sont également souvent
utilisées dans la théorie de 'information pour ce type de quantités.

Le Théoréeme 1 implique (voir par exemple [56, Section 3.2]) que les Maxwelliennes
locales sont les seules fonctions ou la fonctionnelle H atteint son minimum. Il est intéressant
de noter que ces résultats restent valables lorsque € est un domaine borné (suffisamment
régulier) sous des conditions au bord spéculaires. De plus, lorsqu’il y a présence d’une
température au bord (par exemple sous des conditions au bord diffusives ou de type
Maxwell), il est également possible d’obtenir une version plus faible du théoréeme H de
Boltzmann, voir [53, Chapitre III, Section 9].

Une possible interprétation du comportement non croissant de la fonctionnelle H est
que les collisions microscopiques, selon I'hypothese du chaos de Boltzmann, produisent de
I’entropie a un niveau statistique.
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Historiquement, I'introduction de I’Equation (12) et le Théoreme H ci-dessus ont fait
I’'objet de polémiques a I’époque de Boltzmann.

L’une des raisons est que ’hypothese atomique n’était pas encore totalement acceptée,
et les calculs de Boltzmann étaient basés sur 'utilisation de la dynamique Newtonienne
pour chacune des particules composant le “gaz”, et le passage approprié a la limite sous
certaines hypotheses.

D’autres polémiques, peut-étre plus importantes, ont été soulevées par les paradoxes
que les travaux de Boltzmann semblaient évoquer. En effet, J. Loschmidt a souligné
que le comportement non décroissant de la fonctionnelle H impliquait la non-réversibilité
de I’équation de Boltzmann, ce qui était en contradiction apparente avec le fait que
I’Equation (12) provenait d’une limite d’un systéme d’équations de Newton réversibles. De
plus, les équations de Newton étant un cas particulier de dynamique hamiltonienne, le
théoréme récursif de Poincaré implique que les solutions doivent s’approcher le plus possible
de I’état initial, ce qui est manifestement impossible avec une entropie decroissante.

Aujourd’hui, nous savons que l'irréversibilité est une condition naturelle résultant de
I'introduction d’une direction dans le temps au cours des collisions microscopiques dans les
calculs de la dérivation de I’équation de Boltzmann.

Le 6° probleme de Hilbert et la limite hydrodynamique. Lors du Congres
international des mathématiciens qui s’est tenu a Paris en 1900, D. Hilbert a proposé
une série de problémes qu’il considérait comme d’une importance fondamentale pour les
mathématiciens du nouveau siecle (voir [115]). Parmi ceux-ci, il y a I'incitation & développer
une théorie mathématiquement rigoureuse pour le processus de limite qui meéne d’une
vision atomistique de la nature aux lois du mouvement des continuums, a savoir obtenir
une description unifiée de la dynamique des gaz, y compris tous les niveaux de description.

Le passage de la dynamique microscopique a I’équation mésoscopique de Boltzmann a
été obtenu pour la premiere fois par O. Lanford dans [123] pour de trés petites échelles de
temps—dans le sens ot aucune collision est permise—et il a été impossible d’étendre cette
méthode pour traiter les grandes échelles de temps. Plus récemment, Y. Deng, Z. Hani et
X. Ma ont proposé dans [68] un moyen de rendre cette limite thermodynamique rigoureuse
pour le modele des spheres dures dans le tore.

La limite hydrodynamique, c’est-a-dire le passage des équations meésoscopiques aux
équations macroscopiques, est mieux comprise et il existe une vaste littérature pour ce type
de problémes, voir [157] et les références qui s’y trouvent. Comme les motivations de 1'étude
du Chapitre 3 sont liées au comportement de 1’équation de Boltzmann dans le régime
proche de la limite hydrodynamique, nous développons brievement ce sujet. Néanmoins,
nous notons que les idées que nous exposerons sont principalement extraites de [157].

Nous considérons la forme sans dimension de I’équation de Boltzmann
StOF +v-V,F=KnQ(F,F) dansU, (24)

ou Kn > 0 est le nombre de Knudsen et St > 0 est le nombre de Strouhal qui coincide
souvent avec le nombre de Mach Ma > 0, bien que dans certaines situations nous puissions
avoir Ma < St. Nous renvoyons a [157, Chapitre 2| pour plus de détails sur la signification
physique de ces constantes et leur lien avec les quantités macroscopiques.

La limite hydrodynamique de 1’équation de Boltzmann (24) correspond aux situations
ou Kn <« 1. En effet, si 'on considere la limite d’Euler compressible, lorsque Kn — 0,
I'opérateur de collision @ domine la dynamique et les collisions se produisent a une
échelle de temps tres petite par rapport aux échelles de temps des observables. Avec le
théoréme H de Boltzmann, cela signifie que la limite thermodynamique est atteinte presque
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instantanément et qu'une solution F' s’approchera de 1’équilibre thermodynamique donné
par une Maxwellienne locale de la forme (21), ou les fonctions p, u, et T satisfont [’équation
du gaz parfait . En d’autres termes, le nombre de Knudsen régit la transition du régime
mésoscopique au régime macroscopique.

Les nombres de Mach ou de Strouhal n’ont pas de regle fixe, et leurs valeurs peuvent
affecter le type d’équation hydrodynamique que ’on obtient & la limite. Par exemple,
dans le régime ou l'on fait Kn < 1, si 'on prend St = Ma ~ Kn on obtient les équations
incompressibles de Navier-Stokes, alors qu’en prenant Kn <« Ma = St on obtient les
équations incompressibles d’Euler (voir par exemple [157, Figure 2.3)).

Si nous supposons maintenant que nous avons I’Equation (24) dans un domaine spatial
borné €2, et que nous la complémentons avec la condition au bord de type Maxwell(9), il est
connu (voir [157, Section 2.2.4]) que le comportement de ’équation de fluide correspondante
au bord est déterminé par le rapport ¢/Ma :

o lorsque t/Ma — oo ’équation macroscopique présentera des conditions au bord de
freinage (représentées par des conditions au bord de Dirichlet),

o tandis que si ¢/Ma — 0, nous aurons une condition au bord de Navier glissant
représentant 'interaction fluide-paroi.

6.2 L’équation BGK

En raison de la difficulté de la structure de I’équation de Boltzmann et des nombreux
défis mathématiques qu’elle pose, de nombreux modeles plus simples ont été proposés au
cours du siécle dernier pour le terme de collision. La raison en est que si ’équation modeéle
capture suffisamment bien le comportement des particules dans le régime mésoscopique,
elle peut étre utilisée pour compléter et prédire les expériences réelles.

C’est le cas de I’équation BGK proposée par Bhatnagar, Gross et Krook dans [22],
mais, comme ’a fait remarquer C. Cercignani dans [53, Chapitre II, Section 10], elle a été
introduite indépendamment par P. Welander dans [169] & peu pres a la méme époque.

Ce modele cinétique est le suivant

OF +v-Vy,F =BF :=v(M,,r(v)—F) dansU, (25)

ou v > 0 est la fréquence de collision (qui peut dépendre de F' dans certaines situations),
et nous rappelons que la Maxwellienne locale M, ,, 7 est définie dans (21), avec la densité
locale p = p(t, z), la vitesse moyenne locale u = u(t, x) et la température locale T' = T'(t, x)
donnée par (QM).

Les principales caractéristiques de I’Equation (25) sont que ses solutions ont les mémes
lois de conservation (22) que I’équation de Boltzmann et qu’elle posséde une entropie
décroissante. En effet, pour toute fonction F' = F(t,z,v) on a

F
/ BF log FF = / BF log( ) +/ BF log M, .1
QxR QxR Mp,u,T QxR

F F
= v M, 1-— lo <0, 26
/§2XRd ” ’T ( Mp7u7T> g <M91U7T> ( )

ou nous remarquons que la deuxiéme intégrale de la droite de la premiere ligne est nulle
par un calcul direct et en utilisant les lois de conservation (22). En outre, 1’égalité dans
(26) est obtenue si et seulement si F' = M, 7.

Pour des résultats sur le caractere bien posé de I’équation BGK (25), voir [152, 153].
De plus, pour ses propriétés dans la limite hydrodynamique, nous renvoyons a [156].
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6.3 L’équation cinétique de Fokker-Planck (KFP)

L’équation cinétique de Fokker-Planck est une équation hypodiffusive également connue
sous le nom d’équation de Kolmogorov ou d’équation ultraparabolique. Sous sa forme
linéaire conservative, elle se lit comme ci-dessous

OF +v- -V, F=A,F+div, (vF) dansU. (27)

Cependant, elle peut étre considérée comme une autre variante de ’équation de Boltzmann
(voir [166, Section 1.6] et [53, Chapitre II, Section 10]), en considérant sa version non
linéaire

OF +v -V F = p*div, (TV,F + F(v — u)). (28)

ou «a € [0,1], et nous rappelons que p = p(t,z) est la densité locale, u = u(t,x) est la
vitesse moyenne locale , et T' = T'(¢, x) est la température locale, toutes données par (QM).

Il convient de remarquer que, lorsque a = 1, I’équation (28) présente le méme type
d’homogénéité quadratique que I'équation de Boltzmann et satisfait les mémes lois de
conservation. Cependant, différentes variantes concernant 'inclusion—ou non—de p, u, T’
(ou de ses équivalents globaux) sont souvent étudiées.

Pour plus d’informations sur la modélisation et les propriétés des équations KFP, nous
nous référons a [57]. En ce qui concerne le caractére bien posé et les propriétés de I’équation
linéaire (27), nous renvoyons a [48] et aux références qui s’y trouvent. Enfin, pour la
littérature sur I’équation KFP non linéaire (28) nous mentionnons [5, 88] et les références
qui s’y trouvent.

7 Principaux résultats de la these.

Nous présentons maintenant un résumé des principaux résultats obtenus au cours de cette
these.

Tout au long de cette section, nous considérerons f = f(t,z,v), une fonction de
distribution telle que présentée ci-dessus, dépendant de la variable temps t > 0, de la
variable position z € Q C R%, pour un domaine convenablement borné, et de la variable
vitesse v € RY.

Nous discutons des résultats de chaque chapitre dans une sous-section dédiée de cette
section. Chacune de ces sous-sections décrit le probleme, les conditions au bord spécifiques
et les principales hypotheses, suivies des principaux théoremes et d’une discussion sur I’état
de I'art et sur la maniére dont nos résultats généralisent et étendent les travaux existants
dans la littérature.

Nous remarquons que, pour la clarté de notre présentation, nous n’énongons pas ici
toutes les hypotheses précises, nécessaires a ’obtention de chaque résultat. Celles-ci sont
fournies en détail dans les chapitres individuels ou chaque théoréeme est prouvé. De plus, la
discussion de chaque résultat sera revue dans son chapitre respectif.

Nous introduisons maintenant la notion de ce que ’on appelle les fonctions de poids
admissibles. 11 s’agit de fonctions de la forme w : R¢ — R définies par

wv) = <v>keC|”|s,
avec soit

s=0,(>0, et k>k, soit se(0,ss) avec( € (0,(), et pour tout k > 0.
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Les valeurs exactes de k. > 0, s, > 0, et {, > 0 varient pour chaque sous-section. Afin
d’éviter une surcharge de détails techniques, elles ne seront pas exposées ici, et nous les
spécifierons dans chaque chapitre respectif.

Avant de présenter nos principaux résultats, nous énongons quelques notations.
e Nous définissons O := Q x R?, et la masse totale de f comme (f)o := / f(z,v)dzdv.
@

e Pour un espace de mesure donné (Z, %, ), une fonction de poids p : Z — (0,00) et
un exposant p € [1, oc], nous définissons I'espace de Lebesgue pondéré LF(Z) associé a la
norme

l9llzz(z) = lpgll e (z)-

Nous définissons également Mi,o(o) comme ’espace des mesures de Radon g sur O dont
la masse s’évanouit au bord, c’est-a-dire tel que |gw|(O\O) — 0 comme € — 0, o, pour
tout € > 0,

Qe:={z€QNB1,0(z) >€}, et Oc:=Q x B1. (29)

De plus, nous définissons ’espace des fonctions continues dans Z comme C(Z).

Enfin, nous remarquons que, pour chacune des sous-sections suivantes, nous abusons
de la notation en désignant par Z les différentes conditions au bord de Maxwell associées
a différents choix de coefficients d’accommodation et de températures de la frontiere.

7.1 Résultat constructif de Krein-Rutman pour les équations KFP dans
un domaine

Dans le Chapitre 1, nous considérons une dimension d > 1, et nous étudions I’équation
linéaire KFP

Of = Lf=—v-Vof+A,f+b-Vyof+cf danslU
v-f = Zv+f sur I'— (30)
Ji=0 = fo dans O,

ou nous avons défini
b=>b(z,v) €RY et c=c(z,v)€R, (31)

chacune de ces fonctions étant au moins dans Li% (O), et satisfaisant les hypotheses
présentées dans la Sous-section 1.1.2. Nous supposons que 2 C R? est un domaine borné
convenablement lisse, et nous considérons la réflexion de type Maxwell sur le bord

vf=Rwuf=1sSwf+wpPyuf surl_, (32)

ot nous rappelons que les opérateurs de réflexion spéculaire (.#) et diffusive (&) sont
donnés par (6) et (8) respectivement, et nous supposons que la fonction de température de
la surface © : Q — RY satisfait

O ecwWh®(Q), et ©6,<0O(z) <%, (33)

pour certains 0 < O, < ©* < co. En outre, nous désignons par coefficient d’accommodation
L :=1ts + tp, et nous supposons que tg,tp,t: 02 — [0, 1].

Nous observons qu’en raison des différents choix possibles pour les fonctions b et c,
I’équation (30) ne conserve pas nécessairement la masse. Par conséquent, pour étudier le
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caractere bien posé et le comportement & long terme de ses solutions, nous recherchons un
triplet propre (A1, f1, ¢1) qui satisfait aux conditions suivantes

MER, Li=Mf, v A=%V i, Lo1=M¢1, v, 01=%"7 ¢1. (34)

Nous énoncons maintenant les principaux résultats du Chapitre 1. Tout d’abord, nous
avons un résultat général d’existence et d’unicité pour I’équation KFP (30).

Théoréme 4 (Existence et unicité). Nous faisons les hypotheses ci-dessus sur 0, ©, b et c,
en particulier nous supposons que (31), (33) sont valides, et nous supposons en outre que
les hypotheses du Théoreme 1.1.1 sont valides. Pour toute fonction de poids admissible
w et toute donnée initiale fo € LA (0), p € [1,00], ou fo € M} (O), il existe f unique
solution globale faible de 1’équation cinétique de Fokker-Planck (30). En particulier, pour
tout (zg,v9) € O, il existe une solution fondamentale unique associée a la donnée initiale
fo = 5D(IL‘0, Uo).

Le sens précis de la solution sera donné dans la Proposition 1.3.3 (voir aussi le
Théoréme 1.3.5) dans un cadre L2, dans le Théoréme 1.5.2 dans un cadre général LP, et
dans le Théoréme 1.5.3 dans un cadre de mesures de Radon. Ce résultat étend le résultat
d’existence et d’unicité de [90, Theorem 11.5] énoncé dans un cadre L? plus restrictif (voir
aussi [1, 66] pour d’autres résultats antérieurs). Le cadre L? est principalement basé sur la
variante de Lions du théoréme de Lax-Milgram [126, Chap III, §1], tel qu’utilisé dans [1, 66],
une théorie des traces développée dans [49, 90, 138, 139] et des estimations de bord dans
lesprit de [6, 19, 139]. L’estimation de la croissance est obtenue en élaborant une fonction
de poids modifiée mais équivalente pour laquelle la dissipativité de 'opérateur complet peut
étre établie. D’autre part, le cadre général de Lebesgue et le cadre des mesures de Radon
sont plus impliqués et sont également basés sur le théoreme d’ultracontractivité ci-dessous
ainsi que sur certains arguments adaptés de I’équation parabolique tels que développés
dans [25-27]. Il est utile de mentionner que le caractere bien posé et certaines questions de
régularité pour 1’équation KFP dans le tore ont été obtenus dans [1]. Pour ’ensemble de
’espace, nous nous référons aux travaux récents [12, 13| et aux références qui s’y trouvent.
Enfin, ’équation KFP dans un domaine borné a été étudiée dans [148, 159, 170].

Nous examinons ensuite le premier probleme de valeurs propres et le comportement
a long terme qui fournit une réponse quantitative a la question des premiers éléments
propres.

Théoréme 5 (Comportement asymptotique & long terme). Sous les hypotheses du
Théoreme 4, il existe deux fonctions de poids wi, my et un exposant r > 2 avec L], C (L2, )
tel qu’il existe un unique triplet propre (A1, f1,¢1) € R x L, x L%m satisfaisant le premier
probléme propre (34) ainsi que les conditions de normalisation

lfrllrz, =1, (¢1, fr) = (¢1 fi)ez, 2,y = 1-

Ces fonctions propres sont des fonctions continues et satisfont également aux conditions
suivantes
0<fisw?t 0<¢1<w dans O,

pour toute fonction de poids admissible w. En outre, il existe des constantes constructives
C > 1 et Ay < \q telles que pour toute fonction de poids admissible fortement confinante
w, tout exposant p dans[l, oo et toute donnée initiale fi € LP(QO), la solution associée f a
I’équation cinétique de Fokker-Planck (30) satisfait que

1£(t) = (fo d1) fre’ |l p < Ce |l fo — (fo, b1) fill oz s

pour tout ¢t > 0.
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Ce résultat améliore les travaux récents [90, Section 11] (voir en particulier [90, Théoréme
11.6], [90, Théoreme 11.8] et [90, Théoreme 11. 11]) en généralisant 1égérement le cadre
a une température de paroi dépendant de la position et en fournissant une approche
entierement constructive pour la stabilité exponentielle de la premiére fonction propre.
Nous renvoyons aux travaux antérieurs [18, 104, 125] (partiellement basés sur [114, 124, 154])
ou des résultats similaires sont établis pour le méme type d’équation dans un domaine
borné avec une condition au bord sans influx. Nous soulignons également que dans le cas
conservatif, de nombreux travaux ont été réalisés concernant ’hypocoercivité et le taux
constructif de convergence vers 1’état d’équilibre dans [70, 81, 106, 112, 113, 167] ou plus
récemment dans [1, 32, 39, 48, 79, 135]. D’un point de vue technique, ce résultat est une
conséquence de la version abstraite du théoréme de Krein-Rutman-Doblin-Harris qui sera
présentée dans la Section 1.7.1 (et qui est vraiment dans l'esprit du travail récent [90]) avec
la propriété d’ultracontractivité énoncée ci-dessous et les estimations de Harnack établies
dans [97].

Les résultats ci-dessus concernant le caracteére bien posé du probléme et le comportement
a long terme sont basés sur la propriété d’ultracontractivité suivante.

Théoréme 6 (Ultracontractivité). Il existe 6,C > 0 et k > 0 tels que toute solution f de
I'équation KFP (30) satisfait

e/-cT

(T, )| < CWH]CO”LL’ VT >0,

pour toute fonction de poids admissible fortement confinante w, définie dans la Sous-
section 1.1.2.

Ce résultat améliore et généralise 1égerement [48, Theorem 1.1] qui établit un résultat
similaire dans le cas conservatif. La preuve est tres similaire & celle de [48, Theorem 1.1]
bien que certaines étapes soient légérement simplifiées. La stratégie est basée sur 'argument
du gain d’intégrabilité de Nash [146] qui est cependant effectué sur une inégalité intégrale
temporelle comme dans le travail de Moser [143], et il est alors plus commode d’utiliser le
gain intérieur d’intégrabilité déduit du résultat de régularité de Bouchut [29] en suivant la
voie ouverte par [97, Theorem 6] pour prouver une version locale quelque peu similaire.
Contrairement a la derniere référence, le gain d’intégrabilité n’est pas formulé localement
en x,v et intégré dans le temps mais globalement en x, v et ponctuellement dans le temps
comme dans la théorie de 'ultracontractivité de Davies et Simon [63, 64]. Exactement
comme dans [48], 'argument clé consiste a exhiber une fonction de poids modifiée appropriée
qui est en quelque sorte 1légerement plus élaborée que celle utilisée lors de la preuve des
estimations de croissance dans le Théoreme 4. Dans le Théoréme 4 et le Théoreme 6,
I’hypothese de bornes sur {2 n’est vraiment nécessaire que dans la preuve de 'unicité de la
solution dans le cadre de LP(Q) et il est probable qu’elle puisse étre supprimée. Ici, nous
n’essayons pas de généraliser ces résultats au cas d’'un domaine non borné, voir cependant
[33] pour des résultats partiels dans cette direction.

7.2 Existence et stabilité de solutions stationnaires hors équilibre pour
une équation cinétique de Fokker-Planck faiblement non linéaire
dans un domaine

Dans le Chapitre 2, nous utilisons les résultats du Chapitre 1 pour étudier une équation
de Fokker-Planck faiblement non linéaire avec des thermostats a chaleur BGK dans un
domaine spatialement borné avec des conditions au bord de Maxwell conservatives. En
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particulier, de telles conditions au bord seront dotées d’'un coefficient d’accommodation et
d’une température de surface dépendant de I’espace.

Nous considérons a € (0,1/2), de dimension > 3, et nous étudions 1’équation non
linéaire suivante

Ohf = —v-Vof+(a€s+(1—-a)r)Avf+divy(vf) +9f dans U
v-f = & f sur I'_ (35)
Jt=0 = fo dans O,

ouT=r7(x):Q — R est tel que
0 <7(x) <N Ve Q,

pour certaines constantes 7, 71 > 0, et nous avons défini la fonctionnelle d’énergie totale

1 2
E=&5 = g/{lde‘U‘ fdzdv,

et le reservoir de chaleur du type BGK défini par

N
gf = Z Ungnf avec gﬂf = ]‘Qn (prTn - f) Y
n=1

pour un certain A € N, certains parametres n, > 0, T,, > 0, les sous-ensembles ,, C §,
et nous rappelons que la densité locale py = p et la Maxwellienne M7 sont données par
(QM) et (5), respectivement.

Nous présentons dans la Sous-section 2.1.3 une discussion détaillée sur I'interprétation
physique des différents opérateurs impliqués dans I’équation (35), cf. [43] pour plus de
détails sur la modélisation.

Nous rappelons que l'opérateur de réflexion de Maxwell Z est donné par (10), avec
un coefficient d’accomodation « € C(9, [0,1]), et la température de paroi © : Q — R%
satisfaisant (33). En outre, nous supposons, sans perte de généralité, que (fo)o = 1.

Voir la Figure 4 pour une représentation graphique d’une possible configuration du
probléme étudié par I'Equation (35).

Figure 4: Une configuration possible d’un
domaine 2 avec trois zones (en gris) ou
agissent les thermostats BGK.

Nous obtenons alors les résultats suivants : Nous présentons d’abord un théoreme de
bien-posé et de stabilité dans le cadre linéaire lorsque a = 0.
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Théoréme 7. On suppose o = 0. Il existe §° € L2(Q, H'(R?)) N L°°(O) unique solution
stationnaire de I'Equation linéaire (35). De plus, on a ()0 = 1 et, pour toute fonction
de poids admissible ¢, nous avons que

IVodllz0) <00 et Fz0) S (s(0) 7

En outre, soit w une fonction poids admissible. Pour toute donnée initiale fo € L2(0), il
existe une unique solution globale renormalisée f € C(Ry, L2(0)) de I’équation linéaire
(35), et il existe A > 0 tel que

£ = 3°l20) S € Mfo = Flrz0)  VE=0.

Le sens précis des solutions globales fournies par le Théoréeme 7 est donné par le
Théoréeme 2.3.3 avec le choix A = 7. Nous remarquons également que le Théoreme 2.3.3
n’est rien d’autre qu’une application directe de [49, Theorem 2.11] ainsi que de la théorie
des traces issue de [49, Theorem 2.8].

L’existence et I'unicité d’une solution stationnaire pour le probléme linéaire, qui est
également a comprendre au sens du Théoreme 2.3.3, ainsi que sa stabilité, sont obtenues
par application directe de la théorie de Krein-Rutmann-Doblin-Harris développée dans
[161, Theorem 6.1]. Nous renvoyons également a [45, Theorem 7.1] pour un résultat
analogue dans un cadre non conservatif, ainsi qu’a [90] pour I’étude d’un résultat de type
Krein-Rutmann-Doblin-Harris dans un cadre théorique plus général.

Nous notons enfin que le Théoréme 7 constitue une légere généralisation de [45, Theorems
1.1 and 1.2].

Dans le cadre non-linéaire, nous avons alors existence d’un état stationnaire pour
a > 0 suffisamment petit.

Théoréme 8. 1l existe a* € (0,1/2) tel que pour tout « € (0, a*), il existe une fonction
positive §¢ € L2(Q, H'(R?)) N L>(0), solution stationnaire de I'Equation (35). De plus,
(8o =1 et, pour toute fonction de poids admissible w, nous avons que

Vo322 0) <00, §%20) S (@)™, et Eo < 26,
uniformément en a, et ot §° est donné par le Théoréme 7.

La conséquence principale du Théoréeme 8 est I’existence d’'un NESS pour l’Equation
non-linéaire (35), ainsi que certaines de ses propriétés qualitatives concernant la régularité et
le comportement asymptotique en vitesse. Notons que la preuve du Théoréme 8 repose sur
l'application d’un argument de point fixe dans l’esprit de la preuve de [85, Theorem 1]. De
plus, ¢ est un état stationnaire au sens du Théoréme 2.3.3 en prenant A = a€za + (1 —a)T.

Remarquons que le Théoréme 8 généralise [43, Theorem 1.2] et que, contrairement & ce
travail, nous observons des différences majeures dans le comportement et les propriétés du
NESS en I’absence de conditions aux limites périodiques : nous n’avons aucune raison de
croire que le NESS sera indépendant de la variable spatiale x, les bornes sur la fonctionnelle
d’énergie £ ne peuvent pas étre obtenues comme dans [43, Lemma 1.1] (voir la Sous-
section 2.1.4), nous ne disposons pas d’assez d’informations pour exclure l'existence d’états
stationnaires avec énergie totale non bornée, et nous n’avons pas acces a une représentation
explicite du NESS.

Enfin, nous énongons le résultat de stabilité suivant pour le NESS précédent.
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Théoréme 9. Nous considérons une fonction de poids admissible w. Il existe o** € (0, a*)
et § > 0, ou a* est donné par le Théoreme 8, tels que pour tout a € (0, &™) et pour toute
donnée initiale fy € L2(0) vérifiant

1fo =8Iz 0) < 6.

il existe f € L2 (U) solution faible globale de I'Equation (35). De plus, il existe n > 0 tel
que

1fe =8Nz 0y S e "l fo—FNrz0)  VE>0.

Les solutions globales fournies par le Théoréeme 9 sont construites en ce sens que la
fonction h := f — (fo)o F* satisfait I'Equation (2.8.1), au sens de la Proposition 2.6.4.

Il convient de souligner que la Proposition 2.6.4 est essentiellement une application
de la variante de Lions du théoréme de Lax-Milgram [126, Chap III, §1] telle qu’utilisée
dans [49], voir aussi [45, 48, 49, 90] pour des arguments similaires concernant 1’existence
de solutions d’équations cinétiques. La théorie des traces a été empruntée principalement
a [45, 49], mais nous renvoyons également a [90, 138, 139] pour d’autres références sur la
théorie des traces pour les équations cinétiques.

En outre, nous soulignons que, pour obtenir les estimations a priori conduisant a
la preuve de la Proposition 2.6.4, nous avons utilisé les fonctions de poids modifiées de
[45, 48, 90] afin de controler la condition de Maxwell au bord.

De plus, I'estimation de décroissance a été obtenue en définissant une nouvelle norme
rappelant [46, Proposition 3.6], [50, Proposition 3.2] et [140, Proposition 4.1]. Il convient
de remarquer que nous ne sommes pas en mesure de construire une théorie de hypocoercivité
dans Pesprit de [21, 48, 79, 167], en raison du manque d’informations supplémentaires sur
I’état stationnaire, notamment des bornes de positivité et de régularité.

Nous notons que le Théoréeme 9 généralise [43, Theorem 1.3] et nous remarquons que
les techniques utilisées pour 'obtention de ces résultats different de celles développées lors
de la preuve des théorémes principaux de [43]. En particulier, nous n’avons pas besoin
d’étudier le processus ergodique sous-jacent associé a ’opérateur linéarisé pour obtenir nos
résultats.

7.3 L’équation de Boltzmann sur des domaines lisses et cylindriques avec
conditions de Maxwell au bord.

Au Chapitre 3, nous supposons d = 3 et nous étudions le caractére bien posé et le
comportement en temps long de I’équation de Boltzmann dans le régime proche de la
limite hydrodynamique, en présence de conditions de Maxwell isothermes au bord, dans des
domaines lisses et cylindriques.

Cette étude est motivée comme une premiere étape vers I'analyse de 1’équation de
Boltzmann dans des domaines cylindriques dont chacune des bases présente une condition
de bord diffusive associée a des températures différentes. Cette configuration s’inscrit
dans le cadre physique de la thermodynamique hors équilibre, et souleve des questions
mathématiques intéressantes quant a l'existence d’états stationnaires hors équilibre et a
leurs propriétés qualitatives, telles que 'unicité et la stabilité.

Nous considérons un petit € > 0 et nous étudions ’équation de Boltzmann suivante

eOf = —v-Vuof+e1O(f,f) dans U
v-f = Bv+f sur I'_ (36)
fi=o = Jo dans O,
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ou ((foho =1.

Notons que la présence du petit parametre ¢ > 0 dans ’équation reflete le fait que le
systeme est proche de sa limite hydrodynamique.

L’opérateur de collision de Boltzmann O représente les collisions entre particules a
I'intérieur de €2, et est donné par la forme bilinéaire

G H) = % /R 3 /S B [GE)H) + H)G() — G(0)H(v) — G(v)H(v,)] dodu,,

ou—en abusant de la notation—mous avons défini, de maniére équivalente a (14), les
vitesses post-collisionnelles

vi=v—((v—u.)-0)o, vl = v+ ((v—wy) - 0)o,
avec o € S, et le noyau de collision B = B(|v — v, ), choisi comme celui associé au
modele des sphéres dures :

B(|lv — vi|,0) == |(v —vy) - 7.

Dans ce cas, I'opérateur de réflexion de Maxwell %, que nous rappelons étre donné par
(10), est pris dans cette sous-section avec la température de paroi constante © = 1.

Nous présentons maintenant les deux types d’hypothéses géométriques pour notre
domaine 2, et le choix respectif du coefficient d’accommodation (¢) dans chaque cas.

(H1) Supposons que Q C R? est un domaine C? ouvert, et que § € C?(R3R) N
W32 (R3,R). De plus, prenons + € C(9Q) et supposons qu’il existe 19 € (0,1]
tel que pour tout y € I on ait ¢(y) € [w, 1].

(H2) Supposons que 2 = (—L, L) x g, pour un certain L > 0 et ott Qg C R? est la boule
de rayon R > 0 centrée a l'origine. Dans ce cas, nous définissons aussi

A= {—L} X Qy, Ao := {L} x o, Az:= (_LaL) x 08,

et A := A; UAs UA3. En outre, nous imposons des conditions aux limites mixtes en
prenant ¢ = 15,up,, c’est-a-dire une condition de bord purement diffusive sur les
bases du cylindre (A; U Az), et de la spécularité sur la surface latérale (As).

Dans ce cadre, nous avons le résultat suivant pour I’équation de Boltzmann.

Théoréme 10. Supposons que I'Hypotheése (H1) ou I'Hypotheése (H2) soit vérifiée et soit
w une fonction de poids admissible.

Il existe €9 > 0 tel que pour tout € € (0,eq) il existe n(e)
lorsque € — 0, tel que pour toute donnée initiale fy € L (O

fo = ML (o) < (n(€))?,

€ (0,1), satisfaisant n(¢) — 0
) vérifiant

il existe une fonction f € L°(U), solution globale unique de I’équation de Boltzmann (36)
au sens des distributions. De plus, il existe une constante constructive # > 0 telle que

Ife = Ml L0y < e " n(e) vt > 0.

Le sens précis de la solution donnée par le Théoréme 10 est construit dans le Théoreme 3.1.3,
apres avoir posé h := f — M, effectué le changement de variables de la Sous-section 3.1.3,
et étudié I’équation obtenue pour h.
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Le cadre de ce chapitre est motivé par, et donc étroitement lié a, celui développé dans
[109, 110]. Cependant, dans I’étude de I’équation de Boltzmann, notre résultat constitue
une véritable généralisation du leur sur plusieurs aspects essentiels. Premieérement, nous
élaborons une théorie L? — L plus fine que celle présentée dans [109, 110] pour le probléme
linéarisé, nous permettant de dériver des taux explicites et constructifs de décroissance vers
I’équilibre, allant au-dela des résultats de bornitude obtenus auparavant. Deuxiemement,
nous menons aussi ’analyse dans des domaines cylindriques, introduisant la présence
d’irrégularités géométriques dans 'obtention des estimations, généralisant ainsi la méthode
d’étirement de [109, 110] au cadre cylindrique. Troisitmement, méme si nous n’atteignons
pas la gamme compléte [0, 1] pour le coefficient d’accommodation dans les domaines lisses,
nous permettons a ¢ d’étre une fonction continue dépendant de la position, et dans les
domaines cylindriques nous admettons méme qu’il soit discontinu.

Ce dernier fait rend le Théoreme 3.1.1 également une généralisation de [36], ou 'on
rappelle que le coefficient d’accommodation devait avoir une borne inférieure imposée de
v/2/3. De plus, nous fournissons aussi des résultats de bien-posé pour des données initiales
ayant une large gamme de décroissance a 'infini, y compris polynomiale.

Enfin, notons que, a notre connaissance, il s’agit du premier résultat de bien-posé pour
I’équation de Boltzmann dans des domaines cylindriques avec conditions de Maxwell au
bord et un coefficient d’accommodation discontinu variant sur 'intervalle [0, 1].

8 Perspectives pour des recherches futures

Nous discutons a présent des axes de recherche que notre travail au cours de cette these
ouvre pour des investigations futures.

Tout d’abord, nous souhaitons étendre et généraliser les résultats de la Sous-section 7.2
a des cas sans les petits parametres accompagnant le terme non linéaire, ainsi qu’a
d’autres modeles cinétiques de Fokker—Planck non linéaires plus généraux (voir par
exemple la discussion de la Sous-section 6.3). L’argument clé pour y parvenir réside,
entre autres, dans I’obtention d’inégalités de Harnack renforcées jusqu’a la frontiere du
domaine spatial, fournissant des conditions de forte positivité locale en espace pour les
grandeurs macroscopiques.

Ensuite, nous souhaitons généraliser les résultats concernant 1’équation de Boltzmann
de la Sous-section 7.3 & des domaines avec conditions de Maxwell non isothermes, ce qui
inclura le cas d’un cylindre avec des températures différentes aux bases. Pour ce faire,
nous considérerons un cadre perturbatif ou la fluctuation de température est petite et nous
emploierons, tout en les généralisant, les idées développées dans [82, 83].

Enfin, nous avons I'intention d’utiliser les outils et idées développés au cours de cette
these pour poursuivre notre investigation d’autres types de problemes cinétiques dans des
domaines bornés avec conditions de Maxwell non isothermes, tels que I’équation de Landau
ainsi que les systeémes de Vlasov—Poisson—Boltzmann ou de Vlasov-Poisson—Landau, par
exemple.

9 Structure de la theése

Nous structurons cette thése de la maniére suivante.
La Partie I est consacrée a 1’étude des équations de Fokker—Planck linéaires et non

linéaires. Elle contient tout d’abord le Chapitre 1, ou nous présentons le cadre pour
I’équation de Fokker—Planck linéaire (30) et ol nous démontrons le Théoreme 4, le
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Théoreme 5 ainsi que le Théoréme 6. Ce chapitre est suivi du Chapitre 2, consacré
a l’étude de I’équation de Fokker—Planck non linéaire (35), dans lequel nous établissons le
Théoréme 7, le Théoreme 8 et le Théoreme 9.

Enfin, la Partie II contient le Chapitre 3, qui est dédiée a I’équation de Boltzmann (36)
dans des domaines réguliers et cylindriques, telle que présentée dans la Sous-section 7.3.
Nous y démontrons notamment le Théoréme 10.

Pour terminer, nous soulignons que les notations sont définies indépendamment dans
chaque chapitre. Ainsi, & I'intérieur d’un méme chapitre, les objets et opérateurs sont notés
de facon cohérente, mais ces notations peuvent varier d’'un chapitre a ’autre.
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This thesis studies the well-posedness and long-time behavior of solutions to different
kinetic equations in bounded spatial domains.

The objective for this introduction is to set the stage of the thesis:

We will first present the different levels of mathematical description for particle systems,
where we will explain the physical and mathematical interest on the study of the kinetic
theory of gases.

We then give an overview of the general line of research we consider during our work
and we explain the several physical problems motivating the different problems studied
during each of the chapters of this thesis.

Next, we introduce the general framework on the study of kinetic equations: their
fundamental form, the appropriate boundary conditions for the study of their Cauchy
problem, and the hypocoercivity techniques for linearized kinetic equations in bounded
domains.

Following this, we will present several examples of kinetic equations relevant to
this thesis, emphasizing both their mathematical properties and their role in modeling
phenomena and possible physical applications.

At last, we will outline our main results followed by a discussion on future lines of
research, and the general structure of the thesis.

1 Levels of description of statistical systems

One of the main objectives of mathematical physics is to describe general many-particle (or
many-body) systems composing a dilute gas like the air, galaxies or plasma. To accomplish
such a task, we know today three main physical levels to describe such a system.

e The microscopic/Newtonian viewpoint that takes each particle of the system
as a point in space, moving with a velocity vector, and writes the Newtonian equations for
the interactions between each particle.

This method is however impractical in most situations of interest, where N (the number
of particles) can be very high. In particular, already for three bodies we know that this
system is chaotic, i.e the dynamics of the particles are highly sensible to small perturbations
of the initial conditions (see for instance [145, 165]).

It is thus clear that when we want to study gases, with the Avogadro number stating
that N ~ 10?3, the milky way galaxy, with N =~ 10'! stars (see Figure 5) , or the core of
the sun, with NV ~ 10?! particles, this approach becomes practically impossible.

e The macroscopic viewpoint where we take a cube in space, small enough to be
negligible in relation to the entire system, but large enough to be considered as a unit,
i.e. containing enough particles to be treated statistically. We then could consider the
behavior of observable quantities of this unit such as mass, momentum, energy, pressure,
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Figure 5: Photo of the Milky Way appearing beyond Earth’s horizon taken by NASA
astronaut Don Pettit on Jan. 29, 2025. Image credit: NASA/Don Pettit.

temperature, heat flux, and others. Doing so leads to the hydrodynamical description of
the system via the Euler or Navier-Stokes equations. For more references on this we refer
towards [122, Chapter 1],[96, Section2], and the references therein.

This viewpoint has however one major drawback: elements like viscosity or heat
conductivity are given as phenomenological or experimental data, and are not related to
microscopic behaviors.

e The mesoscopic/kinetic viewpoint represents an alternative somewhere in between
these two previous descriptions. Instead of looking at which particles does what, we are
interested instead in how many particles in average behave in a certain manner. This
translates mathematically on the study of the distribution function characterizing the
system, and that measures the “proportions” of particles in the phase space of position
and velocity.

Moreover, this distribution function will encode at the same time molecular interactions
(in a statistical manner), as well as the macroscopic (also named measurable or observable)
quantities such as mass, momentum and energy.

The formal way of obtaining a mathematical description of such an object is by taking
the limit, in the microscopic representation of the many-particle of the system, as N — oo in
a statistical way. This sort of limit is referred to as a many-particle limit or thermodynamical
limit. See for instance [56, Chapter 2], [123], or more recently [68], for the particular case
of the Boltzmann equation.

2 Motivation and framework of the thesis

This thesis falls within the framework of study of statistical particle systems pictured by
their mesoscopic description. We are particularly interested in those within the state of non
thermodynamical equilibrium, i.e when there is presence of fluxes of observable quantities
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such as mass or energy.

It is worth remarking in this context that the second law of thermodynamics implies
that isolated physical systems, while they might be in non-equilibrium at some instant of
time, are bound to evolve towards an equilibrium steady state. Mathematically, this is
equivalent to the fact that such a steady state looks as a Mazwellian (gaussian outside
the world of kinetic theory) distribution. This was first hypothesized by J. C. Maxwell in
[131] and later proved by L. Boltzmann in [28], with the introduction of the first kinetic
equation and the H—theorem, a way to quantify the production of entropy of the system
and which implied—at least qualitatively—such long-time behavior towards equilibrium
steady states.

Boltzmann’s impactful results became the starter point of the kinetic theory of gases
and the beginning of many physical and mathematical studies. We revisit this subject later
in Section 6.

However, when our system of particles is not isolated, and instead is subject to non-
conservative forces like the presence of heat thermostats interacting with particles, the
second law of thermodynamics does not applies thus, even if the system is allowed to evolve
as t — oo, we will still witness fluxes of energy. We say in this case that we are in the
presence of a non-equilibrium steady state (NESS), and in particular it cannot look as a
Maxwellian distribution (see [163] for a result in this direction for the particular case of
the kinetic Fokker-Planck equation).

The study of such systems, both physically and mathematically, is today extraordinarily
complicated. From the physical side, the creation of fruitful experiments is delicate and
often encounters limitations on maintaining fixed temperatures for the thermostats long
enough to make meaningful observations on the long-time behavior of particles, see for
instance the comments from [94]. On the mathematical side, already on the equilibrium
setting for Boltzmann’s equation and related models, their study has required—over the
last century—the creation of whole new fields, theories and techniques to give rigorous
sense to solutions and quantify their trend to equilibrium, remaining yet today several
open questions on the field.

It wasn’t until the end of the XX century, with the access to powerful computers
that physicist gave back attention to these problems by the means of simulations, thus
encouraging the mathematical study of problems such as the existence of non-equilibrium
steady states, their uniqueness or lack thereof, and stability. For mathematical works in
this setting we refer towards [7, 8, 10, 42, 44, 82] in the framework of Boltzmann’s equation
and towards [19, 41, 43, 45, 84, 85, 87| and the references therein for related results in
other kinetic models.

This thesis is inscribed in this framework and its motivated by the study of questions
of well-posedness and stability of non-equilibrium steady states for kinetic equations within
bounded domains in the presence of heat thermostats. To be more precise, we now briefly
explain the main lines of research and motivations for each of the (numbered) chapters of
our thesis.

e In Chapter 1 we study a general linear kinetic Fokker-Planck equation in the presence
of a spatially varying temperature at the boundary and we prove the existence and
uniqueness of a non-equilibrium steady state. Moreover, we also characterize the long time
behavior of its solutions in a quantitative manner.

e During Chapter 2 we use the results from Chapter 1 to study a weakly non-linear
kinetic Fokker-Planck equation with BGK thermostats within a bounded domain, also
presenting spatially varying temperatures at the boundary. We prove the existence of a
non-equilibrium steady state and its stability, under a smallness condition for the initial
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data.

e At last, we dedicate Chapter 3 to study a Boltzmann equation near its hydrodynamic
limit. We study this problem confined in a cylindrical domain where the bases have a fixed
temperature and there is specular reflection in its lateral surface. The main motivation of
this study is as a first step on the study of the physically relevant setting of the Boltzmann
equation in a cylindrical domain with different temperatures on each bases, and specular
reflection on the lateral surface.

For a precise definition of the boundary conditions for kinetic equation mentioned
above, or how to represent the presence of a temperature at the boundary, see Section 4.
Furthermore, for the reader interested on discussions on equilibrium and non-equilibrium
systems from a more physics oriented perspective see [94, 117] and [93, Chapter 9.

3 General framework for kinetic equations

As exposed before, for a given dimension d > 1, we are interested in a distribution function
F = F(t,z,v) such that, at each instant of time ¢ € R, it represents a particle at position
z € Q, where Q C R? is a domain, and moving with velocity v € R%.

We note that the above depiction of F is in a statistical sense. A more mathematically
accurate way to describe F' is as a t dependent probability measure (although we can also
consider measures absolutely continuous with respect to Lebesgue’s), and is such that for
each t > 0, the quantity F(t,z,v)dxdv is the average of particles in the cube of size dxdv
within the phase space Q x R%.

Furthermore, it is worth remarking that even though the more physical choice of
dimension is d = 3, it is physically meaningful and mathematically interesting to study
these problems in arbitrary dimensions.

The general formulation for a kinetic equation then reads
HF+TF=Q(F) inlU:=(0,00)x QxR (1)

where we have the, possibly non-linear, so called collision operator Q, and we have defined
the transport operator
TF:=v -V, F+V.¢-V,F,

for some potential function ¢ : (0,00) x Q@ — R.

In general, the distribution F' is not physically measurable but, for fixed (¢t,z) € Ry x Q
it is possible to observe certain of the properties of the particles that F' describes. Such
properties are called macroscopic quantities (MQ) and are related to the distribution F' by
the following formulas

local density p(t,x) = dF(t,x,v)dv,
R
. 1
local bulk velocity wu(t,z) := o) /dvF(t,x,v)dv,
) R
. (MQ)
local temperature T'(t,z) := d(t)/d\v—u(t,:c)|2 F(t,z,v)dv,
p(t,z) Jr
1
and local entropy  S(t,z) := —m dF(t,x,v) log F(t,z,v)dv.
; R

Regarding the possible choices for €2 we have four main possibilities:
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e On the one hand, for unbounded choices of €2 we encounter in the literature either
the full space R, or unbounded domains with boundaries, like for instance the half-space
Re = {(z1,...,24) € R, 21 > 0}

e On the other hand, if we want to work in a set {2 with finite Lebesgue measure, we
can either choose the torus T¢, meaning that = € [0, 1]¢ and we assume F' to be periodic in
this box, or we take Q to be an arbitrary (smooth enough) bounded domain in R?.

In particular, we remark that when () is either Ri or a bounded domain we need to
complement Equation (1) with suitable boundary conditions.

4 Boundary conditions

We assume 2 to be a bounded domain in R¢, and we assume that there exists a function
5 € Wh°(R4, R) such that Q = {z € RY, §(z) > 0}, and 6(x) = dist(y, dQ) (2)

on a neighborhood of the boundary. Here the function dist(-, 0€2) represents the distance
function to the boundary set 0.

Defined this way, we observe that 9Q = {z € R?, §(z) = 0} and we classically have
that |Vé(x)|= 1. Therefore, we define the normal outward vector as

~ Vi(z)
[Vé(z)|

ng = n(z) = —-Vi(zr) = for almost every x € Q. (3)

We further define the boundary set ¥ = 9Q x R¢ and we distinguish between the sets
of outgoing (X4), incoming (X_), and grazing (Xo) velocities at the boundary defined by

i ={(z,v) €, £n,-v >0}, and Xy:={(z,v) € X, n,-v=0}

Furthermore, we also denote I' := (0, 00) x ¥ and accordingly I'y. := (0, 00) x ¥1. We then
define vF' as the trace function associated with F' over I', and v+ F' := 1p ~F'.

We note that, due to the nature of the system we are describing, we are not able to fix
the behavior of the particles leaving the domain, i.e those with coordinates (z,v) € 3.
This is due to the fact that their dynamics are completely determined by their “history”
within ). Therefore the boundary conditions will only be given on ~v_F', the incoming part
of the trace.

We also remark that, a very natural way to define the incoming particles is to relate
them with those leaving 2. Physically, this represents that the particle undergoes a
reflection, of some kind, at the boundary.

However, the problem of describing the interaction between a gas and a wall, even
though is has been investigated at least since the XIX century, remains rather difficult, see
[53, Chapter III, Section 1] for a physics oriented discussion on this.

In particular, it is known that in general, such collisions might depend on the temperature
at the boundary, the cleanliness and roughness of the material, and even time, as the
surface is subject to changes due to chemical processes between the particles colliding with
those present at the wall.

Nonetheless, under general assumptions we may model such process by

ne = F(ta0) = [ F(ta) # (= v0) (- w)adu onT—, (1)
R
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where % = J#(u — v,x) is called the scattering kernel and it describes the gasses
interaction with the boundary. This kernel can be assumed to have the following properties:

e Non-negative: J£ > 0, since it represents the probability distribution related to the
change of velocity after a boundary collision.

e Nonporous and non-adsorbing/Conservative: if the wall is supposed to re-emit every
particle, in disregard with its velocity, we assume that

/ H(u— v, z)du =1, Vo € 0f.
u-ng<0

e Reciprocity law/Detailed balance: There is a Maxwellian distribution defined as

v[2
Mg = Mg(v) := (zﬂé)dﬂ exp <—|2(|9> , (5)

where © : Q — R% represents a prescribed temperature at the boundary, for which there
holds

» Mo(t,z,u) H (u — v,2) (ng - u)y du = |ng - v|Me(t, z,v).

Under the above conditions, we have in particular that there holds the Darrozes and
Guiraud inequality, see e.g [62] or [53, Chapter III, Section 4].

The general formulation of (4), for the boundary conditions, aims to describe the
complex behavior present in the interactions between the particles of a gas and a wall,
through a general formulation of it and leaves the scattering kernel J#” as a phenomenological
operator to be adapted to the particularities of each practical situation.

However, defined in such a general way, the boundary conditions do not provide good
enough information to establish a well-posedness theory for kinetic equations. Therefore,
we can either restrict even more the behavior of J# by introducing extra hypothesis, or
choose particular cases of boundaries approximating the behavior of a gas at a wall.

Opting for the latter, we distinguish in the literature the following choices of boundary
conditions to complement Equation (1).

e The inflow boundary condition. For a given f: I'_ — R we set
v_F(t,z,v) =f(t,z,v) onT_.

Physically, this is equivalent to injecting into the domain particles following the dynamics
given by f.

e Bounce-back boundary condition. We take

v F(t,z,v) =vy+F(t,x,—v) on_.

This boundary condition is not really very physical but, due to the fact that it relates
the outgoing and incoming particles in a rather simple way, it has been used in toy models
to understand more complicated problems.

e Specular reflection boundary condition. We consider
v F(t,z,v) = Ly F(t,x,v) := v F(t,z,V,v) onT_, (6)

where V,v := v — 2(ng - v)ng.
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This boundary condition, represents a particle being reflected on the wall in the same
way that light reflects on a mirror, i.e it follows the principle of the angle of incidence is the
same as the angle of reflection, see Figure 6 for a graphical representation. Indeed, for any
x € 09, such that the normal vector n, is well defined, and any v € R? we observe that

Vv -np = —v-ng, and [Vyo*= |vf%,

which validates the fact that the particle bounces off the wall symmetrically with respect to
the normal at the point of collision, all while maintaining the same speed. It is one of the
simplest—physically speaking—boundary conditions, since it assumes that the collisions
are perfect and there is no presence of roughness or energy exchange at the boundary.

Moreover, we remark that (6) is nothing but (4) when choosing % = dp(u — Vyv),
where dp stands for the Dirac delta function.

Figure 6: A particle undergoing a specular reflection, at the boundary set 0€2, with an
angle of incidence 6.

e Diffusive reflection boundary condition. For a given function © : Q — R%, we
define the Mazwellian distribution

2
Mo = @M& (7)

where we recall that Mg is given by (5). We then take
v_F(t,z,v) = Dy F(t,x,v) := %@(v)yﬁ(t,x) onI_, (8)

where
’7+F = 7+F(t,$) = /Rd ’}/+F(t, x7u> (nff ’ U)Jr du’

and it is worth remarking that .#g was defined for there to hold the normalization condition
Mo = 1.

Physically, this boundary condition represents the presence of a prescribed temperature
O at the boundary, which can possibly vary in space. The intuition is that the wall absorbs
the outgoing particle (x,vy) € ¥ and introduces a new one (z,v_) € ¥_, where v_ stands
for an independent variable given by the modified gaussian distribution .Zg.

Moreover, it is also worth remarking that, physically, the inherent stochasticity of the
diffusive boundary condition can also be used to model roughness at the boundary.

Furthermore, we remark that the diffusive boundary condition (8) is a particular case
of (4) when choosing % = |ng - v|Me(x,v).
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e Maxwell reflection boundary condition. J. C. Maxwell introduced this boundary
condition in [132, Appendix], where he describes it as a suitable way for treating the
interaction between a gas and a wall.

Maxwell’s proposition was to split the reflection operator into a local (specular) part
and a diffuse part, combined, in a convex way, by an accommodation coefficient.

Indeed, we take ¢ : 9Q — [0, 1], and we consider

where we have defined the Maxwell reflection operator
‘%’Y-FF(ta ‘T’U) = (1 - L(‘/L‘))y’}q—F(ta J,‘,U) + L(SC)@’}/_A,_F(t,JU, U)' (10)

We recall that the operators . and Z are given by the specular and diffusive reflection
operators respectively, and we note that ¢ is the accommodation coefficient, which is
possibly dependent on the spatial variable.

Naturally, we observe that (8) is a particular case of (4) by choosing

H(u—=v,x) = (1—u(x))0p(u— V) + o(z)|ng - v| Mo (z,v).
e Cercignani-Lampis boundary condition. More recently, C. Cercignani and M.
Lampis introduced in [52] an operator aimed to be more physically accurate at modeling

the interaction between a gasses particles and a wall, generalizing Maxwell’s model.
This boundary condition then writes as (4) with

1 1 wil> (1 =r)uy]?
A=) = Sy e 2 — @ 2 P <_2@<x>ﬂ - W@n )

(1 — TL)l/QuJ_ . 'UJ_) ox <_|U - (1 - 7’||)U|‘2>
% IO < @(x)m_ P 2@(.%’)7’”(2 — 7“”) ’

for a given wall temperature © :  — R* | the notations

v = (Vng)ng, v =v—vL, up = (U-ng)ng, up=u—ul,

with the normal and tangential accommodation coefficients r; € (0,1] and = € (0,2)
respectively, and where Iy is the modified Bessel function

1 ™
Io(y) = ~ /0 ev eos(®) qyy,

™

It is worth noting that other boundary conditions—arguably more physically accurate
than those previously discussed—can be considered to model the dynamics between gas
particles and a solid wall, see for instance [53, Sections 3.6 and 3.7]. However this models
often involve complex mathematical expressions to achieve such a degree of precision, which
makes them impractical for their analysis and during computational simulations. Moreover,
regardless of complexity, and up to our knowledge, we lack today non-phenomenological
boundary conditions for kinetic equations, i.e ones that do not rely on empirically selected
parameters such as accommodation coeflicients.

As explained in [52] (see also [53, Sections 3.8]), aside from gas—beam experiments
on molecular reflection phenomena, there is currently insufficient experimental data to
determine which model is most suitable to complement kinetic equations in bounded
domains.

Therefore, most research papers today consider Maxwell boundary conditions as a
practical and reliable model for gas reflections at boundaries. In particular, during this
thesis we mainly consider Maxwell boundary conditions at the boundary.
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5 Hypocoercivity theory

The mathematical study of Equation (1) heavily depends on the explicit form of the
operator Q. In most cases of interest, the structure of the problem—up to the known
theory—isn’t enough to construct weak solutions, rather we could only hope to construct
renormalized solutions, which are even weaker (see [3, 69, 75, 76, 78, 127, 138, 139)]).

However, for systems in thermodynamical equilibrium, we usually can inspect explicit
(often Maxwellian) steady states. In such cases, we can study perturbative solutions of this
problem near the equilibrium and its stability. Indeed, if we assume that M, independent
of the spatial variable x, is such a steady state, we take F' = M + f and we we observe
that f satisfies, a priori, the following equation

Of+Tf=Cf+Q(f),

where we have defined Cf := Q(f + M) — Q(f) — TM, and we remark that

Cf — 0 if Q is a linear operator,
= QM, /) +Q(f,M) if Q(f)=Q(f, f) is a bilinear operator.

This motivates the definition for

Lf = Q(f) if Q is a linear operator,
"1 Cf if Q is a bilinear operator,

and we denote it as the linearized collision operator.
In order to study then the well-posedness of perturbed solutions and the stability of
the steady state M we first analize the linearized equation

of +Tf =Lf, (11)

which involves dealing with the conservative transport operator T and the linearized
collision operator L that is typically dissipative—in a certain Hilbert space H—but not
coercive, in the sense that it does not admit a spectral gap, and instead possess a huge
kernel.

The purpose of hypocoercivity theory then is to establish techniques for dealing with this
type of situations (see [21, 79, 167]) and we remark that such framework is similar to the
type of problems encountered in the theory of hypoellipticity, cf. [116]. Its main objective
is to construct, at least at the level of a priori estimates, an explicit decay estimate for
the solutions of Equation (11) in H. This is typically done by constructing a new norm,
equivalent to that of H, and under which the operator —T + L will be coercive.

For explicit results in the case of bounded spatial domains with (isothermal) Maxwell
boundary conditions we refer towards the hypocoercivity theory developed by A. Bernou,
K. Carrapatoso, S. Mischler and I. Tristani in [21]. For situations dealing with the full
space or the torus the reader may consult the paper [79] by J. Dolbeault, C. Mouhot and
C. Schmeiser, or C. Villani’s memory in [167].

6 Examples of kinetic equations

In this section, we present several kinetic equations relevant to this thesis, along with some
of their known mathematical results and their physical motivation.
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6.1 The Boltzmann equation

J. Maxwell [131] and L. Boltzmann [28] wrote down the first equation of kinetic theory,
known today as the Boltzmann equation (BE), which writes

OF +v-V,F=Q(F,F) inl, (12)

where Q, named as the Boltzmann collision operator, represents the collisions between
particles inside €2, and is given by the bilinear form

1
(G, H) =5 /d B .,0) [GLH'+ HIG' — G.H — GH,] dodv,, ~ (13)
Rd JSd—

where we have used the shorthands
H=H(v), H,=H.), H =H({), H,=H®),
and we have defined the post-collisional velocities

,::U—I—U* |U—v*|0’ ;::v+v*_|v—v*]0' (14)
2 2 2 2

To explain the definition (14) we need to briefly dive into the modeling of particle collisions
at the microscopic scale: if we consider two colliding particles with velocities v, vy, and we
assume elastic collisions, meaning that there holds

vtuve = v+ (conservation of momentum),

w2 +|ve? = [V]2P+[v)|* (conservation of energy), (15)

then we want to compute how the post-collisional velocities look like. We remark that
(15) represents a system of d + 1 equations, while we are looking for a 2d—dimensional
vector composed by the components of the post-collisional vectors v’ and v,. This means
that there are d — 1 free parameters to be determined, motivating the introduction of the
vector o € S%~! and the definition (14). See Figure 7 for a graphical representation of this
phenomenon.

Figure 7: Graphic representation of

an elastic binary collision with pre-

collisional velocities wv,v, and, for a

o\ certain choice of the vector o, generating

v the associated post-collisional velocities
v',v). See also the graphical depiction of
the deviation angle 0 (see below for its
definition).

Vs

The collision kernel B = B(v — vy, 0), describes the configuration in which particles
interact during impact and it takes the form of

B(v —vy,0) = [v — 04| E(v — vy, 0),

where (v — vy, 0) is called the cross-section. In particular, we remark that we may also
write B = B(|v — v4|, cos f) (abusing notation by maintaining the symbol B), where

0= 2Z(v—uv,v —0) €[0,7], is called the deviation angle,
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and from its very definition there holds

cosf = <v—v*,g>.
v — sl

We note that we consider here only the case of elastic collisions between particles, but for
relativistic, quantum, or non-elastic Boltzmann collision kernels we refer to [166, Chapter
1, Section 1.6] and the references therein.

There are several choices for the collision kernel on the Boltzmann collision operator.
First, for a gas of hard spheres we have (possibly up to a positive constant) that

B(v—vy,0) :=|(v—u4) -0l (16)

This model describes the collision of particles as billiard balls in the d—dimensional domain
Q.

For charged particles following interactions given by—up to a positive constant—an
inverse law of the form

1
r) = where 7 > 0 represents the distance between the particles,

s—1

r

the collision kernel takes the form
—(2d -1
B(|v — vil],0) := |v — vi|7b(cos§)  with v := Ll)’
S J—

and where the function b(cos 6), often called the angular collision kernel, is not explicit in
most situations. It is known however that

b(cosH)sin?260 ~ co~FY)  with v =

1
6—0 s—1’ (7)

for some constant ¢ > 0, see for instance [168, Section 4].

It is worth remarking that (17) is valid for any s > 2. In particular, in the three
dimensional setting d = 3, the limit value s = 2 corresponds to the Coulomb interaction,
which it is known to not fit into the framework of the Boltzmann equation, see for instance
the discussion from [166, Paragraph 1.7].

Finally, we remark that in the literature we classify the different collisions kernels as
follows:

e 7~ > 0 — hard potentials,

e 7 =0 — Maxwellian mollecules,
e v < 0 — soft potentials, and

e v < —2 — very soft potentials.

This notation, even though useful, might be misleading. The fact is that hard potentials
are not necessarily hard to study, and actually the Boltzmann equation presents better
known properties in this framework such as presence of a spectral gap for the linearized
problem in suitable Hilbert spaces and for some cases also entropic spectral gaps. Whereas
for soft or very soft potentials, there are many mathematical difficulties in the theory of
the Boltzmann equation. For more on this discussion see [168, Figure 4] and the references
therein.
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Grad’s cutoff assumption introduced by H. Grad in [98] consists in imposing that
the angular collision kernel b be integrable with respect to the angular variable o, that is

/ b(cos 0) sin? 260 df < . (18)
0

Physically, this is equivalent to demand that particles only interact in short ranges.
Mathematically, it considerably simplifies the mathematical difficulties in dealing with the
Boltzmann collision operator and most known results today on the Boltzmann equation
hold under this assumption.

It is worth remarking that for a long time it was believed that the Grad’s cutoff
assumption wouldn’t change the fundamental properties of the solutions of the Boltzmann
equation and that such solutions would be equivalent in some sense to the actual physical
phenomenon being studied.

However, first noted by L. Desvillettes in [73] and further investigated by a series of
authors of whom we mention [2, 67, 100, 128], it is known today that the presence of
large range interactions between particles makes the collision operator Q to behave as a
fractional laplacian.

As a consequence, the solutions of the Boltzmann equation without cutoff enjoy an
immediate gain of regularity in the velocity variable, for any strictly positive time t > 0.
This is in contrast with the cutoff case where we cannot expect any extra regularity for
solutions, than—at best—that of the initial data.

Conservation laws of the Boltzmann collision operator. It is well known that,
for any nice enough functions G, H, ¢ : R* — R, the Boltzmann collision operator classically
satisfies

o 1 ! 7! 1~ / /
[e@me=5 [ B(GUH +HG ~GH = GH.) (o +p.—¢ = ¢). (19)
see for instance [56, Section 3.1].
Using (19) we observe that if we denote R? > v = (vy,...,v4), and choosing ¢ = ©(v)
to be either 1,vq,...,vg or |v|? there holds

/R Q(G, H)(v) plv) dv = 0. (20)

Furthermore, (20) is nothing but saying that Q conserves mass, momentum and energy
locally in (t,z) € Ry x Q.

If we now look for (nice enough) functions F' such that (20) holds for G = H = F, we
have that F' is necessarily a Maxwellian of the form

p _lv—uf?
F(t, x, U) = Mp,’u,T = Mp,u,T(/U) = W@ 2r (21)

where p = p(t, x) is the local density, u = u(t, z) is the local bulk velocity, and T'= T'(¢, x)
is the local temperature that we recall are given by (MQ). For a proof of this result we refer
to [56, Section 3.2], but see also [31, Theorem 2.1] for this result under weaker hypothesis.

It is worth remarking that functions of the form of (21) are called local Maxwellians,
whilst when p,u, T are constants they are known as global Maxwellians.

Conservation laws for the solutions of the Boltzmann equation. We take now
Q to be either the full space R? or the torus T (but we could also assume Q to be a
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bounded domain with conservative boundary conditions), and we take F' = F(¢,z,v) to be
a solution of the Boltzmann equation (12), we observe then that (20) implies

d
—/ Fdzdv = / —v-V,F 4+ Q(F, F)dzdv = 0,
dt Joxrd QxR
d
— / vFdedv = / v(—v-VyF)+vQ(F, F)dzdv = 0,
dt Jaxrd QxR
d/ 02 Fdzdo = / 02(—v - Vo F) + [0[2Q(F, F)dzdv = 0,
dt Joxrd QxR

where we have used the divergence theorem together with (20) to deduce each of the results
above.

If we complement then Equation (12) with an initial data Fp : 2 x R? — R, the above
computations imply the following conservation laws

/ Fidxdv = / Fydzdv (conservation of total mass),
QxR4 QxR
/ vF dedv = / v Fydaxdv (conservation of total momentum), (22)
QxR QxR4
/ o> Fydedv = / |v|? Fydzdv  (conservation of total energy),
QxR QxR

for every t > 0.

Entropy and irreversibility. One of the major contributions of L. Boltzmann in [28]
was the introduction of the H—functional

H(F):= /Qde F(t,z,v)log F(t,z,v) dzdv,

which acts as a Lyapunov functional for Equation (12), and is physically interpreted as
a form to “quantify” the information of a system of particles, or as the negative of the
entropy of the system. Indeed, there holds the following result.

Theorem 1 (Boltzmann’s H-theorem). Assume Q to be either the full space R? or the
torus T, and F = F(t,z,v) to be a solution to the Boltzmann equation (12). There holds
d

ZH(F)=-D(F) <0,

! 1!

1 S F'F,
D(F) ::—/QXRd Q(F, F)log F = Z/Q/de /Sd_lB(F*F —FF*)log<FF > >0, (23)

*

is called the entropy production (or information dissipation) functional.

Remark 2. The second equality in (23) comes from using (19). Moreover, the inequality
D(F) > 0 is a consequence from the fact that the function (X,Y) — (X —Y)log(X/Y) is
nonnegative.

Remark 3. Sometimes in the literature, the H—functional is called an entropy functional
and D is called an entropy dissipation functional. However, during this thesis, we have
opted to use the designations presented above as suggested by C. Villani in his introduction
of [166], and which are also often used in information theory for these type of quantities.



40 Introduction (english version)

Theorem 1 implies (see for instance [56, Section 3.2]) that local Maxwellians are the
only functions where the H—functional attain its maximum. It is worth remarking that
these results still hold when (2 is a (nice enough) bounded domain under specular boundary
conditions. Furthermore, when there is presence of a wall temperature at the boundary
(for instance under diffusive or Maxwell boundary conditions) it is also possible to obtain a
weaker version of Boltzmann’s H—theorem, see [53, Chapter III, Section 9].

A possible interpretation of the non-increasing behavior of the H—functional is that
microscopic collisions, under the Boltzmann chaos hypothesis, produce entropy at a
statistical level.

Historically, the introduction of Equation (12), and the above H—theorem were polemic
in Boltzmann’s time.

One of the reasons was that the atomic hypothesis was not yet fully accepted, and
Boltzmann’s computations were based on using the Newtonian dynamics for each of the
particles composing the “gas”, and carefully passing to the limit under certain hypothesis.

Other polemics, and perhaps more important ones, were raised by the paradoxes
that Boltzmann’s work seemed to evoke. Indeed, J. Loschmidt’s pointed out that the
non-decreasing behavior of the H—functional implied the non-reversibility of Boltzmann’s
equation, which was in apparent contradiction with the the fact that Equation (12) came
from a limit of a system of reversible Newton equations. Moreover, since Newton equations
are a particular case of Hamiltonian dynamics, Poincaré’s recursive theorem implies that the
solutions should approach the initial state as much as wanted, however with an decreasing
entropy this was obviously impossible.

Today we know that the irreversibility is a natural condition coming from the introduction
of a direction in time during the microscopic collisions in the computations of the derivation
of Boltzmann’s equation.

Hilbert’s 6 problem and the hydrodynamic limit. During the International
Congress of Mathematicians in 1900 held in Paris, D. Hilbert proposed a series of problems
he considered were of fundamental importance to be studied by the mathematicians in the
new century (see [115]). Within these, there is the incitation to develop a mathematically
rigorous theory for the limiting process that lead from an atomistic view of nature to
the laws of motion of continua, namely to obtain a unified description of gas dynamics,
including all levels of description.

The passage from microscopic dynamics to the mesoscopic Boltzmann equation, was
first obtained by O. Lanford in [123] for very small scales of time—in the sense that
there were no collision allowed—and impossible to extend this method to deal with large
times. More recently, Y. Deng, Z. Hani and X. Ma proposed in [68] a way to make this
thermodynamic limit rigorous for the hard spheres model in the torus.

The hydrodynamic limit, i.e passing from mesoscopic to macroscopic equations, is better
understood and there is a vast literature for this type of problems, see [157] and the
references therein. Since the motivations for the study of Chapter 3 are related to the
behavior of the Boltzmann equation in the regime close to the hydrodynamic limit we
briefly expand on this subject. Nonetheless, we note that the ideas we will exposed are
mainly taken from [157].

We consider the dimensionless form of the Boltzmann equation
St F+v-V,F=KnQ(F,F) inlU, (24)

where Kn > 0 is the Knudsen number and St > 0 is the Strouhal number which often
coincides with the Mach number Ma > 0, although in certain situations we might have
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Ma < St. We refer to [157, Chapter 2] for details on the physical meaning of this constants
and their connection with macroscopic quantities.

The hydrodynamic limit of the Boltzmann equation (24) corresponds to situations
when Kn <« 1. Indeed, we have that taking the compressible Euler limit, as Kn — 0, the
collision operator @ dominates the dynamics and collisions occur in a very small time scale
compared with observables time scales. This together with Boltzmann’s H—-theorem means
that the thermodynamic limit is reached almost instantaneously thus a solution F' will
approach the thermodynamical equilibrium given by a local Maxwellian of the form of (21),
and where the functions p, u, and T satisfy the perfect gas equation. In other words, the
Knudsen number governs the transition from the mesoscopic to the macroscopic regime.

The Mach or Strouhal number have no fixed rule, and their values can affect the type
of hydrodynamic equation we obtain at the limit. For instance, in the regime where we
make Kn < 1, if we take St = Ma ~ Kn we obtain the incompressible Navier-Stokes
equations, whereas by taking Kn < Ma = St we obtain incompressible Euler equations
(see for instance [157, Figure 2.3]).

If we now assume that we have Equation (24) in a bounded spatial domain 2, and
complement it with the Maxwell boundary condition (9), it is known (see [157, Section
2.2.4]) that the behavior of the corresponding fluid equation at the boundary is determined
by the the ratio «/Ma:

o when ¢/Ma — oo the macroscopic equation will exhibit braking boundary conditions
(represented by Dirichlet boundary conditions),

o whereas if t/Ma — 0 then we will have a slipping Navier boundary condition
representing the fluid wall interaction.

6.2 The BGK equation

Due to the difficult structure of the Boltzmann equation and the many mathematical
challenges it poses, many simpler models have been proposed over the last century for
the collision term. The reason being that if the model equation captures well enough the
behavior of particles in the mesoscopic regime then it might be used to complement and
predict real life experiments.

This is the case of the BGK equation proposed by Bhatnagar, Gross and Krook in [22],
but, as remarked by C. Cercignani in [53, Chapter II, Section 10], it was independently
introduced by P. Welander in [169] around the same time.

This kinetic model reads

OF +v- -V, F=BF :=v(M,,r(v)—F) inlU, (25)

where v > 0 is the collision frequency (which might depend on F' in certain situations),
and we recall that the local Maxwellian M, ,, 7 is defined in (21), with the local density
p = p(t,z), the local bulk velocity u = u(t, z), and the local temperature 7' = T'(t, ) given
by (MQ).

The main feature of Equation (25) are that its solutions have the same conservation
laws (22) as the Boltzmann equation and it has an increasing entropy. Indeed, for any
function F' = F(t,z,v) there holds

F
BF logF — / BF lo +/ BF log M
/Qx]Rd s QxRd g<Mp,u,T> QxRd 8 puT

F F
= v M, . 1-— lo <0, 26
/QXRd oot ( Mp,u,T) ° (Mp,u,T> 20)
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where we remark that the second integral of the RHS of the first line is zero by a direct
computation and using the conservation laws (22). Furthermore, the equality in (26) is
achieved if and only if F' = M, , 7.

For well-posedness results on the BGK equation (25) see [152, 153]. Moreover, for its
properties on the hydrodynamic limit we refer to [156].

6.3 The kinetic Fokker-Planck (KFP) equation

The kinetic Fokker-Planck equation is a hypodiffusive equation that is also known as
Kolmogorov or ultraparabolic equation. In its linear conservative form it reads

OF +v- -V, F =A,F+div, (vF) inlU. (27)

However, it can be seen as another variant of the Boltzmann equation (see [166, Section
1.6] and [53, Chapter II, Section 10]), by considering its non-linear version

OF +v- -V F = p*divy, (TV,F + F(v—u)). (28)

where a € [0, 1], and we recall that p = p(t,x) is the local density, u = u(t, x) is the local
bulk velocity , and T'= T'(¢, x) is the local temperature, all given by (MQ).

It is worth remarking that, when o = 1, Equation (28) has the same type of quadratic
homogeneity as the Boltzmann equation and satisfies the same conservation laws. However,
different variants with respect to the inclusion—or not—of p, u, T (or its global equivalents)
are often studied.

For more on the modeling and properties of KFP equations we refer to [57]. Regarding
the well-posedness and properties of the linear Equation (27) we refer towards [48] and the
references therein. Finally, for literature on the non-linear KFP equation (28) we mention
[5, 88] and the references therein.

7 Main results of the thesis

We present now a summary of the main results obtained during this thesis.

Throughout this section we will be considering f = f(¢,z,v), a distribution function as
presented above, depending on the time variable ¢ > 0, the position variable z € Q C R¢,
for a suitably bounded domain, and the velocity variable v € R

We discuss the results of each chapter in a dedicated subsection within this section.
Each of these subsections outlines the problem, the specific boundary conditions, and the
main assumptions, followed by the main theorems and a discussion on the state of the art
and how our results generalize and extend existing works from the literature.

We remark that, for the clarity of our presentation, we do not state here the precise
hypothesis needed to the obtention of each result. These are provided in detail within the
individual chapters where each theorem is proven. Moreover, the discussion for each result
will be revisited in its respective chapter.

We now introduce the notion of the so-called admissible weight functions. These are
functions of the form w : R — R defined by

w(v) := (v)Fell?l,
with either

s=0,(>0, and k > k., or se€(0,s,) with ¢ € (0,¢), and any k > 0.
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The exact values of k, > 0, s, > 0, and {, > 0 vary for each subsection thus, to avoid an
overload of technical details, they will not be exposed here, and instead we will specify
them in each respective chapter.

Before presenting our main results we state some notations.
e We define O := Q x R?, and the total mass of f as {(f)o := / f(z,v)dzdv.
o

e For a given measure space (Z, %, i), a weight function p : Z — (0,00) and an exponent
p € [1,00], we define the weighted Lebesgue space L5(Z) associated to the norm

||9||L£(Z) = ||Pg||LP(Z)-

We also define Mi’o((’)) as the space of Radon measures g on O with vanishing mass at
the boundary, that is such that |gw|(O\O¢) — 0 as € — 0, where, for any € > 0,

Qe:={x € QNB-1,6(x) >€e}, and O:=Q X B1. (29)

Furthermore, we define the space of continuous functions in Z as C(Z).

Finally, we remark that, for each of the following subsections, we abuse notation by
denoting as # different Maxwell boundary conditions associated with different choices of
accommodation coefficients and wall temperatures.

7.1 Constructive Krein-Rutman result for KFP equations in a domain

In Chapter 1, we consider a dimension d > 1, and we study the linear KFP equation

of = Lf=—v-Vof +A,f+b-Vyf+cef in U
v-f = Rvif on I'_ (30)
fi=o = Jfo in O,

where we have defined

b=b(z,v) eR? and ¢=c(z,v)€R, (31)

with each of these functions being at least in L%, (O), and satisfying the assumptions

presented during Subsection 1.1.2. We assume that Q € R% is a suitably smooth bounded
domain, and we consider the Maxwell type reflection condition on the boundary

v f =Ry f =185 f +ipPyf on T, (32)

where we recall that the specular () and diffusive (2) reflection operators are given by
(6) and (8) respectively, and we assume that the wall temperature function © : Q — R,
satisfies

O ewh®(Q), and ©,<0O(z)<O, (33)

for some 0 < O, < ©* < oco. Moreover, we denote as the accommodation coefficient
L:=1g + tp, and we assume that tg,tp,t: 0Q — [0, 1].

We observe that, due to the general possible choices for the parameters b and c,
Equation (30) does not necessarily conserves mass, therefore to study the well-posedness
and long-time behavior of its solutions we look for an eigentriplet (A1, f1, ¢1) satisfying

MER, Lfi=Mfi, v h=%Zy. fi, Lo1=Md1, v .61 =%y _¢1. (34)

We now state the main results of Chapter 1. First, we have a general existence and
uniqueness result for the KFP Equation (30).
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Theorem 4 (Existence and uniqueness). We make the above assumptions on 2, ©, b
and ¢, in particular we assume (31), (33) to hold, and we further assume the assumptions
of Theorem 1.1.1 to hold. For any admissible weight function w and any initial datum
Jo € L2(O), p € [1,00], or fo € M} 4(O), there exists a unique global weak solution f to
the kinetic Fokker-Planck Equation (30). In particular, for any (zo,vo) € O, there exists a
unique fundamental solution associated to the initial datum fo := dp(xo,vo).

The precise sense of solution will be given in Proposition 1.3.3 (see also Theorem 1.3.5)
in a L? framework, in Theorem 1.5.2 in a general LP framework, and in Theorem 1.5.3
in a Radon measures framework. This result extends the existence and unique result of
[90, Theorem 11.5] stated in a more restrictive L? framework (see also [1, 66] for further
previous results). The L? framework is mainly based on Lions’ variant of the Lax-Milgram
theorem [126, Chap III, §1], as used in [1, 66], a trace theory developed in [49, 90, 138, 139]
and boundary estimates in the spirit of [6, 19, 139]. The growth estimate is obtained by
cooking up a modified but equivalent weight function for which the dissipativity of the full
operator can be established. On the other hand, the general Lebesgue framework and the
Radon measures framework are more involved and are also based on the ultracontractivity
theorem below as well as some arguments adapted from the parabolic equation as developed
in [25-27]. It is worth mentioning that the well-posedness and some regularity issues for
the KFP equation set in the torus have been obtained in [1]. For the whole space setting,
we refer to the recent works [12, 13] and the references therein. Finally, the KFP equation
in a bounded domain has been considered in [148, 159, 170].

We next consider the first eigenvalue problem and the longtime behavior providing a
quantitative answer to the first eigenelements issue.

Theorem 5 (Long time asymptotic). Under the assumptions of Theorem 4, there exist
two weight functions wy,my and an exponent r > 2 with Lj, C (L%nl)’ such that there
exists a unique eigentriplet (A1, f1,¢1) € R x L], x L,2n1 satisfying the first eigenproblem
(34) together with the normalization conditions

lp1llze, =1, (o1, f1) = (b1, fi)r2 (2 y =1

my my 7(Lm1

These eigenfunctions are continuous functions and they also satisfy
0<fisw?!, 0<¢prSw on O,

for any admissible weight function w. Furthermore, there exist some constructive constants
C > 1 and A2 < A1 such that for any strongly confining admissible weight function w, any
exponent p € [1,00] and any initial datum fo € LP(O), the associated solution f to the
kinetic Fokker-Planck Equation (30) satisfies

1£(8) = (fo, o1) 1My, < C2 | fo = {fo, 1) fill e,
for any t > 0.

This result improves the recent work [90, Section 11] (see in particular [90, Theorem
11.6], [90, Theorem 11.8] and [90, Theorem 11.11]) by slightly generalizing the framework to
a position dependent wall temperature and by providing a fully constructive approach for the
exponential stability of the first eigenfunction. We refer to the previous works [18, 104, 125]
(partially based on [114, 124, 154]) where similar results are established for the same kind
of equation in a bounded domain with no-flow boundary condition. We also emphasize
that in the conservative case, many works have been done related to hypocoercivity and
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constructive rate of convergence to the steady state in [70, 81, 106, 112, 113, 167] or
more recently in [1, 32, 39, 48, 79, 135]. From a technical point of view, this result is a
consequence of the abstract version of the Krein-Rutman-Doblin-Harris theorem that will
be presented in Section 1.7.1 (and which is really in the spirit of the recent work [90])
together with the ultracontractivity property stated below and the Harnack estimates
established in [97].

Both the above well-posedness and the longtime behavior results are based on the
following ultracontractivity property.

Theorem 6 (Ultracontractivity). There exist ,C > 0 and k > 0 such that any solution f
to the KFP Equation (30) satisfies

T
(T, )eee < C llfollpy, VT >0,

eK/
T9
for any strongly confining admissible weight function w, defined in Subsection 1.1.2.

This result slightly improves and generalizes [48, Theorem 1.1] which establishes a
similar result in the conservative case. The proof is very alike the one of [48, Theorem 1.1]
although some steps are slightly simplified. The strategy is based on Nash’s gain of
integrability argument [146] which is performed however on a time integral inequality as
in Moser’s work [143], and is then more convenient in order to use the interior gain of
integrability deduced from Bouchut’s regularity result [29] following the way paved by [97,
Theorem 6] for proving a somehow similar local version. Contrary to the last reference, the
gain of integrability is not formulated locally in x,v and integrated in time but globally in
x,v and pointwisely in time as in the the ultracontractivity theory of Davies and Simon
(63, 64]. Exactly as in [48], the key argument consists in exhibiting a suitable twisted weight
function which is somehow slightly more elaborated than the one used during the proof
of the growth estimates in Theorem 4. In Theorem 4 and Theorem 6, the boundedness
assumption on {2 is really only needed in the proof of the uniqueness of the solution in the
LP(Q) framework and it is likely that it can be removed. Here, we do not try to generalize
these results to the case of an unbounded domain, see however [33] for partial results in
that direction.

7.2 Existence and stability of non-equilibrium steady states of a weakly
non-linear kinetic Fokker-Planck equation in a domain

In Chapter 2 we use the results from Chapter 1 to study a weakly non-linear Fokker-Planck
equation with BGK heat thermostats in a spatially bounded domain with conservative
Maxwell boundary conditions. In particular, such boundary conditions will be equipped
with space dependent accommodation coefficient and wall temperature.

We consider « € (0,1/2), dimension d > 3, and we study the following non-linear
equation

Of = —v-Vof+(a&r+ (1 —a)r)Apf+divy(vf)+¥4f in U
Y- = Zvif on I'_ (35)
fi=o = fo in O,

where 7 = 7(z) : Q@ — R is such that

n<T1(x)<n  Vrel,
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for some constants 7y, 71 > 0, and we have defined the total energy functional

1 2
E=&5 = g/ﬂdeM fdzdv,

and the BGK heat thermostat

N
Gf=> m%f with %, f=1q, (pyMg, — f),

n=1

for some N € N, some parameters 7, > 0, T,, > 0, the subsets Q,, C Q, and we recall that
the local density py = p and the Maxwellian My are given by (MQ) and (5) respectively.

We present in Subsection 2.1.3 a detailed discussion on the physical interpretation
of the different operators involved in Equation (35), cf. [43] for further details on the
modeling.

We recall that the Maxwell reflection operator Z is given by (10), with an accommo-
dation coefficient ¢ € C(99,[0,1]), and the wall temperature © : Q — R* satisfying (33).
Furthermore, we assume, without loss of generality, that (fo)o = 1.

See Figure 8 for a graphical representation of a possible configuration of the problem

studied by Equation (35).

Figure 8: A possible configuration of
a domain Q with three areas (in grey)
where the BGK thermostats act.

We then have the following results: We first present a well-posedness and stability
theorem in the linear framework when a = 0.

Theorem 7. We assume o = 0. There exists §° € L*(Q, H'(R%)) N L*>®°(O) unique steady
solution to the linear Equation (35). Moreover, (F°)o = 1 and for any admissible weight
function < there holds

IVoZllz0) <00 and  F(x,0) < (s(v)

Furthermore, let w be an admissible weight function, for any initial data fo € L2(O) there
is a unique global renormalized solution f € C(Ry, L?(0)) to the linear Equation (35) and
there is A > 0 such that

1f: = 3°lz0) S € Mfo = Blrz0)  VE=0.
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The precise sense of the global solutions provided in Theorem 7 is given by Theorem 2.3.3
with the choice of A = 7. We also remark that Theorem 2.3.3 is but a direct application of
[49, Theorem 2.11] and the trace theory from [49, Theorem 2.8].

The existence and uniqueness of a stationary solution for the linear problem, which
we remark is also in the sense of Theorem 2.3.3, as well as its stability are obtained as a
direct application of the Krein-Rutmann-Doblin-Harris theory developed in [161, Theorem
6.1] but we also refer towards [45, Theorem 7.1] for a similar result in a non-conservative
setting and to [90] for the study of a general Krein-Rutmann-Doblin-Harris result in a
general theoretical framework.

We further note that Theorem 7 is a slight generalization of [45, Theorems 1.1 and 1.2].

In the non-linear framework we have then the existence of a steady state for a > 0
sufficiently small.

Theorem 8. There exists a* € (0,1/2) such that for every a € (0,a*), there is a positive
function F* € L*(Q, HY(R?)) N L*>®(0), steady solution of Equation (35). Moreover,
(F“No =1 and for every admissible weight function w there holds

IVoFllzz0) <00, §(z,v) S (W)™, and  Eo < 260,
uniformly in «, and where F° is given by Theorem 7.

The main consequence of Theorem 8 is the existence of a NESS for the non-linear
Equation (35), as well as some of its qualitative properties regarding regularity and decay
tail in velocity. We remark that the proof of Theorem 8 is based in the application of a
fixed point argument in the spirit of the proof of [85, Theorem 1]. Additionally §¢ is a
stationary state in the sense of Theorem 2.3.3 by taking A = a€z + (1 — a)7.

We remark that Theorem 8 generalizes [43, Theorem 1.2] and that, in contrast with
this work, we observe major differences on the behavior and properties of the NESS in the
absence of periodic boundary conditions: we have no reasons to believe that the NESS will
be independent of the spatial variable z, the bounds on the energy functional £ cannot be
obtained as during [43, Lemma 1.1] (see Subsection 2.1.4), we lack the information to rule
out the existence of steady states with unbounded total energy, and we don’t have access
to an explicit representation of the NESS.

Finally, we state the following stability result for the previous NESS.

Theorem 9. We consider an admissible weight function w. There are o € (0,a*) and
0 > 0, where a* is given by Theorem 8, such that for every o € (0,a**) and for any initial
datum fo € L?(O) satisfying

1fo = z20) <6,

there is f € LE(U) global weak solution of Equation (35). Moreover, there is n > 0 for
which there holds

1 =3z 0) S e ™ fo =320  VE=>0.

The global solutions provided by Theorem 9 are constructed in the sense that the
function h := f — (fo)o T satisfies Equation (2.8.1), in the sense of Proposition 2.6.4.

It is worth remarking that Proposition 2.6.4 is mainly an application of the Lion’s variant
of the Lax-Milgram theorem [126, Chap III, §1] as used in [49], see also [45, 48, 49, 90] for
similar arguments on the existence of solutions of kinetic equations. The trace theory was
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taken mainly from [45, 49] but we also refer to [90, 138, 139] for further references on the
trace theory for kinetic equations.

Furthermore, we emphasize that to obtain the a priori estimates leading to the proof of
Proposition 2.6.4 we have used the modified weight functions from [45, 48, 90] to control
the Maxwell boundary condition.

In addition, the decay estimate was obtained by defining a new norm reminiscent of
[46, Proposition 3.6], [50, Proposition 3.2] and [140, Proposition 4.1]. It is worth remarking
that we are not able to construct a hypocoercivity theory in the spirit of [21, 48, 79, 167]
due to the lack of extra information on the steady state, namely positivity bounds and
regularity.

We note that Theorem 9 generalizes [43, Theorem 1.3] and we remark that the techniques
used for the obtention of these results are different from those developed during the proof
of the main theorems from [43]. In particular, we do not need to study the underlying
ergodic process associated with the linearized operator to obtain our results.

7.3 The Boltzmann equation on smooth and cylindrical domains with
Maxwell boundary conditions.

In Chapter 3, we take d = 3, and we study the well-posedness and long-time behavior of the
Boltzmann equation in the regime close to the hydrodynamic limit presenting isothermal
Maxwell boundary conditions, within smooth and cylindrical domains.

This is motivated as a first step building to study the Boltzmann equation in cylindrical
domains where each base presents diffusive boundary condition associated with different
temperatures. This setup falls within the physical framework of non-equilibrium ther-
modynamics, and raises mathematically interesting questions regarding the existence of
non-equilibrium steady states and their qualitative properties, such as uniqueness and
stability.

We consider a small € > 0 and we study the following Boltzmann equation

eOf = —v-Vof+e1Q(f,f) in U
V- = Zy+f onI'_ (36)
fi=o = fo in O,

where (fo))o = 1.

We remark that the presence of the small parameter € > 0 in the equation reflects the
fact that the system is close to its hydrodynamic limit.

The Boltzmann collision operator Q represents the collisions between particles inside
), and is given by the bilinear form

Q(G, H) = % /R 3 /S B [GW)HW) + HW)G() — G(0.)H(v) — G(o) H(v.)] dodu,,

where—abusing notation—we have defined, in an equivalent way as (14), the post-collisional
velocities

V=0 —((v—wv)-0)o, v, == v, + (v —vy) - o),
with o € S2, and the collision kernel B = B(|v — v4|, ), chosen the be the one associated
with the hard spheres model

B(lv —vil|,0) :=|(v—vs) - o]

In this case the Maxwell reflection operator %, which we recall is given by (10), is
taken during this subsection with the constant wall temperature © = 1.



7. Main results of the thesis 49

We present now the two types of geometric assumptions for our domain €2, and the
respective choice for the accommodation coefficient (¢) in each case.

(H1) Assume © C R? is an open C? domain, and § € C?(R3, R) N W3 (R3 R). Moreover,
take ¢« € C(09) and assume that there is ¢y € (0, 1] such that for every x € 9 there
holds «(x) € [0, 1].

(H2) Assume Q = (—L, L) x Qq, for some L > 0 and where Qy C R? is the 2-dimensional
ball of radius SR > 0 centered at the origin. In this case we also define

A1 = {*L} X Qo, A2 = {L} X QO, A3 = (7L5L) X 8907

and A := AyUA3UA3. Furthermore, we impose mized boundary conditions by taking
t = 1A,0un,, i.e purely diffusive boundary condition on the bases of the cylinder
(A1 U Ag), and specularity on the lateral surface (As).

In this framework we have the following result for the Boltzmann equation.

Theorem 10. Consider either Assumption (H1) or Assumption (H2) to hold and let w be
an admissible weight function.
There exists eg > 0 such that for every e €

(0,e0) there is n(e) € (0,1), satisfying
n(e) — 0 as € — 0, such that for every fo € LX(O)

satisfying

Ifo = Mllzze0) < (n(€))%,

there exists a function f € L (U) unique global solution to the Boltzmann equation (36)
in the distributional sense. Furthermore, there is a constructive constant 8 > 0 such that

Ifi = Mllps(o) < e Pm(e) VWt >0.

The precise sense of the solution given by Theorem 10 is constructed in Theorem 3.1.3,
after taking h := f — M, performing the change of variables from Subsection 3.1.3, and
studying the resulting equation for h.

The framework for this chapter is motivated by, and therefore closely related to, the
one developed in [109, 110]. However, within the study of the Boltzmann equation, our
result constitutes a genuine generalization of theirs in several key aspects. First, we craft
a more delicate L? — L™ theory than the one presented in [109, 110] for the linearized
problem, allowing us to derive explicit and constructive decay rates to the equilibrium,
going beyond the boundedness results previously obtained. Second, we also carry out the
analysis in cylindrical domains, introducing the presence of geometric irregularities to the
obtention of the estimates, thereby generalizing the stretching method from [109, 110] for
the cylindrical setting. Third, even though we do not achieve the full range of [0, 1] for
the accommodation coefficient in smooth domains, we allow ¢ to be a spatially dependent
continuous function, and within cylindrical domains we further have it to be discontinuous.

This last fact makes Theorem 3.1.1 also a generalization of [36], where we recall that
the accommodation coefficient had an imposed lower bound of 1/2/3. Furthermore, we
also provide well-posedness results for initial data with a wide range of decaying tail at
infinity, including polynomial.

Notably, we emphasize that, to the best of our knowledge, this is the first well-posedness
result for the Boltzmann equation in cylindrical domains with Maxwell boundary conditions
and a discontinuous accommodation coefficient ranging over the interval [0, 1].
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8 Perspectives on future research

We discuss now the lines of research that our work during this thesis opens for future
investigations.

First, we are interested in extending and generalizing the results from Subsection 7.2
to cases without the smallness parameters accompanying the non-linear term, and to other
more general non-linear kinetic Fokker-Planck models (see for instance the discussion from
Subsection 6.3). The key argument to achieve this lies, for instance, in the obtention of
stronger Harnack inequalities up to the boundary of the spatial domain, providing strong
positivity conditions locally in space for the macroscopic quantities.

Secondly, we are interested in generalizing the results on the Boltzmann equation from
Subsection 7.3 to domains with non-isothermal Maxwell boundary conditions, which will
include the case of a cylinder with different temperatures at the bases. To do this we will
consider a perturbative framework where the fluctuation of temperature is small and we
will employ and generalize the ideas developed in [82, 83].

At last, we intend to use the tools and ideas developed during this thesis to continue
our investigation of other type of kinetic problems in bounded domains with non-isothermal
Maxwell boundary conditions, such as the Landau equation and the Vlasov—Poisson—
Boltzmann and Vlasov-Poisson—Landau systems for instance.

9 Structure of the thesis

We structure this thesis as follows.

We dedicate Part I to the study of both linear and non-linear Fokker-Planck equations.
This contains Chapter 1 where we present the framework for the linear KFP equation
(30) and we prove Theorem 4, Theorem 5, and Theorem 6. This is followed by Chapter 2
devoted to study the non linear KFP equation (35) and we prove Theorem 7, Theorem 8,
and Theorem 9.

At last, during Part II, we present Chapter 3 where we study the Boltzmann equation
(36) in smooth and cylindrical domains, as exposed in Subsection 7.3 and we prove
Theorem 10.

Finally, we note that we define notations throughout the thesis independently for each
chapter. This means that, for each chapter the notation for objects and operators is
consistent, but they may vary from one chapter to another.
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Kinetic Fokker-Planck equations
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Chapter 1

Constructive Krein-Rutman result
for KFP equations in a domain

We consider a general Kinetic Fokker-Planck (KFP) equation in a domain with Maxwell
reflection condition on the boundary, not necessarily with conservation of mass. We
establish the well-posedness in many spaces including Radon measures spaces, and in
particular the existence and uniqueness of fundamental solutions. We also establish a
Krein-Rutman theorem with constructive rate of convergence in an abstract setting that we
use for proving that the solutions to the KFP equation converge toward the conveniently
normalized first eigenfunction. Both results use the ultracontractivity of the associated
semigroup in a fundamental way.

The results presented on this chapter are based on the preprint [45], in collaboration
with K. Carrapatoso, P. Gabriel and S. Mischler.

1.1 Introduction

1.1.1 The KFP equation in a domain

In this chapter, we consider the Kinetic Fokker-Planck (KFP) equation (also denominated
sometimes as Kolmogorov equation or ultraparabolic equation)

Of +0-Vaf =Ayf+b-Vof+cf in U (1.1.1)

on the function f := f(¢,z,v) depending on the time variable ¢ > 0, the position variable
z € Q, where Q C R? is a suitably smooth bounded domain, d > 1, and the velocity
variable v € RY. For T € (0, +oc], we use the shorthands U := (0,7) x O, O := Q x R?,
We assume that

b=b(z,v) €eRY c=c(z,v) €R, (1.1.2)

each of these functions being at least in Li%,(O). We complement the above KFP evolution

equation with the Maxwell type reflection condition on the boundary

f=%wf =S wf+wPwf on T, (1.1.3)

and with an initial condition

f(0,z,v) = fo(z,v) on O. (1.1.4)
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Here I'_ denotes the incoming part of the boundary, . denotes the specular reflection
operator, & denotes the diffusive reflection operator, tg and ¢p are nonnegative coefficients.
More precisely, we assume that Q := {z € R% §(x) > 0} for a W2°(R?) function
0 such that 6(z) := dist(x,dQ) on a neighborhood of the boundary set 9Q2 and thus
ng = n(x) := —Vo(z) coincides with the unit normal outward vector field on 0€2. We next
define % := {v € R% £ v -n, > 0} the sets of outgoing (%) and incoming (X% ) velocities
at point x € 02, then the sets

Si:={(z,0); w €00, ve D), Tpo=(0.T)x Ly

and finally the outgoing and incoming trace functions v+ f := 1r,vf. The specular
reflection operator .7 is defined by

(Zg)(x,v) == g(x,Vpv), Vyv:=v—2n(z)(n(zx)- v), (1.1.5)

and the diffusive operator & is defined by
(29)(.v) = M) (@), Gw) = [ gl w) () - wdw, (1.1.6)

where #, stands for the Maxwellian function
My (v) 1= (270,) "D exp(—[v[*/(20,)) > 0, (1.1.7)
associated to the wall temperature ©, which is assumed to satisfy
0, e Wh>(Q), 0<0,<0, <0 <. (1.1.8)

It is worth observing that .#, is conveniently normalized in such a way that % = 1.
Denoting the accommodation coefficient ¢« := 1g + tp, we assume

Ls,tp,t: 02— [0,1].

Let us introduce some notations and then discuss some particular cases. In view of
(1.1.1), we define the interior collisional operator

Cf:=Af+b-Vyuf+ecf (1.1.9)
and next the (full) interior operator
L =9+C, T:=-v-V, (1.1.10)
We name microscopic or interior mass conservative case, the case when
ZL*1 =%¢"1=0, orequivalently ¢ = divb,
and we name macroscopic or boundary mass conservative case, the case when
#*1 =1, or equivalently = 1.

Here and below, the operators €, .£* and #* denote the (formal) dual operators. It is
worth emphasizing that we always have Z*1 < 1 from the very definition (1.1.3), (1.1.5),
(1.1.6) and the assumption ¢ < 1, so that mass is never added from the boundary, it is
only (possibly partially) returned. The boundary condition (1.1.3) corresponds to the pure
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specular reflection boundary condition when ¢ = tg = 1 and it corresponds to the pure
diffusive boundary condition when ¢ = tp = 1. When both mass conservation conditions
are fulfilled then equation (1.1.1)—(1.1.3) is mass conservative, meaning that any solution
(at least formally) satisfies

/f(t,x,v)d:rdv:/fo(x,v)d:rdv, Vit > 0.
(@] @]

We name equilibrium or detailed balance condition case when the maxwellian .# with
constant temperature is a stationary state for each operator separately, namely

LM =CH=0, ZM=M.

When © = 1, that corresponds to the situation when + = 1 (g and tp can be space
dependent) and € is the usual harmonic Fokker-Planck operator with b(z,v) = v, ¢(z,v) =
d, that is

Cf =Af+div(vf).

This very specific but physically motivated situation has been studied in the recent paper
[48] where, in particular, a constructive exponential stability result is established.

On the other hand, in the general situation when at least one of the two above
conservations fails, we rather look for an eigentriplet (A1, f1, ¢1) satisfying

MER, Zfi=Mfi, v Hh=%v.f, L01=Mé1, v =Xy 1. (1.1.11)

This issue has been tackled recently in [90] with the restriction ©, = © is a constant, where
the existence and uniqueness of such eigenelements have been established as well a non-
constructive exponential asymptotical stability of the associated eigenfunction F' = e Mtf;.

We refer to [29, 30, 51, 66, 116, 120, 139, 147, 167, 170] for a general discussion and
mathematical analysis of the kinetic Fokker-Planck equation set in the whole space or in a
domain and to related problems.

In the present chapter, we carry on the analysis made in [48, 90] by establishing the
following results.

(1) We prove the existence and uniqueness of solutions in many weighted Lebesgue
spaces by establishing dissipativity estimates on the associated operator and next growth
bound on the corresponding semigroup. We also establish the existence and uniqueness of
a fundamental solution.

(2) We establish the ultracontractivity of the above semigroup associated to the
evolution problem (1.1.1)—(1.1.3)—(1.1.4), that is some immediate gain of stronger Lebesgue
integrability and even immediate gain of uniform bound.

(3) We prove a constructive version of a Krein-Rutman-Doblin-Harris theorem providing
existence, uniqueness and exponential asymptotic stability with constructive rate of the
first eigentriplet for a general class of positive semigroup in an abstract framework.

(4) We show that the KFP model addressed here satisfies the requirement of the above
Krein-Rutman-Doblin-Harris theorem and thus give a clear and constructive understanding
of the large time behavior of the solutions.

These results generalize or make more accurate some previous similar known results.
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1.1.2 Confinement in the velocity variable and admissible weight functions

We introduce additional assumptions on b and c¢ in order that the interior collisional
operator ¥ provides a convenient velocity confinement mechanism. We first assume

lminfinfb- - = +o0, 121 divy b, c = ob- L) (1.1.12)
[vl=o0 Q[ () o2
These two conditions are fundamental in order that first the interior collisional operator €
and next the full operator are dissipative and even have a discrete spectrum in convenient
functional spaces. In order to identify these spaces and to make the discussion simpler, we
make more precise the confinement conditions by assuming that there exist Ry, by, b1 > 0,
v > 1 and for any p € [1,00] there exists kj > 0 such that

1
Vo e ve By, bolo]) <b-v<bilo], c—]gdivvbgk;b-#. (1.1.13)

We now introduce the class of the so-called admissible weight functions w : RY — (0, 00)
we will work with, which will be either a polynomial weight function

w=* =1+ W% k> k, :=max(k, k), (1.1.14)

1> Moo

1=k +d/2+max(1,7/2 — 1), k1 := max(k],d+ 2), and we set s := 0 in that case, or
either an exponential weight function

w = exp(¢(v)?), (1.1.15)
with the restrictions

s <min(v,2), (>0; s=7v<2, (€ (0,b/2);

. (1.1.16)
s=v=2, (€ (0,min(1/0%,b9)/2); s=2<7, ¢€(0,1/(20%)).

In order to explain that choice of weight functions, we introduce the function

1\ [Vop? | (2 A, v 1
w:w:‘fp(x,v) ::2<1—> v 42,0| —l—(—l) gO—b-vgp—l-c—fdivvb, (1.1.17)
’ p P p ¥ ¥ p

which is the key quantity in order to reveal the velocity confinement mechanism. We may
notice that for w := <v>ze<‘“|s, with £ € R and s, > 0, and because of the second condition
in (1.1.12), we have

wfp ~ (SC)Q\UPS*Q — sCb - v]fu|572 if s>0, (1.1.18)
 v]—o0
q ].
wfp ~ c¢——divyb—tb-vfv|? if s=0. (1.1.19)
 v]—o0 P

As a consequence, whatever is the value v > 1, we have (wff »)+ € L(0) for any admissible
weight function, what is the key information in order to establish a growth estimate in the
corresponding weighted LP space. Moreover, we have

lim sup sup wfp = —00 (1.1.20)
|00 Q ’

for any admissible weight function when ~ > 2 and for any exponential weight function
with exponent s € (2 —~,7] when v € (1, 2], what gives a key information on the spectrum
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of ¥ in the corresponding functional space. We will call strongly confining any admissible
weight function satisfying (1.1.20). For further references, we also notice that

sup.Zw(v) € (L' N L®)(RY), w Hv) € (L' N L*)(RY), (1.1.21)
Q

for any admissible weight function because of the restrictions k., > d+ 1, s < 2 and
¢ < 1/(206*) when s = 2. The bound (1.1.21) provides the compatibility of the weight
function with the boundary condition.

1.1.3 The main results

In order to state our main results, we need to introduce some functional spaces. For a given
measure space (E, &, u), a weight function p : E — (0,00) and an exponent p € [1, 00|, we
define the weighted Lebesgue space Lb associated to the norm

lgllzz = llpgllze-

We also define Mi,o as the space of Radon measures g on O with vanishing mass at the
boundary, that is such that |gw|(O\O) — 0 as € — 0, where, for any £ > 0,

Q. = {a: e On 3571,5(1') > E}, O¢ :=Q: X B.-1. (1.1.22)

We first state a general existence and uniqueness result for the kinetic Fokker-Planck
equation (1.1.1), (1.1.3), (1.1.4).

Theorem 1.1.1 (Existence and uniqueness). We make the above assumptions on Q, ©, b
and ¢, in particular (1.1.2), (1.1.8), (1.1.12) and (1.1.13) hold. For any admissible weight
function w and any initial datum fo € LP,, p € [1,00], or fy € Mi,o: there exists a unique
global weak solution f to the kinetic Fokker-Planck equation (1.1.1)-(1.1.3)-(1.1.4). In
particular, for any (zg,vg) € O, there exists a unique fundamental solution associated to
the initial datum fo := 0(zg,v0)-

The precise sense of solution will be given in Proposition 1.3.3 (see also Theorem 1.3.5)
in a L? framework, in Theorem 1.5.2 in a general LP framework, and in Theorem 1.5.3 in a
Radon measures framework. This result extends the existence and uniqueness result of
[90, Theorem 11.5] stated in a more restrictive L? framework (see also [1, 66] for further
previous results). The L? framework is mainly based on Lions’ variant of the Lax-Milgram
theorem [126, Chap III, §1], as used in [1, 66], a trace theory developed in [49, 90, 138, 139]
and boundary estimates in the spirit of [6, 19, 139]. The growth estimate is obtained by
cooking up a modified but equivalent weight function for which the dissipativity of the full
operator can be established. On the other hand, the general Lebesgue framework and the
Radon measures framework are more involved and are also based on the ultracontractivity
theorem below as well as some arguments adapted from the parabolic equation as developed
in [25-27]. It is worth mentioning that the well-posedness and some regularity issues for
the KFP equation set in the torus have been obtained in [1]. For the whole space setting,
we refer to the recent works [12, 13] and the references therein. Finally, the KFP equation
in a bounded domain has been considered in [148, 159, 170].

We next consider the first eigenvalue problem and the longtime behavior providing a

quantitative answer to the first eigenelements issue.

Theorem 1.1.2 (Long time asymptotic). Under the assumptions of Theorem 1.1.1,
there exist two weight functions wi,m1 and an exponent r > 2 with L{, C (L?nl)’ such
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that there evists a unique eigentriplet (A1, f1,¢1) € R x L], x L%u satisfying the first
eigenproblem (1.1.11) together with the normalization condition H¢1HL$,11 =1, (¢1, /1) =

(é1, 1) 12

my

(L2, = 1. These eigenfunctions are continuous functions and they also satisfy

0<fi<w?, 0<$p <w on O, (1.1.23)

for any admissible weight function w. Furthermore, there exist some constructive constants
C > 1 and A2 < A1 such that for any strongly confining admissible weight function w, any
exponent p € [1,00] and any initial datum fo € LP, the associated solution f to the kinetic
Fokker-Planck equation (1.1.1), (1.1.3), (1.1.4) satisfies

1£(t) = (fo, 1) fre’ || o < Ce™|| fo — (fo, d1) full e (1.1.24)
for any t > 0.

This result improves the recent work [90, Section 11] (see in particular [90, Theorem
11.6], [90, Theorem 11.8] and [90, Theorem 11.11]) by slightly generalizing the framework to
a position dependent wall temperature and by providing a fully constructive approach for the
exponential stability of the first eigenfunction. We refer to the previous works [18, 104, 125]
(partially based on [114, 124, 154]) where similar results are established for the same kind
of equation in a bounded domain with no-flow boundary condition. We also emphasize
that in the conservative case, many works have been done related to hypocoercivity and
constructive rate of convergence to the steady state in [70, 81, 106, 112, 113, 167] or
more recently in [1, 32, 39, 48, 79, 135]. From a technical point of view, this result is a
consequence of the abstract version of the Krein-Rutman-Doblin-Harris theorem that will
be presented in section 1.7.1 (and which is really in the spirit of the recent work [90])
together with the ultracontractivity property stated below and the Harnack estimates
established in [97].

Both the above well-posedness and the longtime behavior results are based on the
following ultracontractivity property.

Theorem 1.1.3 (Ultracontractivity). There exist ©,C > 0 and k > 0 such that any
solution f to the KFP equation (1.1.1)—(1.1.3)—(1.1.4) satisfies

enT
17T Mg < Cogllfolliy, YT >0, (1.1.25)

for any strongly confining admissible weight function w.

This result slightly improves and generalizes [48, Theorem 1.1] which establishes a
similar result in the conservative case. The proof is very alike the one of [48, Theorem 1.1]
although some steps are slightly simplified. The strategy is based on Nash’s gain of
integrability argument [146] which is performed however on a time integral inequality as
in Moser’s work [143], and is then more convenient in order to use the interior gain of
integrability deduced from Bouchut’s regularity result [29] following the way paved by [97,
Theorem 6] for proving a somehow similar local version. Contrary to the last reference, the
gain of integrability is not formulated locally in x,v and integrated in time but globally in
x,v and pointwisely in time as in the the ultracontractivity theory of Davies and Simon
[63, 64]. Exactly as in [48], the key argument consists in exhibiting a suitable twisted
weight function which is somehow slightly more elaborated than the one used during the
proof of the growth estimates in Theorem 1.1.1. In Theorem 1.1.1 and Theorem 1.1.3, the
boundedness assumption on €2 is really only needed in the proof of the uniqueness of the
solution in the LP framework and it is likely that it can be removed. Here, we do not try
to generalize these results to the case of an unbounded domain, see however [33] for partial
results in that direction.
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1.1.4 Organization of this chapter

Section 1.2 is dedicated to the proof of some weighted LP a priori growth bounds for the
primal and the dual problems. These estimates and the well-posedness in a L? framework
for the same problems (and thus part of Theorem 1.1.1) are then established rigorously
in Section 1.3. Section 1.4 is devoted to the proof of the ultracontractivity property as
stated in Theorem 1.1.3. In section 1.5 we come back to the well-posedness in a general
framework and we end the proof of Theorem 1.1.1. Section 1.6 is dedicated to the proof of
the Harnack inequality associated to our equations. In Section 1.7 we state and prove a
constructive version of the Krein-Rutman theorem and deduce Theorem 1.1.2.

1.2 Weighted L? a priori growth estimates

This section is devoted to the proof of some a priori growth estimates in weighted LP spaces
for solutions to the KFP equation (1.1.1)—(1.1.3)—(1.1.4) and its formal adjoint.

1.2.1 A priori estimates for the primal problem

We recall that for two functions f, : R — Ry and p € [, 00), we have

4(p—1)

/Rd(%f)f”‘lgopdv = /Rd Vo(fe)? +/fp<ppwj§p, (1.2.1)

with w;"j’ip defined in (1.1.17), what can be established by mere repeated integrations by
part, see for instance [90, Lemma 7.7] and the references therein. From the definition of
the admissible weight functions in Section 1.1.2 and for further references, we may observe
that the large velocity asymptotic of wf; p is controlled by

lim sup (sup wl —wh )<0, wf = —bg@)g, Si=y+s—2, (1.2.2)

w,p w,p/ — w,p
[v]|—o0 Q2 ’ ’ ’

with b} > 0 given by
bh = (k — kp)by if s =0,

bh = bos¢ if s € (0,7), (1.2.3)
bY = bosC — (s¢)? if s=1.

In a more quantitative way, for any 9 € (0, 1), there exists k', R* > 0 such that

sgp wfip < Kk'xr + X%ﬂﬁwﬂw, (1.2.4)

where xr(v) := x([v|/R), x € C*(R4), 1j1) < x < Lg2p, and x% : 1 — xr-

Lemma 1.2.1. For any admissible weight function w, there exist Kk > 0 and C > 1 such
that for both exponents p = 1,2, any solution f to the KFP equation (1.1.1)—(1.1.3)—(1.1.4)
satisfies, at least formally,

I fellp < Ce™ |l follzr, Vit >0. (1.2.5)

The proof is based on moment estimates introduced in [49, Proposition 3.3] for the
case p = 2 and in [48, Lemma 2.3] for the case p = 1, which are reminiscent of L'
hypodissipativity techniques, see e.g. [19, 102, 137], and which are based on the usual
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multiplier used in order to control the diffusive reflection operator in previous works on
the Boltzmann equation, see e.g. [6, 19, 138, 139]. For further references, we define the
formal adjoints

L =0V + ", €g:=A,9g—b-Vyug+ (c—divbd)g. (1.2.6)

Proof of Lemma 1.2.1. Consider 0 < fy € LP(w) and f = f(¢t,z,v) > 0 a solution to the
Cauchy problem (1.1.1)—(1.1.3)—(1.1.4). We introduce the modified weight functions w4
and @ defined by

- I ng -
wi = ,ﬂxlfpr + wp(l — XA), P = (]. + 27’L<:1;>4U> wﬁ, (127)

with A > 1 to be chosen later, ¥ := v/(v) and v := 0/(v). It is worth emphasizing that
c;llw < %wA <w< %wA < cqw, (1.2.8)

with ¢4 € (0,00). We then write

pdt/ fpwp—/(fgf)fp 1P 4 = /fpg*ﬁvi,/(,yf) P (ng - v), (1.2.9)

and we estimate each term separately below.

Step 1. We first compute separately each contribution of the boundary term in (2.3.9),
namely we write

= /E (V)P @ (ny -v) = By + By
with

1
By = _/(Wf)pwinm-v, By = _5/(Wf)p(nx'ﬁ)2wi-
by b
On the one hand, we have
Bi== [ Gusyhine v+ [ {577 s +02r fPuding o
+

<= [ urhione v+ [ is(Fnsridng o)+ [ wbr b ng o)
+

<= [ eyl o)+ [ inGrPKia),
+

where we have used the convexity of the mapping s — sP in the first line, we have made
the change of variables v — V,v in the second integral in the second line and we have set

Ki(wa) ::/ ME ) (ng - v)— dv < 0. (1.2.10)

For p = 1, we observe that wq > 1 and we set Ko(wyq) := 1. For p = 2, using the
Cauchy-Schwarz inequality, we have

(o < Kalwn) ™ [ (DA (00

with

Ko(wa)™ = /]Rd w3 (ng -v)4 dv < oo,
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In both case we deduce
B, < /3Q (K1 (wa) — Ka(wa)) (72 f)P- (1.2.11)

On the other hand, using the boundary condition (1.1.3) and making change of variables
v — Vv, there holds

1 . .
—5 | (e Ph(ng - 0)? = S | (5L v f + 0Dy fPS (ng - )
2 )5, 2 Js_
1 p, P ~\2 p D ~\2
D) (V+f)Pwiy(ng - 9)° — 5 (tsy4f + D Dyy f)Pwy(ng - 9)7.
S 4

By =

When p = 1, denoting

1
Ko(wa) == 2 J My (ny - @)iwA dv < oo, (1.2.12)

we therefore have

1

By < =5 | (@1 0Ps == [ ipKofwa)rid)

On the other hand, when p = 2, denoting

Ko(wa) =2 ()2 wy?dv < oo, (1.2.13)

2

and thanks to the Cauchy-Schwarz inequality, we have
1 . .
By< =5 [ e 0P < - | Kowa)nh)®
Ty o0
In both cases p =1 and p = 2, we have established
B< [ inlKi(wa) = Ka(wa) = Ko(wa)) (41, (1.214)

and we observe that

lim Kj(wq) = lim Ky(wa) =1,
A—o0 A—o0

thanks to the dominated convergence theorem, the normalization condition on .#, and
the condition (1.1.21). We similarly have

. 1 . .
Ah_r}réoKo(wA) =3 /]Rd My (nyg - v)i_ dv > C1(0,,0%) >0,

when p =1, and

lim Ko(wa) ' =2 My (v) dv < Co(0,,0%) < oo,
A—o0 »r

when p = 2. All these convergences being uniform in z € 92, we can choose A > 0 large
enough in such a way that

Ki(wa) — Ka(wa) — Ko(wa) <0,
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and thus

- L@@, v <o
>

Step 2. We now deal with the first term at the right-hand side of (2.3.9). On the one hand
from (1.2.1), we have

/Rd(%f)fp‘lwp = 4(pp_1)/Rd Vo (fPPaP %) +/Rd frarwl,

with

]_ ’U~2 2 AUN ’U~ 1
w? ;:2< _> NJ;‘ +<—1) Nw—b.v~w+c—fdivvb.
D w P w w p

Defining, pf := 1+%Zf>'ff and pf = 1+ xa (A Pw™—1) so that @ = pw4 and wy = pPaw,
we compute

v v 1 w02 (2 A, v
ol = wap+ 2 “’A-Vp+2<1—> [Vogl +<—1>@—b.Vp, (1.2.15)

w?p

wA o p) ©? p © 9
with
1\ |V 2 2 A \V4 1
wA,p:=2(1—)|“°;A’+<—1>M—b- WA | e = divy b,
P wy P wa wa P
and next

. 1 2 2 A
wA’p:wﬁ +2vvw.vva+2<1_p> ’vva‘ _|_<_1> v A —b'vva

“p W opa 04 p ©A pA

. (1.2.16)

Because x4 has compact support in the velocity variable, the same holds for all the terms
except the first one at the right-hand side of (1.2.16), and thus

1 |t |
€ w,p
|wA7p - ww,p 5 <U>4 S <’U>2+’Y+8 .

Similarly, observing that

Vowa ] vv@ _ Vyw ] vv@ + VU{QA ) vvp
wA @) w @) PA £ ’

where \%\ < (v)~* and the second term is compactly supported, we have

Vw|\ 1 |t |
) S W

Combining the last two estimates together with (1.2.4), we deduce that for any 4 € (0,1),
there exists &, R > 0 such that

|w2§p —wA,p] < <1 + |b| + "

sup wgp < kxp+ X%ﬁwg}p. (1.2.17)
Q

Step 3. We finally deal with the second term at the right-hand side of (2.3.9). When p =1
we have ot |
1 w,
A ~ < w,pl ~
)2 = WP ()
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thanks to the regularity assumption on ). On the other hand, when p = 2, we first compute

V(@) = L6 Dunyt) YA < 1w) V(w2
v- V(@ )—2(U Dxnxv)<v>2—|— 1—1—2 o) v Va(wi).

Since

, LJ@-1v.0, [P2V.e
Valwa) = xads [:2533$“2 o |

assumption (1.1.8) together with the fact that x4 is compactly supported and the regularity
assumption on 2 as above imply

2 < ’w&,’p’ ~

v - vm(a)Q) S <v>2w ~ <U>s+7w'

Step 4. Coming back to (2.3.9) and using Step 1, we deduce that

1d - 4(p—1) / - -
—— PP < ———— L [ |V, (f@)P/?|? +/ PPy 1.2.18
2 [ < 22D [w,gopeps [ pos,  (219)
for both p = 1,2 and with
1
wfp = wgp + = VP, (1.2.19)

Gathering the estimates (1.2.4) and those established in Step 2 and Step 3, we deduce that
for any ¢ € (0,1), there exists , R > 0 such that

@iy < RXR + XRIwE (1.2.20)

In particular, wff » < £ and we immediately conclude thanks to Gronwall’s lemma and the
comparison (1.2.8) between w and @. O

Remark 1.2.2. For later references, we emphasize that the same proof works for establishing
(1.2.5) with p := 1 and w := (v)*, k > ki := max(k},d + 2).
1.2.2 A priori estimates for the dual problem

We establish now a similar exponential growth a priori estimate in a general weighted L4
framework, ¢ = 1,2, for the dual backward problem associated to (1.1.1)—(1.1.3)—(1.1.4).
More precisely we consider the equation

—0g=v-Veg+%€g in (0,7) x O,

Y+g =X v_g on (0,7)x X4, (1.2.21)

9(T) = gr in O,

for any T € (0,00) and any final datum gy. The adjoint Fokker-Planck operator ¢ is
defined in (1.2.6), and the adjoint reflection operator Z* is defined by

K g(x,v) =157 g(x,v) +1pPD*g(x),

with
79(@) = Arg(a) = [ 9l w)Ma(w)(ns - w)- du,

for any function g with support on ¥_.
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For two solutions f to the forward Cauchy problem (1.1.1)—(1.1.3)—(1.1.4) and g to the
dual problem (1.2.21), the usual identity

/f(T)gT:/ fog(0) (1.2.22)
@] @

then holds at least formally, see also Theorem 1.3.5 below. We may indeed formally
compute

/Of(T)gT = /(9f09(0)+/()T/(9(8tf9+f8t9)d5
= /Ofog(O)—/OT/O(U-fongfv-Vmg)ds

= [ g0~ [ [ mivsrgas
[ sos0 - [[ )@ -0)

* /OT/Z v - n[(Zv+ f)(v-g)ds,

by using the Green-Ostrogradski formula and the reflection conditions at the boundary.
From the very definition of #Z and Z*, we then deduce (1.2.22).

Lemma 1.2.3. For any admissible weight function w and any exponent ¢ =1 or q = 2,
there exist k € R and C > 1 such that for any T > 0 and any gr € LY, with m := w™!, the
associated solution g to the backwards dual problem (1.2.21) satisfies

lg(0)ll e < Ce™ llgrllLs - (1.2.23)

Proof of Lemma 1.2.3. Without loss of generality we may suppose that m > .4, otherwise
we replace m by ¢m where ¢ > 0 is such that m > ¢~ 1. 4,.

Consider a final time T € (0,00), a final datum 0 < gr € L%, and g = g(t,z,v) > 0
a solution to the backward dual Cauchy problem (1.2.21). For A > 1, we introduce the
weight functions

~ 1ng -
mb = xadly + (1 —xa)m?, m?:= (1 _ e U) mf, (1.2.24)

with the notations introduced in (1.2.4). It is worth emphasizing that

1 . 3
My <mag<m and czlm§§mA§m§§mA§

| W

m, (1.2.25)

with ¢4 € (0,00). Similarly as in the proof of Lemma 1.2.1, we compute

1 1 1
S [ [ @it [o) a0 o)~ [ gt (o V), (1.226)
qdt Jo @ qJs qJo

and we estimate each term separately.

Step 1. In order to estimate the boundary term in (1.2.26), we split it into

/(’yg)qmq(%.v) = B1— By
D)
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with )
Bi = [[(9) m (no-0) and By =5 [ (vgytm (ng 0%

For the first term, we have

B, = / (tsTy—g+ tpD*v-9)! Mm%y (ng - v)4 — / (y=9)?m (ng - v)—

o _

< /Z ts (L7-g)" mf (ny - v)4 +/E o (Z277-9)" Mm% (ng - v)4 */_(%g)qm,qq (e - v)-

—_—

q
— [ inGg)m o)+ [ o (A g) - 0)
+

IN

where we have used the boundary condition in (1.2.21) on the first line, the convexity of
the mapping s — s? on the second line, and the change of variables v — V, v on the third
one. Defining

Ki(ma) = /Rd m (ng - v)4 dv < oo,

we equivalently have

—_—

B < —/ tp(v=9)Imi (ng - v)- + /(99 tpK1(ma)(Mey-g)?.

When g = 1, we set Ky(my4) := 1 and use the fact mq > ., in order to obtain
B < /652 tp {K1(ma) — 1} Myy—g.

On the other hand, when g = 2, the Cauchy-Schwarz inequality yields

—_—~—

(H:71-9)* < Kalma) ™ [ (g (ns - 0)- do,

where we have set

Kay(ma)™t = » MM (g - v)— dv < o0,

and we thus obtain

—_—

B, < /89 vp {K1(ma) — Ka(ma)} (Mey-g)°.

We now deal with the second term Ba, observing first that

1 R R
By=3 | (v-9)Tm% (ng - )% + 5/2 {ts7-g + 0P y_g}? mY (ny - 0)%,

where we have used the boundary condition in (1.2.21) and the change of variables v — V,v.
If ¢ = 1, we through away the two first terms and we have

—_—~— 1 —_—~—

1
By> - / up (Mg ma (ng - 0)2 > — / Lo Ko(ma) (AMy—g),
2 Js_ 2 Joq

where we have set
Ko(my) := /dmA(mU - 9)3 dv < oo.
R
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Otherwise if ¢ = 2, we through away the last integral and using the Cauchy-Schwarz
inequality and tp < 1, we obtain

P

1 . 1
Byz o [ (mg)tmd (na 9 2 5 [ pKo(ma)(4ag)"
2 Js_ 2 Jao

where we have set
Ko(ma)™t = MEm P ()2 dv < .
25
In both cases, gathering previous estimates yields

—_——

~ 1
Lot o)< [ op {Kama) = Kalma) - 3Kolma) } (2 -g)t. (1221)
We observe that in both cases ¢ = 1, 2, we have
lim Ki(ma)= lim Ks(my) =1,
A—oc0 A—oo

thanks to the dominated convergence theorem, the normalization condition on ., and
the condition (1.1.21). We similarly have

lim Ko(ma) = /R Mg -9 dv > C1(O,,0%) > 0,

A—o0

when ¢ = 1, and

lim Ko(ma)™ = / My ()2 dv < Cs(O,,07) < oo,
X

A—o00

when ¢ = 2. All these convergences being uniform in € 92, we can choose A > 0 large
enough in such a way that

Ka(ma) — Ka(ma) — 5 Ko(ma) <0,

which implies
/('yg)q m? (ng - v) <O0. (1.2.28)
)

Step 2. We now estimate the first term at the right-hand side of (1.2.26). First of all, from
(1.2.1)-(1.1.17), we have

*

* —1 ~ 4 q— 1 ~ ~
/Rd(‘f g)gntme = — 24— 1) p ) /Rd |V (g9 2m/?) 2 +/gqm%§i,q,

with

@ 1\ [Vop? | (2 A, v 1
wgq:2<1_>‘vf' +<—1> ¢+b-v¢+c+<—1)divvb.
| ¢/ ¢ q v ¢ q

Arguing exactly as in Step 2 of the proof of Lemma 1.2.1, we can write

(g* _ (g*
Wrag = Om,q T 207,

with

m7q w7p7

. 1 1
¢ _ € — —
Wy g = T, ];+6_1’ m—o(]wi,p]).
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Step 3. We finally deal with the second term at the right-hand side of (1.2.26). We compute

q

)v Vo (mf) — %(@ . Dxnxﬁ)g—;;

- 1ng-v

and observe that

[0 Vo0,  (d—1) V.0,
2 @2 2 0,

vm(mj{]) = XArjlx l

Hence assumption (1.1.8) together with the fact that x4 is compactly supported and the
regularity assumption on €2 as above imply

1 - 1 | —
. q q P ~q
qv V(mi) < <v>2m < <@>S+vm .

Step 4. Coming back to (1.2.26) and gathering previous estimates, we deduce that

1d

N 4(q — 1 ~ ~ *
_th/ogqmq < _(q)/o‘vv(gm)q/2|2—|—/ogqmqw;~iq (1.2.29)

for both ¢ = 1,2 and with

pox Iz 1
wi =ws  + —v- Vymi. (1.2.30)
md

m,q "7 g

Arguing as in the end of the proof of Lemma 1.2.1, we obtain that for any ¢ € (0,1), there
exists k, R > 0 such that
@i < kXR + XGIT! (1.2.31)

w7p7

in particular, w;%f; < &, and we immediately conclude thanks to Gronwall’s lemma and
the fact that m < m < m. O

1.3 Well-posedness in a weighted L? framework

We briefly discuss the well-posedness in a weighted L? framework for both the primal and
the dual Cauchy problems, using some material developed in [49, 90].

1.3.1 Trace results in a L? framework

In this section, we consider the kinetic Fokker-Planck equation
Og+v-Veg=Lg+G, Lg:=A,9+bi0y9+ng (1.3.1)

for a vector field b = b(z,v), a function n = n(z,v) and a source term G = G(t,z,v). We
formulate some trace results for solutions to the Vlasov-Fokker-Planck equation developed
in [90, Sec. 11] and [49, Sec. 2] (see also [139, Section 4.1]) and and which are mainly a
consequence of the two following facts:

(1) If g € L?,H} is a weak solution to (1.3.1), then it is a renormalized solution;
(2) If g € LY, and V,g € L?,, is a weak solution to (1.3.1), then it admits a trace

txv
vg € L in a renormalized sense.

We introduce some notations. We denote

déy = |ng - v|dvdo, and dé = (ny - 9)? dv doy (1.3.2)
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the measures on the boundary set . We denote by %, the class of renormalized functions
B e Wlicoo (R) such that 8” has a compact support, by %, the class of functions 3 € T/VI?JCOO(R)

such that 4” € L(R) and by Do(U) the space of test functions ¢ € D(U) such that ¢ =0
on I'g. We finally define the operators

My := —0p —v -V, M = 0y — bip,

and we assume
bi,m € L“Llocv (1.3.3)

Theorem 1.3.1. We consider g € L((0,T) xQ; HL .(RY)), G € LE,(H!.), bi,n satisfying
(1.3.3) and we assume that g is a solution to the kinetic Fokker-Planck equation (1.3.1) in
the sense of distribution D'(U).

(1) There exists vg € L (T, dédt), g € C([0,T]; L2

.(0)) and the following Green
renormalized formula

| (B Mo +0,5(6)Mi o + 8"(9) V.9 %) doddt (13.4)

+/F5(’yg) g - v dvdoydt + [/ (Blg)e)(t, -)dwdv}j = (G +ng,B'(9)¢)

(@]

holds for any renormalized function 3 € %1 and any test functions ¢ € D(U), as well
as for any renormalized function B € Bo and any test functions ¢ € Do(U). It is worth
emphasizing that B'(g)¢ € L?,H} so that the duality product (G, B'(g)¢) is well defined.

(2) If furthermore go € L2 (O) and v_g € L (T;dé1dt), then g € C([0,T); L2 (O)),
Y49 € L (T;d&rdt) and (1.3.4) holds for any renormalized function B € %o and any test
functions ¢ € D(O).

(3) Alternatively to point (2), if furthermore g € L3S (U), then vg € L2.(T) and (1.3.4)
holds for any renormalized function 3 € By and any test functions ¢ € D(O).

We will also use the following stability result in the spirit of [139, Theorem 5.2].

Theorem 1.3.2. Let us consider four sequences (g*), (b¥), (n*) and (G*) and four functions
g, b, n, G which all satisfy the requirements of Theorem 1.3.1.

(1) If g* — g weakly in L2 .(U), b* — b strongly in L2 .(O), n* — n strongly in L2 (O)
and G* — G weakly in Lloc mH L then g satisfies (1.3.1) so that it admits a trace function

loc,v”’
Y9 € LIOC(F déadt) and vg* — ~vg weakly in L2 (T; déadt). B )
(2) If g* — g strongly in L% _(U), b* — b weakly in L% (O), n* — n weakly in L% (O)
and G* — G weakly in Lloc wH L then g satisfies (1.3.1) so that it admits a trace function

loc,v’

vg € L (T;déadt) and vg* — ~vg weakly in LE (T; déadt).

1.3.2 Well-posedness for the primal equation
For further reference, for an admissible weight function w, we define the Hilbert norm
I e = I e by

170 = WA + WA U1s = [ (Vagl + (o) f? do dut,

with wﬂ,g defined in (1.2.2), and we denote by J¢ = J, the associated Hilbert space.
We now state the well-posedness result for the primal problem which is nothing but [49,
Theorem 2.12].
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Proposition 1.3.3. We make the reqularity assumptions on €2, ©, b and c as presented in
Section 1.1, in particular (1.1.2), (1.1.8), (1.1.12) and (1.1.13) hold. For any admissible
weight function w and any fo € L2(0O), there exists a unique global solution f € Xp :=
L>®(0,T; L2) N C([0,T); LE ) N, VT > 0, to the kinetic Fokker-Planck equation (1.1.1)
complemented with the Mazwell reflection boundary condition (1.1.3) and associated to the
initial datum fo. More precisely, the function f satisfies equation (1.3.1) in the sense of
distributions in D'(U) with trace functions, defined thanks to Theorem 1.3.1, satisfying
vf € LE(T,d¢) as well as the Mazwell reflection boundary condition (1.1.3) pointwisely
and f(t,-) € L2, Vt € [0,T], and the initial condition f(0,-) = fo pointwisely.

Because we will need to adapt it in the next section, we allude the proof and we refer
to [49] for details.

Proof of Proposition 1.3.3. We split the proof into four steps.
Step 1. Given f € L2(I'_;d¢;), we solve the inflow problem

Ohf+v-Vof =€f in (0,00) x O
v-f=f on (0,00) x X_ (1.3.5)
Jit=0 = Jo in O,

thanks to Lions’ variant of the Lax-Milgram theorem [126, Chap III, §1]. More precisely,
we define @ as during the proof of Lemma 1.2.1 and the bilinear form & : 2 x C1([0,T) x
OUT_) = R by

E(f.p) = /u (\f — Cf) i /u F@+v - Vo) (93?).

Using the Green-Ostrogradski formula, we observe that
- 1 -
E(p,p) = / Ay — Cp)p? + 5/ #(0,-)*a?
u @

1 _ 1 ~
—5/ sozv-waer*/ (v-p)?a* déy,
U 2 Jr_

for any ¢ € CL([0,T) x OUT_). The same computations as presented during the proof of
Lemma 1.2.1 imply that

£6.0) 2 0= 20llels + el + SleOI2: + -elis ey (136)

for some Ay € R. For A > \q, the bilinear form & is thus coercive and the above mentioned
Lions’ theorem implies the existence of a function fy € # which satisfies the variational
equation

E(fxn, p / fe Mpw? de; —i—/ foe(0,)@? dvdz, Yo e CH[0,T)x OUT_). (1.3.7)
Defining f := fye* and using Theorem 1.3.1, we deduce that f € # N C([0,T]; L(0O)) is
a renormalized solution to the inflow problem (1.3.5) and that vf € L2(T;d¢1). From the

renormalization formulation, we have the uniqueness of such a solution. Because of the
trace Theorem 1.3.1-(2), we can take 3(s) = s? in (1.3.4) and we get

/u(f2( v Vap? — 20%w@0 ) + 2| Vo (fo)|?) dvdadt

+ /F(’Y f)2 902 Ny - v dvdoydt + L/O(fZSDQ)(tv )dwdv]j =0,
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for any ¢ € D(O). Taking ¢ := w in that last identity thanks to an approximation
procedure and next using (1.3.7), the same computations as presented during the proof of
Lemma 1.2.1 and the Gronwall lemma, we also deduce the energy estimate

t
||ft||%% +A <||/y+f8‘|%%(r+;d£1) + 2”,]0”3-_11,1) e/\o(t—s) ds

t
= HfOH%zae)\Ot + /o ||fs||%3§(r—§d§l) M=) ds,

Step 2. For any o € (0,1) and h € 2 NC([0, T); L2(0)) solution to the problem (1.3.5) for
some h € L2(T'_;d&;), and thus vh € L2 (T;dé1), we then consider the modified Maxwell
reflection boundary condition problem

Wf+v-Vuf =%f in (0,7)x0O
v f = aZvyih on (0,7)xX_ (1.3.8)
fE=0,) = fy in o,

for which a solution f € 2 N C([0,T]; L2(0)) such that ~f € L2 (T;d&;) is given by the
first step. Repeating the arguments of Step 1 in the proof of Lemma 1.2.1, we have

127 ey < [, s+ [ n(Ki(wa) = Ko(wa)) (h)?
+

< /E+(1 —1p) (v h)*widE; + /89 Lo Ko(wa)(74h)?

IN

2
1v+hl1Z2 r e

Thanks to the energy estimate stated in the first step, we immediately deduce that the
mapping h — f is a-Lipschitz for the norm defined by

t
2 — Aot 2 —Xos
Sup{ft e 0+/ vf . e Ods}.
t€[0,7] I HL?” 0 | SHLS’J(F*’d&)

From the Banach fixed point theorem, we deduce the existence of a unique fixed point,
and that provides a solution to (1.3.8).

Step 3. For a sequence oy, € (0,1), ag, /1, we next consider the sequence (fj) obtained in
Step 2 as the solution to the modified Maxwell reflection boundary condition problem

Orf +v-Vaofi =%Ffi in (O,T) x O
V- fi = B+ fi on (0,T)x - (1.3.9)
fe(t=0,-)= fo in O.

From the fact that % : L(X1;d¢1) — L2(34;d&;) with norm less than 1 as established in
Step 2 and the energy estimate stated at the end of Step 1, fj satisfies

t
||fl<rt||%3D +/o {(1 - O‘z)H'YfksH%%(F_‘_;dgl) + 2||fk:s”§{},’r} M=) g < ||f0||%gla.>3)f10)

for any ¢ € (0,7) and any k > 1. Choosing 3(s) := s? and ¢ := (n, - v){v) 2w?(v) in the
Green formula (1.3.4), we additionally have

/F(’Yfk)ZWQ d&a dt < [|follF2 e (1.3.11)
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From the above estimates, we deduce that, up to the extraction of a subsequence, there
exist f € 2 N L>(0,T; L2(0)) and §+ € L2 (T'+;d&dt) such that
fr — f weakly in 2 N L>®(0,T;L%(0)), ~+fp — f+ weakly in L2 (T'; déodt).
Because (v)w™! € L2(RY), we have L2(I';d&) € LY(T';d&;). On the other hand, we recall
that from the very definition (1.1.3), we have
Z: LN(S1;d&) — LY(E_;d&), |2 0 sae < 1 (1.3.12)

These three pieces of information together imply that Z(vfry) — Z(f+) weakly in
LY(T'_;d&;). On the other hand, from Theorem 1.3.2, we have vfi — ~f weakly in
L% (T;d&s). Using both convergences in the boundary condition v— fx = Z(y+ fx), we
obtain v_ f = Z(v+f). We may thus pass to the limit in equation (1.3.9) and we obtain
that f € Xp is a renormalized solution to the KFP equation (1.1.1) complemented with
the Maxwell reflection boundary condition (1.1.3) and associated to the initial datum fy.
Passing to the limit in (1.3.10), we also have

t
£l 72 +2/0 [ fisll?s €200 ds < | ol 72 €™, (1.3.13)

for any ¢t € (0,7).

Step 4. We consider now two solutions fi and fo» € X7 to the KFP equation (1.1.1)-(1.1.3)
associated to the same initial datum fp, so that the function f := fo — fi € X7 is a solution
to the KFP equation (1.1.1)-(1.1.3) associated to the initial datum f(0) = 0. We write
(1.3.4) with the choice ¢ := @; xR, with &y given by (1.2.7) associated to p =1, A > 0 large
enough, wy := (v)* defined in Remark 1.2.2, with xz(v) := x(v/R), 15, < x € D(R?),
and with the choice 3 € C?(R), B(0) = 0, " with compact support. We get

[ BUnedvds+ [ 6016 (- v)dvdode+ [ 5'(4) IVofPodudadt
@ r u
= /M {B(f) T* o+ B(f) (App — Dy, (bip)) + cfB'(f)p} dvdz dt.

We assume 0 < 3(s) < s|, |8'(s)| <1, and 5" > 0 so that we may get rid of the last term
at the left-hand side of the above identity. Recalling that €2 is bounded, we observe that
1B(f) (Avip = 0y, (b)) + cfB'(fel < [fI(1Ave] + 0w, (i) + leeol)

S flwr(T+107?) € L),

~

because of the condition k, > k1 + (d + v — 2)/2 and the bound (1 + (v)/?)wf € L*U).
The same uniform estimate holds for the term 8(f) 7 *p. We also observe that
1BOvf) ¢ (e - 0)| S W flwilng - o € LY(T),

because of the condition k, > k1 + d/2 + 1 and the bound 7 fw € L?(T'; déadt) provided by
(1.3.11). We may thus pass to the limit R — oo and 3(s)  |s| such that 0 < sf/(s) 7 |s],
and we deduce

/|fT]cTJ1dvdx—|—/|’yf]cT)1 (nx%))dvdaxdtg/ |f|ww | @rdo da dt.
o r u ’

Using finally the estimate of Step 1 in the proof of Lemma 1.2.1 in order to get rid of
the boundary term as well as the estimates obtained in Step 2 and Step 3 in the proof of
Lemma 1.2.1 in order to deal with the RHS term, we get

T
/]fﬂ@ldvda:gﬁ//\f|@1dvd:ﬂdt,
(@] 0 JoO

and we conclude to f = 0 thanks to Gronwall’s lemma. O
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1.3.3 Well-posedness for the dual equation and conclusions
We first establish the well-posedness of the dual KFP equation in a L? framework.

Proposition 1.3.4. Under the assumptions of Proposition 1.3.3, for any admissible weight
function w, any final time T > 0 and any final datum gr € L2,(0), m := w™!, there exists
a unique g € Yr := L®(0,T;L2,) N C([0,T); L3 .) N 4, solution to the backward dual
kinetic Fokker-Planck equation (1.2.21) in a similar sense as stated in Proposition 1.5.3.

Sketch of the proof of Proposition 1.3.4. We follow the same strategy as during the proof
of Pro-position 1.3.3.

Step 1. Given g € L2 (I'_;d¢;), we consider the backward inflow problem

—0g—v-Veg=%"g in (0,7)x0O
Y49 =g on (0,7)x Xy (1.3.14)
g‘t:T =4gr in 07

We define m as during the proof of Lemma 1.2.3 and the bilinear form & : 2%, x C((0, T] x
ou F+) — R, by

E(g,p) = /M(Ag — C*g)pom® + /ug(@t +0- V) (pm?),

which is coercive for A large enough thanks to Lemma 1.2.3 (and more precisely (1.2.29)-
(1.2.30)). Using Lions’ variant of the Lax-Milgram theorem [126, Chap III, §1], we obtain
a variational solution g € 7, to (1.3.14), and more precisely

gwwwzzzlg¢ﬁfda+34¢n¢01om?mMm, Ve e CH(0,T] x OUT,),
+

Thanks to the trace Theorem 1.3.1 and the dissipativity property (1.2.29) of £*, we deduce
that g € C([0,T); L2,) N .

Step 2. For a sequence oy, € (0,1), a1, we build a sequence (gi) of solutions to the
modified Maxwell reflection boundary condition problem

—Ogp —v-Vegr, =¢"g, in (0,T)x0O
gk = ok By on (0,T) x 4 (1.3.15)
g(t=T,-) =gr in O,

by using Step 1, the fact that 2* : L2 (3_;d¢1) — L2,(3_;d¢) from Step 1 in Lemma 1.2.3
and the Banach fixed point Theorem. This sequence satisfies

T
sup v, + [ {1090l ey + Dol | s < Crlorily

for some constant C7 and any k > 1. We may extract converging subsequences (g/) and
(vgxr) with associated limits g and 7, and passing to the limit in (1.3.15) with the help of
Theorem 1.3.2, we deduce that 4 = vg and that g is a renormalized solution to (1.2.21).

Step 3. We may assume w < €€ with s, = min(2,7) and ¢ € (0,¢*), defining ¢* := by /2
if v <2, ¢*:=min(by, 1/0%)/2 if y = 2, ¢* := 1/(20%) if v > 2. We set my := e~ 1{)™"
with ¢; € (¢,¢«). We consider two solutions g1 and go € C([0,7];L2,) N 5%, to the
backward dual KFP equation (1.2.21) associated to the same final datum g7, so that the
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function g := go — g1 € C([0, T); L2,) N 7%, is a solution to the KFP equation (1.1.1)-(1.1.3)
associated to the initial datum ¢(7') = 0. Choosing ¢ := mixg in (1.3.4), with the
notations of Step 4 of the proof of Proposition 1.3.3, and proceeding similarly, we get

[ BaO)eduda + [ Blrg)plng o) dvdayde+ | B()|90uf P dvdods
O I U
- /u Blg) T+ /M {B(9) (Do + divy (bp)) + (c — divy b) £B8'(f) i} dv da dt.

Taking advantage of the fact that all the terms in the interior and at the boundary are now
well defined, we may argue as for the proof of the L}% estimate performed in Lemma 1.2.3,
and we conclude that g = 0 as in Step 4 of the proof1 of Proposition 1.3.3. O

We conclude the section by reformulating and slightly improving the two previous
well-posedness results.

Theorem 1.3.5. Consider an admissible weight function w and set m = w™!.

(1) There exists a semigroup S on L2(O) such that for any fo € L2(0), the function
fi :== S (t)fo is the unique solution in C([0,T); L2) N, YT > 0, to the KFP equation
(1.1.1)(1.1.3)(1.1.4). Furthermore (1.2.5) holds if additionally fo € LP, for some p €
1, 00].

(2) Similarly, there exists a semigroup S« on L2,(0) such that for any gr € L2,(0),
the function g; := S« (T — t)gr is the unique solution in C([0,T]; L2) N 5, VT > 0, to
the dual KFP problem (1.2.21). Furthermore (1.2.23) holds if additionally gr € L%, for
some q € [1,00].

(8) The semigroups S and S« are dual one toward the other. In other words, the
equation (1.2.22) holds for any fo € L2(O) and gr € L2,(0).

Proof of Theorem 1.3.5. The proof is split into four steps.

Step 1. We may define the semigroup S¢ by setting S¢(t)fo := f; for any fo € L2 and
t > 0, where f; is the unique solution in X7, VT > 0, to the KFP equation (1.1.1)—(1.1.3)-
(1.1.4) provided by Proposition 1.3.3. In particular (1.2.5) holds for p = 2. Proceeding as
in Step 4 during the proof of Proposition 1.3.3, we may justify the computations performed
during the proof of Lemma 1.2.1 and we get that (1.2.5) holds for p = 1 when fo € LZNLL.
By interpolation, we obtain that (1.2.5) holds for any p € [1,2] when fy € L2 N LP.

Step 2. From the well-posedness result of Proposition 1.3.4, we may define the semigroup
S o= by setting So= (t)gr := g(T —t) for any gr € L2, and any 0 < t < T, where g is unique
solution in Y7 to the KFP problem (1.2.21). We obtain as in Step 1 that furthermore
(1.2.23) holds for any g € [1,2] if go € L2, N LY,.

Step 3. We change ¢ by iy, := t5n +tpn < 1 —1/n, with 15, = 1ts(1 —1/n), tpy =
tp(1—1/n), and we denote by Z,, and Z the corresponding reflection operators. Denoting
by fn the solution associated to the KFP equation, the reflection operator %, and the
initial datum fy given by Step 1 (or Proposition 1.3.3), we have the additional property
v fn € LE(T;d&;). The solution g, associated to the dual problem (1.2.21) for the reflection
operator %, and the final datum g7 given by Step 2 (or Proposition 1.3.4) also satisfies
the additional property vg, € L2,(I';d¢1). Because of these additional estimates on the
boundary, we may justify the computations leading to the identity (1.2.22) by starting
from (1.3.4) applied with g := f,, ¢ := g, and (s) := s or by applying (a variant of)
Theorem 1.3.1 to the function B(f,gn), noticing that

8t(fngn) +v- vur(fngn) = Ay fugn — frnlogn + divv(bfngn) in Dl(u)‘
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In that way, we obtain

/fn(T)gT:/ fogn(0), V¥n>1. (1.3.16)
@ @

Because (f,,) is bounded in L>(0, T'; L?) and in W1>°(0, T'; D’ (0)), we deduce that f,,(T) —
f(T) := S;(T)fo weakly in L2. Similarly, we have g,,(0) — g(0) = S« (T)gr weakly in
L2,. We may thus pass to the limit n — oo in (1.3.16) and we deduce that (1.2.22) holds,
which exactly means that (Sg«)* = Sg.

Step 4. For any p € (2, 00|, we know from Step 2 that for any gr € L2, N LY., T > 0, there
holds

lg(t, )l < CreTDigp| . Vi€ [0,T]. (1.3.17)
Now, for fo € LP, we have
IFDl, = s [T
greLillgrll <1
= s [ fg(0)
9greLiyllgrll <1
< | follze sup lg(O)
greLliyllorll <1 m
< |follzy sup C1e gz = Cre I follp,

greLl?, llgrll <1
Lm

where we have successively used the Riesz representation theorem, the duality identity
(1.2.22), the Holder inequality, the estimate (1.3.17) and the Riesz representation theorem
again. We have thus established that (1.2.5) holds for any fo € L2 N L2, p € [1,00]. We
establish in the same way that (1.2.23) holds for any g7 € L4, N L2, q € [1, ).

Step 5. For fo € L2, let us introduce a sequence fy, € Liu N LY, such that wh is an
admissible weight function satisfying w!/w — co and such that fon — fo in L?. From the
previous analysis, the solution f,, to the KFP equation (1.1.1)—(1.1.3) associated to the
initial datum fo,, satisfies f, € L°°(0,T; L2, N L) N C([0,T]; Ly,) € C([0,T]; L2). From
(1.2.5), (fn) is a Cauchy sequence in C([0,T]; L?) and thus converges to the solution f to
the KFP equation (1.1.1)—(1.1.3) associated to the initial datum fy. We have established

that f € C([0,T]; L?) and the same argument holds for the dual problem. O

1.4 Ultracontractivity

In this section, we explain how to adapt to the KFP equation in a domain the De Giorgi-
Nash-Moser theory developed for parabolic equations, in particular in [65, 142, 143, 146],
and generalized recently to the KFP equation in the whole space, in particular in [97, 150].
The gain of integrability L' — L? essentially follows and slightly simplifies the proofs
presented in [48, 49] which are very in the spirit of Nash approach [146].

1.4.1 An improved weighted L? estimate at the boundary

Let us observe that for a solution f to the KFP equation (1.1.1), we may write

2

TS =fTI=1%f,
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where we define
T :=08,+vVy, (1.4.1)

and we recall that 4" has been defined in (1.1.9). Multiplying that equation by ®? := ©2%?
with a time truncation function ¢ € D(0,T") and a weight function @ : O — (0, 00), and
next integrating in all the variables with the help of (1.2.1), we obtain

1 1

o Lonten v [ pTet—— [ vgo)Ps [ Peors (142)
2Jr 2 Ju u u

with U := (0,7) x O, ' := (0,T) x £, T € (0,00) and @ := w&{z is defined in (1.1.17), or
equivalently by

__1v@*P 1 V@

Zb.
Ty 27 T2

1
+c— 5 div, b. (1.4.3)

We first establish a key estimate on the KFP equation (1.1.1)—(1.1.3)—(1.1.4) which
makes possible to control a solution near the boundary. The proof is based on the
introduction of an appropriate weight function which combines the twisting term used in
the previous section and the twisting term used in [90, Section 11], that last one being in
the spirit of moment arguments used in [130, 140].

Proposition 1.4.1. For any admissible weight function w there exists C = C(w,$) > 0
such that for any solution f to the KFP equation (1.1.1)~(1.1.3), any T > 0 and any
smooth function 0 < ¢ € D((0,T)), there holds

- D)2
/Mf2w2{(n§1/2)+ <v>§}902+/u\vu(fw)2¢2 < C/uf%2 [!@«pQ! +902],

with ¢ :== v+ s — 2.

It is worth emphasizing that an admissible weight function w is strongly confining if
and only if the associated parameter ¢ € R satisfies ¢ > 0.

Proof of Proposition 1.4.1. We introduce the function

1ng v 1 Ng =V
2. 2~2 ~2 . __ T 1/2 " 2
o° = @Y w, w- = (1 + - 7<Q}>4 + 71/2 (S(I') <’U>2 ) WA,

where the weight function wy is defined in (1.2.7) for A > 1 large enough (to be fixed

below) and where D = sup,cq d(x) is half the diameter of 2, so that in particular an
estimate similar to (1.2.25) holds. From (1.4.2) we have

2/U|Vv(f<1>)|2+/r('yf)2<1>2(nx-v)—/uf%-VI\IJQ

(1.4.4)
:/fzv‘vx\l/1+2/ f2(1)21%+/ fzat(@2)7
u u u

for @ as defined on (1.4.3) and we denote

1ng- v 02 w? Mg -V
2.2 z o A 1/2 Nz
\Ifl.—gowA<1+4 <U>4>, \112._4 1/25(‘@)/ BER

We now compute each term separately.
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Step 1. Observing that @? = (1 + %nz . W) w? on the boundary I' = (0,T) x ¥ x R?, we
can argue as in Step 1 in the proof of Lemma 1.2.1 to deduce that, choosing A > 1 large
enough, the contribution of the boundary term in (1.4.4) is nonnegative, that is

JRCHRSCHET)
T

Step 2. In order to deal with the third term at the left-hand side of (1.4.4), we define
Y= 6(z)/2(ng - v)(v) 2. Observing that (v)y) € L®(0), Vb € L=®(O) and

—v-Vyh = ;(5(351)1/2(”:” 0)2(0) 2 = 5(2) Y2 (v - Dyngo)(v) 72,

we have

For the first term at the right-hand side of (1.4.4), a direct computation gives
1
/ fPu -V, = f/ 2023 (0) 72 (0 - Dangd).
u 4 Ju

Step 3. Writing w < 2(z;) — (@w_) and gathering previous estimates yields

2 [ IV.6P + g5 [ i +2/f2 05
61/2
</ f%Qwi(@-Dznmﬁ){ 4<1> 4D1/2}+4 | PeE@E + | Patee?)

SC'QA/f2 24 )P +CA/f2w2\3t902\7

where we recall that 6 € W2°°(Q). Using that (_) > ko(v)® with ko > 0, because of
(1.2.2)-(1.2.19), and also that @ is bounded, we deduce

2 [ 190 + oy [ PR S o [ 00
< Cou [ 226+ Ca [ Futlong?]
u u
We then conclude by observing that
LIvutw)l + 20 5 [ [v.(m) + 3

and using that w Swy S W Swy Sw. H

We may write the above weighted L? estimate in a more convenient way, where the
penalization of a neighborhood of the boundary is made clearer. For that purpose we
state the following interpolation result which formalizes and improves some estimates used
during the proof of [90, Lemma 11.9] (see also [48, Lemma 3.2]).
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Lemma 1.4.2. For d > 1, for any ¢ > 0 and any function g : O — R, there holds

/56 ~/ [Vogl? +/ (nf;/;’ +<v><>, (1.4.5)

with B = [2(d' + 1+ 2d'/)]™}, d' := max(d, 3).

Proof of Lemma 1.4.2. For «, 5,1 > 0, we start writing

/(9 58 / 65 v)da>1 +/ 55 (ngv)2 >52”1< Yor<1

" /o 58 Linavi<on et = Ty + Ty + T

For the first term, we have

2

9 2
T, < I [a\SSS S
< [ S = [ )

by choosing ac = 3. For the second term, we have

T </g2 ! <nx-v>2:/ 2 (na - )’
2= 0 08 (v)2§28/<  §2n og s12

by choosing 27 + (1 + 2/s) = 1/2. For the third term, we define 2* := 2d’/(d’ — 2) the
Sobolev exponent in dimension d’ > 3, and we compute

T35 < /Q(S_B(/Rd !9!2*>2/2* (/Rd 1|nz.u|§§n1<v><5—/3/<)2/d

S [P [ (Vg2 4 )
~ Ja R

where we have used the Holder inequality in the first line and the Sobolev inequality in the
second line together with the observation that (v') < (v) in the orthonormal representation
v = v1n, + v'. Choosing 1 such that

=B —=2(1-1/d)B/s+n2/d=0,

we deduce that n = (d/2 + (d — 1)/5)3, then 8 = [2(d + 1 + 2d/s)]~! and we conclude to
(1.4.5). O

As an immediate consequence of Proposition 1.4.1 and the interpolation inequality
(1.4.5), we get the following estimate which holds for strongly confining weight functions.

Corollary 1.4.3. Consider a strongly confining weight function w and recall that ¢ :=
Y+5—2>0and B :=[2(d +1+2d'/)]"L. Under the conditions of Proposition 1.4.1,
there exists Cq such that

[ Loy [ Porse s [ IMole s [ Pulog] + o)

For a weakly confining admissible weight function, we obtain the following weaker
estimate which is similar to [48, Proposition 3.3] and [49, Proposition 5.3].
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Corollary 1.4.4. Let us consider a weakly confining admissible weight function w corresponding
to the case when s :=y+s—2 < 0. We set 3 := [2(d'+1)]7}, recalling that d’ := max(d, 3).
Under the conditions of Proposition 1.4.1, there holds

f? w2
[ 5 Tret+ [ Vet < [ futliog|+ o),

Proof of Corollary 1.4.4. We just use the inequality

2 ~)2
9 </ 2, 2 / 2 (ne - D)
L e < [ (Veol +00) + [ s

that we may establish proceeding exactly as in [48, Lemma 3.2], with g := fw and the
conclusion of Proposition 1.4.1. O
1.4.2 A downgraded weighted L? — L” estimate

Taking advantage of a known L? — L estimate available for the KFP equation set in the
whole space, and thus in the interior of the domain, we deduce a downgrade weighted
L? — LP estimate.

Proposition 1.4.5. We set v :=max(2,v7—1). There exists p>2, a > p and C € (0,00)
such that any solution f to the KFP equation (1.1.1)—(1.1.3) satisfies

frep”

< Clie + 1D fwll L2 (1.4.6)
Le(U)

for any 0 < ¢ € D((0,T)), any T > 0 and any admissible weight function w.

We follow the proof of [97, Lemma 10] and of Step 2 in the proof of [48, Proposition
3.5].

Proof of Proposition 1.4.5. We split the proof into two steps.

Step 1. Consider a subset € of € such that ' C €. We introduce a truncation function
X € D(R2) such that 1o < x < 1, and the function wp := (v)"“w. We define the function
f = pxwof which satisfies

Of+v-Vof =F in RxR?xR?
where F' := Fy + div, F} with
Fo := fwo(@'x + @v - Vax) + ox(wob — Vowo) - Vo f +cf

and
Fy :== pxwoVu f.

From [29, Theorem 1.3] with p=2,r=0,=1,m=1, k=1 and Q =1, we have

1/3 7 n v v
1D Fl12a vty + IDY3 P garaay S P12 s + V0 F e ggasan
10 Fol2aqgasady + 10D P[22 g

On the one hand, a straightforward computation gives

”J?”LQ(RH%) S llpw(w) ™ fll 2o
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and
Vo fllLomiveey S H<PW<U>717Vf”L2(u) + [lo{v) Vo (fw)ll 220 -
On the other hand, we have

1{0) Foll p2qrireay S [l0'w(0) ™ fll 2@y + 1V X Lo @) low (®)* ™ Fll 2o
+ lew (@) 2 fll 2y + llpw(v) @ =CTE0G f a0
using the growth conditions (1.1.12)-(1.1.13), and
1) Fi || L2 g2y S llpw ()™ Vo fll 2 ay-
Observing that [wV, f| < |V, (fw)| + (v)*~tw]|f], it follows
1{0) Foll 21y + | () Fil| 2 rr+zay

S w) ™ Fllrz@ey + 1VeX 2o @) low ()™ Fll 2@
+ () xEITE Y £ o+ (o) EYTE T (fw) || 2w

As s < 2, we have max(2,v —1,s) = max(2,y — 1) = v. Therefore, Corollary 1.4.3 and the
Sobolev embedding H'/3(R24) ¢ LP(R'*2%), with p := 6d/(3d — 2) > 2, yield

_ s - _ _ _
| fllLo@it2ay S 1D,/ Fllp2ieaay + 1DV fll p2riseay + | Vo fll p2giveay + | Il 2 risea)
S ' wfllizey + IVexline@llewfll 2wy + lewfll 2w

Step 2. Choosing xj € D(f2) such that 1o, , < xx < 1q,, with Q. :={z € Q| > 27k
and 27%||Voxk|lL=~ < 1 uniformly in & > 1, we deduce from the last estimate that

L fewoll o @i, ) S 1€ fwll 2 + 28l fwll L2

for any k > 1, where we denote Uy, := (0,7) x €, x R?. Summing up, we obtain

/uéo‘(sofwo)” = Xk:/ukﬂ\uk 6%(pfwo)?
—ka
> /, G

< S 2Kl fwll ey + e fwllzan)?
k

A

S (¢ fwllrz@y + lefwllL2@n)”
because « > p, what is nothing but (1.4.6). O

1.4.3 The L' — L" estimate up to the boundary

We are now in position for stating our weighted L' — L" estimate up to the boundary
which is the well-known cornerstone step in the proof of De Giorgi-Nash-Moser gain of
integrability estimate.

Proposition 1.4.6. There exists an exponent r > 2 such that any solution f to the KFP
equation (1.1.1)~(1.1.3) satisfies
P Lt S
Ifewll 2@y S M@+ 19D =20 72 fwll 1@, (1.4.7)

for any ¢ € CX((0,T)), any T > 0 and any strongly confining admissible weight function
w.
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The proof is a variant of the proof of [48, Proposition 3.7].

Proof of Proposition 1.4.6. We set A := §*/*) (y)~1 and we observe that Proposition 1.4.5
writes

| F e oy S o + 1D feoll 2o (L4.8)

From Corollary 1.4.3 and Hélder’s inequality, we have next

N P e Y [ P
S H(so +/ele)fw :
L2(U)
for any 6 € (0,1). Choosing 6 = 6 such that
1 «
@)
and setting p = 6ps/2, we thus deduce
| F oA 2p S e+ ol D fell iz (1.4.9)
The Holder inequality
1l an < WA a2, oy (1.4.10)

with 1/r:= (1—6)/p+6/2 and 1 = 0} ~%0§ for any 6 € (0,1), implies

lowlrg S IFowARC/ DL ) foua=rl,

(e + 1/ D fwll 2y I + el D fwll T ey

S
S e+ 1¢ D fwllzw),
where we have chosen 6 = 6 such that p(6;/(1—01)) = v, we have used the two inequalities

(1.4.8) and (1.4.9) in the second line, and finally the most classical form of the Young
inequality in the last line. We now use the Hélder inequality

or=1 __r_ _
1o + 19 ) fwll 2@y < lefwll g ll(e + 16D =207 T2 fwll a2,

with 6y := r/(2r — 2) at the RHS of the last estimate. After simplification of the terms
involving the L™ norm and taking the power (1 — f)~! of the resulting inequality, we
conclude to (1.4.7). O

For a weakly confining weight function w, we have the following slightly weaker estimate.

Proposition 1.4.7. Let T > 0 and w a weakly confining admissible weight function, then
there is r > 2 such that any solution f to the KFP equation (1.1.1)—(1.1.3) satisfies

—

T

(e + 1D feoll 2y S e + 1) =207 72 fu () [l 11 ), (1.4.11)

for any o € CL((0,T)) and K :=2(3d + 1)(2d + 3).
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Proof of Proposition 1.4.6. We observe that for a weakly confining weight function w, there
always holds v < 2, s <2 —~, and thus v = max(2,y — 1) = 2. The estimates established
in Corollary 1.4.4 and Proposition 1.4.5 then write for instance

| Foww) 1o

/
L) < Cle+ 1€ ) fwll L2 @y

with 8 := [2(d 4+ 1)]71, and

|[fowi) 26| < Clite + 1) ol 2y

Lr(U)
with 1/p =1/2 —1/(2(2d + 1)). Using an interpolation argument, we get
1 fow(0) ™| Lrey < Cll(e + 19D fwll L2y (1.4.12)

by choosing r € (2,p) and 6; € (0,1) in such a way that

1 _ 6 1—291, (1—601)8/2 = 60,(1+1/p)

and thus p:= 26, 4+ (1 — 01) = 01 + 1. From the Holder inequality, we also have

,_A

1o + &' D fwll 2@y < lofe(o) ™[ Fep (e + 1D 27T fuoly 0 g (1.4.13)

with 0y :=r/(2r —2) and K = 1%2 w. We now compute

_ 241, 2+ . 12d°4+20d+5
P="g " "Thet20d+5 | 62+10d+2°
so that
K = = 146,) = (12d®> +20d +5) (1 + ——————
=gt = g+ o) = (12474 20d + )( +12d2+20d+5>
= 12d* +22d+ 6 = 2(3d + 1)(2d + 3).
The both last estimates together imply (1.4.11). O

1.4.4 The L' — L? estimate on the dual problem

We consider the dual backward problem (1.2.21) for which we establish the same kind of
estimate as for the forward KFP problem (1.1.1)-(1.1.3). In order to make the discussion
simpler, we separate the analysis for strongly and weakly confining admissible weight
function in this section.

Proposition 1.4.8. There exist some exponent r > 2 such that any solution g to the dual
backward problem (1.2.21) satisfies

—_

T

ZT; _
lgemll ey S e + 191 =20 72 gml| 1), (1.4.14)

for any test function 0 < ¢ € D((0,T)), any T > 0 and any function m = w™' which is
the inverse of a strongly confining admissible weight function w.
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Proof of Proposition 1.4.8. The proof follows the same steps as for the proof of Proposition 1.4.6
and we thus repeat it without too much details.

Step 1. An improved weighted L? estimate at the boundary. Let w be an admissible weight
function and define m = w™".

We define the modified weight function m by

_9 2 1ng-v 1 1/2n$~v)
= 14— —
m mA< +t1 e 4D1/25(x) Wz )

where m 4 has been defined in (1.2.24) and D = sup,c 6(x). Considering a solution g
to the dual backward problem (1.2.21), multiplying the equation by ®? := ¢?m? with
¢ € D(0,T), and integrating in all the variables, we obtain

1

=5 /.09 202 (ng - v) + = / TP = / 9(¢*g)®°

with 7 defined in (1.4.1).
Since m? := m?(1 + 1 T<“”>}{) on the boundary I', Step 1 of the proof of Lemma 1.2.3
implies that

1
2

Arguing exactly as in the proof of Proposition 1.4.1 and using the estimates from Step 2 of
the proof of Lemma 1.2.3, we obtain

fom lnxalv/é Hr

Proceeding next as for Corollary 1.4.3 with the help of the interpolation Lemma 1.4.2, we
deduce

| (19) 0% (ng - v) > 0.

o +/|Vv(gm)\2<p2 < /ngz[\atsoz\ + 7.

1
/92(573+< m? % —|—/|V gm) |2SD 92m2[|at<p2|—|—<102]’ (1.4.15)

for some 5 > 0.

Step 2. Downgraded weighted L? — LP estimate, p > 2. For 0 < ¢ € D(0,T), 0 < x € D(Q)
and the weight function mg = m(v)™" with v > 0 to be chosen later, the function
g = gpxmy satisfies

—O0g—v-Vig=G

where G = G + div, G; with
Go := —gmo(¢'x + ¢Vax - v) — ox(mob — Vumg) - Vg + (¢ — div, b)g

and
G1 = pxmoV,g.

Proceeding as in the proof of Proposition 1.4.5, we get first
130175 g2arry S 19 mgllF 20 + IV X0 lomal Fay + llomgl 2

for some p € (2,00), and next, by interpolation, we conclude with

S (e + ¢ Dgmll L2 (1.4.16)

H g 5ol
(v) Lr)
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for some o > p > 2 and v > 0.

Step 3. Up to the boundary L? — L" estimate, r > 2. Proceeding as during the proof of
Proposition 1.4.6, we may use the estimates (1.4.15) and (1.4.16) together with the Holder
inequality (1.4.10) in order to obtain that there exists an exponent r > 2 such that any
solution g to the dual problem (1.2.21) satisfies

lgemllzr@y < e + @' amll L2y

for any ¢ € C1((0,T)), T > 0. We conclude to (1.4.14) by using the Holder inequality
once more, exactly as during the proof of Proposition 1.4.6. ]

We now prove an estimate similar to Proposition 1.4.8 for weakly confining admissible
weights in the spirit of Proposition 1.4.7

Proposition 1.4.9. Let w be a weakly confining admissible weight function and define
m = w~!. Any solution g to the dual backward problem (1.2.21) satisfies

r—1

gr=1 _ r_
(e + €' Dgemll 2 S (@ + 1) =207 m=2gm(v)" || 1@y, (1.4.17)
for any test function 0 < ¢ € D((0,T)), any T >0 and K = 2(3d+ 1)(2d + 3).

Proof of Proposition 1.4.9. The proof follows the same steps as for the proof of Proposition 1.4.8.

Step 1. A weighted L? estimate at the boundary. Let w be an admissible weight function

and define m = w1,

We define the modified weight function m by

_ 9 2 1ng-v 1 1/2n$~v)
= 14+ - —
m mA< +t1 e 4D1/25(x) Wz )

as done in the Step 1 of Proposition 1.4.8. Considering a solution g to the dual backward
problem (1.2.21), indeed multiplying the equation by ®? := ¢?m? with ¢ € D(0,T), and
integrating in all the variables, we obtain

1
—= (VQ)Q‘I)Q(%'U)‘F*/ 9> T ®? =/g(‘€*g)¢>2,
2 Jr 2 Ju u

with 7 defined in (1.4.1).

Since m? := m124(1 + % Ty ) on the boundary I', Step 1 of the proof of Proposition 1.4.8
implies that

—5 [6978* 0, 0) > 0.

Arguing similarly as in the proof of Proposition 1.4.1 and using the estimates from Step 2
of the proof of Lemma 1.2.3 with the difference that, since w is a weakly confining weight
function, we will have |w§:2| S |wfl*2| < 0o0. Then we obtain

5 2(na-v)? 5 2 2 & 22118, 2
UamrveRd + [ [Volgm)["e® S | g"m[|0wp7] + ¢7].

Proceeding next as during Corollary 1.4.4 we deduce

2
g
[Sme+ [IvigmPe? s [ gmPlog®] + ¢, (14.18)
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for some = [2(d + 1)]7! > 0.

Step 2. Downgraded weighted L?> — LP estimate, p > 2. We remark that the computations
from Proposition 1.4.8 hold for any admissible weight so proceeding similarly we get that
there is some p € (2, 00) such that

m
g 07
oo

S e+ e'Ngmll 2 (1.4.19)
Lr(U)

for any 0 < ¢ € D(0,T') and some a > p > 2 and v > 0.

Step 3. Up to the boundary L? — L" estimate, r > 2. Proceeding as during the proof of
Proposition 1.4.7, we may use the estimates (1.4.18) and (1.4.19) together with the Holder
inequality (1.4.12) in order to obtain that there exists an exponent r > 2 such that any
solution ¢ to the dual problem (1.2.21) satisfies

legm®) || e S e+ &' Dgmllzzo.
for any ¢ € CL((0,T)), T > 0 and some z > 0. We conclude to (1.4.17) by using the Holder
inequality once more, exactly as in (1.4.13) during the proof of Proposition 1.4.7. O
1.4.5 Conclusion of the proof of the ultracontractivity property

We now conclude the proof of Theorem 1.1.3 in several elementary and classical (after
Nash’s work) steps.

Proof of Theorem 1.1.3. Consider a strongly confining admissible weight function w and
denote by m = w™! its inverse. We split the proof into four steps.

Step 1. We first establish that there exist a constant 1 > 0 such that any solution f to the
KFP equation (1.1.1)—(1.1.3)—(1.1.4) satisfies

(T )z 0) < Cr2T "l foll g0y, VT € (0, 1). (1.4.20)

First indeed, from Proposition 1.4.6, there exist an exponent r > 2 such that

[y

or=l _ _r_
Ifoolleen S [0+ D20 72 0]
LY(U)

Thanks to the estimate (1.2.5) from Lemma 1.2.1 for p = 1 and p = r provided by
Theorem 1.3.5, we have

lellzrom Ifrwlpreo) S € Ifewllzre

and

—_
—_

r

- __r_ T a2l =—= __T_
T—Qw T—2fw < e (¢_+|¢|) T—2¢ r—2

~

| fowll 21 (0)-
LY(U)

o+ 10?
We choose ¢(t) := ¢(t/T) with ¢ € C}((0,1)) such that 0 < ¢ < 1p/43/4, ¥ # 0 and

|w’|2%w7T%2 € L'(0,1), which is possible by taking ¢(s) := (s — 1/4)"(3/4 — s)" for
n > 0 large enough, and we easily compute

HSDHLT(O,T) = Tl/erHLT(O,l)a HSDHLl(o,T) = THT/JHLl(OJ),

r—1 r—1 r
=T 2 || |/ P2y 2
L1(0,T)

" I
o2 T
L1(0,1)
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Gathering the three last estimates and the three last identities, we finally obtain

, 1_9r=1
TV frwoll o) < (T+T ) 1 fowll i),

which implies

1 42

2
|l S 777772 (T2 +1) || fowll o)

1l 42
S TR fowl p o

Then by using again Lemma 1.2.1 for p = 1 and an interpolation argument as before,
choosing 6 := 57 > 0 such that 1/2=1-6+0/r, we deduce

Ifrwllzo) < lfrelfr o)l frelliao

g(—L_1-_2_
< T D) fowll o

from what we immediately conclude to (1.4.20) with n := ﬁ (% +1+ %)

Step 2. Arguing in a similar fashion as above but using the estimates from Lemma 1.2.3
and Proposition 1.4.8 (instead of Lemma 1.2.1 and Proposition 1.4.6), we deduce a similar
result for the dual problem. More precisely, there exists 7/ > 0 such that any solution g to
the dual backward problem (1.2.21) satisfies

1900, )3, < CLT " lgrllzy,, VT € (0,1) (1.4.21)

Step 3. As the dual counterpart of (1.4.21), we have that any solution f to the KFP
equation (1.1.1)—(1.1.3)—(1.1.4) satisfies

AT ) < CHT " follz, VT €(0,1). (1.4.22)

Indeed we may argue by duality in the following way: For fo € L? and g7 € L}, we denote
respectively by f and g the solution to the primal (1.1.1)—(1.1.3)—(1.1.4) and dual (1.2.21)
KFP problem, then we have

1P = s [T er

gTeL}nJHgT”L}nSl

= s [ fogl0.)

QTEL%“HQTHLTlnSl

< llfollrz sup 19(0, ) ze,
gTeL}n:”gTHL}ngl

< ollz CRT™7,
where we have used an usual representation formula in the first line, the duality formula

(1.2.22) in the second line, the Cauchy-Schwarz inequality in the third line and estimate
(1.4.21) in the last line.

Step 4. For T' € (0, 1], the estimates (1.4.20) and (1.4.22) also write
AT, ) e < Cra(T/2) T 1F(T/2,) ez IF(T/2,) I, < Ca(T/2) " foll

so that
(T, )L < CraCia2™ T~ foll s - (1.4.23)
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which is nothing but (1.1.25) for T € (0,1] with © := n+ 17, kK = (o + &')/2 and
C > CpC527 . For T > 1 we write f(T) = S (1) f(T — 1), then we compute

IF (T )lzge = 1S () (T =1, Les
ST =1y
S e T folp,s

where we have used (1.4.23) at the second line and Lemma 1.2.1 at the third one, which
concludes the proof of (1.1.25) for T' > 1. O

We end this section by formulating a variant of Theorem 1.1.3 for weakly confining
weight functions.

Proposition 1.4.10. Let w be a weakly confining admissible weight function such that
s>0o0rs=0andk>K+k* for K :=4(3d 4+ 1)(2d + 3). Define wso := w'/? if s > 0,
Woo 1= w(v) ™K if s =0. For any T > 0, there exists x,n > 0 such that any solution f to
the KFP equation (1.1.1)—(1.1.3) satisfies

1A (T ) L 0) S €T foll o) (1.4.24)

Proof of Proposition 1.4.10. We adapt the first step of the proof of Theorem 1.1.3 by using
the estimate established in Proposition 1.4.7 instead of Proposition 1.4.6 as well as the
estimate (1.2.5) from Lemma 1.2.1 for p = 1 and p = 2 provided by Theorem 1.3.5.

3/4 —K/2

Step 1. We set wo = w?/* if s > 0, wy = w(v) if s =0 and we prove first that

AT, )Lz, o) S T " follyo) VT € (0,T]. (1.4.25)

Indeed from Proposition 1.4.7 and the definitions of ws, and wo we have that there is r > 2,
from Proposition 1.4.7, such that

Y

r—=1  _r_
I+ 19D fwnllzzgn S H(@JrI@'I)QT—QsO 72 fura (0) K2

L(U)
Pt S
S [l T (1.4.26)
L(U)
for any 0 < ¢ € C1((0,7T)) and any T > 0.
From Lemma 1.2.1 for p =1 and p = 2 we have
e + 1€l 2.0y |l Frezll 20y < € lI(¢ + 1¢]) fwall L2y (1.4.27)

and

[ay

r—1 _ _r_
STl + 19D =0 = Ipom lfowlloio)  (14.28)

r—1 __r
Hw )22 fuo
LY(U)

As done during the proof of Theorem 1.1.3 we choose ¢(t) := 1 (t/T) with ¢» € C((0,1))
r—1 T
such that 0 < ¢ < 1p/43/4, ¥ # 0 and [/|*=24~ 72 € L}(0,1), which is possible by
taking ¢ (s) := (s — 1/4)"1(3/4 — s)"t for n > 0 large enough, and we easily compute

H<P||L2(0,T) > T1/2”’¢ + W/‘HL?(OJ)? ”SOHLl(o,T) = TW’HLl(o,l),

—1 —1 —1
(=P _ T || Prg e

L1(0,T)

L1(0,1)

Hlso
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Then we deduce
_1__r _r_ _
| frwallp2o) ST 2772 (1 +T1+T*2) | fowll 10 (1.4.29)

which is nothing but (1.4.25) for 7' € (0,1] with n = § + 5.
—1

Step 2. Now we prove a similar result for the dual problem, for this we define my, = w3
and mg = w;l. Indeed by using Lemma 1.2.3 and Proposition 1.4.9 we proof, by arguing
similarly as in the Step 1, that there exists ” > 0 such that any solution g to the dual
backward problem (1.2.21) satisfies

1900, )zz,, < CT " lorlluy, . YT € (0,1). (1.4.30)

Step 3. As the dual counterpart of (1.4.30), we have that any solution f to the KFP
equation (1.1.1)—(1.1.3)—(1.1.4) satisfies

(T, )lzes, < CHLT " lfollz,. VT €(0,1). (1.4.31)

Indeed we may argue by duality as in the Step 3 of the proof of Theorem 1.1.3: For fy € LZ)Q
and gr € L}nw we denote respectively by f and g the solution to the primal (1.1.1)—(1.1.3)—
(1.1.4) and dual (1.2.21) KFP problem, then we have

AT e, = sup [ (T )ar
<1

97€Ln oo llgTll L1
o0

= sup <1/f09(0» )

QTEL}noov”gTHL}noo

< | follzz sup 190, )l 2
2 gretlorly <t

< Nlfollzz, G,
where we have used an usual representation formula in the first line, the duality formula

(1.2.22) in the second line, the Cauchy-Schwarz inequality in the third line and estimate
(1.4.30) in the last line.

Step 4. For T' € (0, 1], the estimates (1.4.20) and (1.4.22) also write

AT, Mg, < Cra(T/2)7 (T2, )z IF(T/2,) ez, < Cra(T/2) " foll Ly,
so that
IF(T, )L, < CraCio2"™ T foll (1.4.32)
which is nothing but (1.1.25) for T' € (0,1] with © := 5+ 7’ and C > C12C},2""". For
T > 1 we write f(T) = S¢(1)f(T — 1), then we compute

If (T, )z = 152 M) (T = 1,-)l| g
ST =1y
S e TN folp,s

where we have used (1.4.32) at the second line and Lemma 1.2.1 at the third one, which
concludes the proof of (1.4.24) for T' > 1. O
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1.5 Well-posedness in a general framework

In this section, we establish the well-posedness of the KFP equation in a general weighted
Lebesgue space framework and in a weighted Radon measures space framework. We deduce
the existence and uniqueness of a family of fundamental solutions.

1.5.1 Additional a priori estimates in the L' framework.

We recall that any solution f to the KFP equation (1.1.1) satisfies

1 fellzz o) S N follee oy, ¥Vt €[0,T], (
I7elce o S follzy o) (
IVofllzz ey < Ifollrz o), (1.5.3
1fellzr, o < Cill foll Lp 0y, VYt € (0,717, (
for any admissible weight function w, any exponent 1 < p < r < oo and some admissible
weight function w, from (1.2.5), from (1.2.18) and (1.2.20), from (1.3.13) and from
Theorem 1.1.3 with w, = w in the case of a strongly confining weight function w or

from Proposition 1.4.10 and a standard interpolation argument in the case of a weakly
confining weight function w. The two last estimates together immediately give

Vo fllz2(to,ryx0) < Ctorll follLr 0y, VT >to > 0. (1.5.5)

We will use an additional a priori estimate that we establish now. For further references,
for k > 0, we define the functions T} by

Tk (s) := max(min(s, k), —k).

Lemma 1.5.1. Consider an admissible weight function w and a solution f to the KFP
equation (1.1.1)~(1.1.3)~(1.1.4) associated to an initial datum 0 < fo € LL. There (at least
formally) hold

IV T (f ) tl)tt 2| 12000 < Coric | foll o (1.5.6)

and

o 11 g eyl ) < 1ol fozrallnio) + Crllfollzy, (15.7)

for any T, K,k > 0 and some constants Cr,x and Cr.

Proof of Lemma 1.5.1. For a renormalizing function S, a positive weight function m and
a nonnegative test function ¢, we (at least formally) compute

a :
S (Eo L i S O P R RNTs:

:/E(—fu-nz)ﬁ(i)w—/ﬁ"(?{lﬂvv(f)|2‘P
+/{<v.vx¢>5f> w Ve LoDy 2y [ L L

+/{a ) divy, ( V om) + B( f)dlvv(mv ) B(

f

+ [ et - 0-v008(L) + 6 vam) L
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with o/(s) = s8”(s). Assuming 5 : R — Ry even and convex such that 8(0) = 8/(0) = 0,
the boundary term can be handled in the following way

[ o= [ @n) s ) [ @y isth,
) m > m b)) m

+

< [ oen-{osT) s T - NG ne) By

m m m

< [ men{pCa T 00 v~ (02 )

+ Z+(v : nd#s{ﬁ(ﬂ%” oV, — B(%)s@},

where we have used the convexity of 5 in the second line and the change of variable v — V, v
on the last equality. Taking m = ¢ := .#Z, we get

o naaa < [ ©nyen{perh - sC5h)a <o

where we have classically used the very definition of ’;J’\_-./f and the Jensen inequality in order
to get the last inequality. With these choices of functions g, m and ¢, the first identity
simplifies

d [t

G [

_ f Iy ogd

= [(mon)B(pt + [lo- Vet |(8(5) ~258()

- [ DD+ [a L

—i—/{ﬂ(f)///[— divy b — (b-V ///)ﬁ(i) +(b-V %+cﬂ)i6’(i)}
M ! ! M ! MM

We finally particularize 3" = 1, j41), k > 0, so that
0< B(s), sB'(s), a(s) < s, [s8'(s) = B(s)| < s VseR, k=>0.
Observing that

v Votl| | |-Vt | |Avtt]
A Vi Vi

we deduce with this choice of S that

+ |e| + | div, b] < C(v)3,

i |2+ [ 2t < [

Because w > (v)3, we may use (1.2.1) with p = 1 in order to bound the above RHS term
and then both (1.5.6) and (1.5.7) follow. O
1.5.2 Well-posedness in a L? framework
For further references, we note

Lf=0f+2f, Lo:=-0p+L,

where £ is defined in (1.1.10) and .£* is defined in (1.2.6). We also denotes %3 the set of
functions B € C?(R) such that 5’ has compact support.
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Theorem 1.5.2. We consider an admissible weight function w and an exponent p € [1, 00].
For any fo € LP(0O), there ezists a unique function f € C(Ry;LP(O)) satisfying the
estimates (1.5.1), (1.5.4), (1.5.5), (1.5.6), (1.5.7) and which is a renormalized solution to
(1.1.1), that is

[BDE e+ B DIV} + [ B0 £ na - vdvdodt = [ 5(fo)pl0, )dvds, (15.3)
u I O

for any ¢ € D(U) and € HABs. Furthermore, the one parameter family of mappings
Se(t) « LP — LP . defined by Sr(t)fo := f(t,-) for t > 0 and fy € LP, is a positive
semigroup of linear and bounded operators.

It is worth emphasizing that because § € %3, we have supp 8’ C [—K, K| for some
K > 0 and thus

B"(9) Vugl* = B"(9) 1g<k [Vogl® = 8"(9) IV Tk (9)*. (1.5.9)

Together with (1.5.6), that implies that the second term in (1.5.8) makes sense. Also observe
that vf € L2((to, T) x X, d&3) for any 0 < tg < T, thanks to the trace Theorem 1.3.1, so
that 8(vf) € L*°(T") and the boundary term makes sense. A similar result holds for the
dual KFP equation (1.2.21).

Proof of Theorem 1.5.2. We split the proof into two steps.

Step 1. Existence part. Because of the linearity of the equation and the weak maximum
principle, we may only consider nonnegative initial data (and solutions). We first assume
1 <p<2 Wetake0 < fo,, € LLNL?2 such that f,, 0 — fo in LP. Thanks to Theorem 1.3.5,
we may associate a sequence (f,,) of solutions in C;(2) N L?H} such that (f,) satisfies
uniformly in n > 1 the estimates (1.5.1), (1.5.3), (1.5.4) and (1.5.5). Because the equation
is linear the function f,, — f,, satisfies (1.5.1), namely

sup |[|(fn = fm) )2z, < [fon = fomllze,
te(0,7)

and therefore (f,,) is a Cauchy sequence in C([0,7T]; LP)). We define f := lim f,,. Similarly
from (1.5.5), the sequence (f,,) is a Cauchy sequence in L?(to, T; H}) for any to € (0,T).
We thus have

J, Bz [ B DNuPet [ shenev= [ el

for any to > 0 and ¢ € D([0,T] x O), where Uy, := (to,T) x O and I'y, := (to,T) x .
Because of (1.5.1) and (1.5.6), we may pass to the limit t) — 0 and we get

0

/u B(f)ep+ /u B"()Vf 2o + /F B(vf)pna v = /O B(fo)¢(0, )

for any ¢ € D([0,T] x O). The same holds for the dual KFP problem for gy € L%,

1 < p < 2. By duality, we obtain the existence of a solution for any 1 < p < oo for both
problems.

Step 2. Uniqueness part. We consider two solutions f; to the KFP equation in the sense of
Theorem 1.5.2 and we set f := fo — fi.

e Take g7 € C.(O) and let us consider g € L*([0,T] x O) N C([0,T) x O) the solution
associated to the backward dual problem (1.2.21) which existence is given by Theorem 1.3.5
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and regularity is given by Theorem 1.3.5 and [97, Theorem 3]. Because f; € L?(0O) for
t > 0, we may use the Theorem 1.3.5 and thus write

/ F(T)grdady = / F(H)g(D)dzdv, Yt e (0,T).
(@] (@)

e By construction, we have f € C([0,T]; L'). We indeed have f(t;) — f(t) a.e. on O
as a consequence of the continuity result in Theorem 1.3.1 applied to the function g := S(f)
with 0 < B(s) < |s|"/2. On the other hand, {f(t); t € [0,T]} is weakly L' relatively
compact as a consequence of the L, bound (1.5.1) (with p = 1) and the equi-integrability
estimate (1.5.7) (recall that Q is bounded). The claimed strong continuity follows. We
may thus easily pass to the limit £ — 0 in the above formula in order to get

Lﬂnwmnggéﬂmmwwza

by using f(0) =0 and g € L>®(0,T; L>(0O)). Because gr € C.(O) is arbitrary, we deduce
that f(T) = 0 for any 7" > 0 and the uniqueness is proved. O

1.5.3 Additional a priori estimates in a Radon measures framework

We present an additional a priori estimate which holds for nonnegative solutions in a Mul,,[)
framework. More precisely, we claim that any nonnegative solution f; associated to an
initial datum 0 < fy € Mi,o satisfies, at least formally,

timsup | fio° < [ foos. (1.5.10)

t—0 O o
for any ¢ € D(Q) such that 0 < ¢ < 1, and we denote ¢ := 1 — ¢. We indeed first observe
that

& gor=n—h

dt o = 1 25
with

hy = /O{(v - V20%) + (¢ — divy, b)¢°) f
and
ha ::/'yfnz'v: (1 —ts—tp)y+fng - v,
b i

so that hy € L?(0,T) and hy > 0. For the first bound, on the one hand, we observe that
w2 (V)0 rg :=3d/2+ 1+ v/2 and w(v)s 2 (v)"2, r9 := 3v/2, so that from (1.5.1) and
(1.5.2), we have

f e L%(0,T; L) N L0, T; L) © L0, T; L) N LY(0,T; Ly,) € L*(0,T; Ly, ),

with w; := (v)7. On the other hand, we have (v) + |¢ — div, b| < w;. Integrating in time
the above differential equation and using the Cauchy-Schwarz inequality, we obtain

/ fro = / fo¢“ + Hy — Ha,
@ @
with Hy € COY2([0,T]), H1(0) =0, and Ho > 0. More precisely

5192 < [ fog + £2C ol <112, 0y
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for any ¢ € (0,T), and thus (1.5.10) follows. Now, for any weight function m : R — (0, c0)
such that m is decreasing and mw is increasing and any function ¢ € D(R?) such that
1, <9 <1, weset x := ¢, x° :=1 — x and we observe that

xX“ _ ¢ C P .
jaa 71 1 c
m  m Br + ( + w ) By
so that
XC
fi— < / [ + / fiw, Yt>0 (1.5.11)
o m mw
As a consequence of (1.5.10) and (1.5.1), we thus deduce
. o° -
limsup | fi— < f0¢ fow (1.5.12)
t=0 Jo = m R (mw)

1.5.4 Radon measures solutions and fundamental solutions

Theorem 1.5.3. For any admissible weight function w and any fy € MC}J,O, there exists a
unique solution f € C(Ry; ML) N C((0,00); L) associated to the KFP equation (1.1.1)-
(1.1.3) in a sense that we discuss below.

As a consequence, for any zo := (xg,v0) € O, there exists a unique fundamental solution
F € O(Ry; ME) N CO((0,00); LX) associated to the KFP equation (1.1.1)-(1.1.3) and the
initial datum 0y, .

Proof of Theorem 1.5.3. Step 1. Existence. Because of the a priori estimates (1.5.1),
(1.5.4), (1.5.5), (1.5.6), (1.5.7), we may proceed exactly as during the proof of Theorem 1.5.2,
and we obtain without difficulty the existence of

f € C0.T1D/(0) N L0, T LL(0)) N L¥(t, T: LE(O)),  Vuf € L2(to, T L2(0)),

for any 0 < #p < 1" and any admissible weight function w, which is a renormalisation
solution on (0,7") x O and a weak solution [0,7") x O corresponding to the initial condition
fo.- More precisely, we have both

/u{ﬁ(f)ﬂ*so + 8" (NIVefPe} + /F By f) @ ng - vdvodoydt = 0, (1.5.13)
for any ¢ € D((0,T) x O) and any 3 € %3, and

/fﬁ*cp /cp ) fo(dzdv), (1.5.14)

for any ¢ € D(]0,T) x O). By construction, we may also assume that f satisfies (1.5.10).
Because of Theorem 1.3.5, for any weight function m : R? — (0,00) such that m is
decreasing and mw is increasing and converges to oo, and any

0 € C([0,T]; LL (0)) N L*(0,T; L2(0)), Ve € L*(0,T; L2 (0)), (1.5.15)

solution to the backward dual KFP equation associated to a final datum ¢ € C.(O), we
have

/f(T)ng:/f(t)go(t), Vi e (0,7). (1.5.16)

Step 2. Improved identity. We claim that (1.5.16) also holds for ¢ = 0. From the weak
formulation, we have t — f(t) € C([0,T]; D'(O)). Because of the L>(0,T; M!) bound, we
deduce that

f(t) = fo in (C.(0)) as t—0. (1.5.17)
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Because the solution to the backward dual problem also satisfies 0 < ¢ € C([0,T) x O)

as a consequence of [97, Theorem 3] when 0 < ¢ € C.(O) and with the notations of
Section 1.5.3, we may next write

[ e = [t < | [ rreon= [ o] + [ feren+ [ feon

for any x € D(O) such that 0 < x < 1. For the first term, we have

[ 70e0x ~ [ goetOx] < | [ 706x— 00| + | [ (70~ fohpt0n] =

as t — 0o, thanks to px € C.([0,T) x O) and (1.5.17). Particularizing x := ¢, with ¢
and 1) defined in Section 1.5.3, and using (1.5.15) and (1.5.12), we have

limsup/of(t)gp(t)xc < limsup/ ftym=1tx¢

t—0 t—>0
S ot o100+ I7olzz.
( )
Using the above estimates as well as (1.5.11) at time ¢ = 0, we conclude with
lim sup| f - / fo@(o)’ < / foo® + [ foll s -
t—0 o ( )

Assuming now that ¢ > 1g_ and using the very definition of fy € Mio, the RHS term
vanishes in the limit ¢ — 0 and R — oo. We may thus pass to the limit in (1.5.16), and
we obtain

/f(T)soT = /foso(o)- (1.5.18)

Step 3. Uniqueness. We consider two solutions f1, fo associated to the same initial datum
0< foe Mi,o' From Step 2, we have

/Ofl(T)wT=/Of2(T)<PT7

for any 7' > 0 and ¢ € C.(O), and thus f; = fo. O

1.6 About the Harnack inequality

In this section we establish a strong maximum principle for the solutions of the kinetic
Fokker-Planck equation in the form of a Harnack inequality, which is very similar to those
in [124, Theorem 2.15] and [4].

Theorem 1.6.1. Consider a weak solution 0 < f € L?((0,T)x O)NL2((0,T) x ; H'(R?))
to the Kinetic Fokker-Planck equation (1.1.1). For any 0 < Ty < Ty <T and e > 0, there
holds

sup fr, < Cinf fr,, (1.6.1)
O- Oe

for some constant C' = C(Tp,T1,€) > 0, where we recall that O, is defined in (1.1.22).
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The proof will be obtained in two steps. In a first step we shall obtain a local version of
the Harnack inequality, and then in a second step we shall use a chain argument in order
to get (1.6.1). The local Harnack inequality is a direct consequence of [103, Theorem 5 &
Proposition 12], see also [97] for previous results in that direction, which apply to super-
and sub-solutions to the Kinetic Fokker-Planck equation with vanishing damping term

Og=Mg:=—v-Vzeg+Ayg+b-Vyg. (1.6.2)

For the reader’s convenience, we state these results now. For that purpose, for r > 0 and
20 := (to, o, v0) € R1T2% we define the set

Qr(20) == {(t,z,v) e R2T | —p2 <t — 14 <0, |& — x0 — (t — to)vo| <73, |[v — wo| < 7}
as well as the map
Trz o (tz,0) = (o + T2t, xo + 1T + rztvo, vo + V),
and we observe that Tg ;,(Qr(0,0,0)) = Q,r(20)-

Theorem 1.6.2. Let T > 0.

(1) There exist ¢ € (0,1) and C1 € (0,00) such that for any zg € U, any 0 < R <1
with Qr(z0) C U, and any nonnegative weak super-solution g to (1.6.2), there holds

<(C; inf g, (1.6.3)

QnR(ZO)

91l e 00

where n = 1/40 and Q;R(zo) = TRz (Qn(—7,0,0)) = Qur(20 — (R*1, R?T00,0)) with
T:=19n%/2.

(2) For any zo € U, any 0 < r <1’ <1 such that Q. (20) CU, and any ¢ > 0, there is
C3 > 0 such that any nonnegative weak sub-solution h to (1.6.2) satisfies

1Al oo (@ (z0)) < Clllle(@, (z0))- (1.6.4)

Proof of Theorem 1.6.1. We split the proof into two steps.

Step 1: Local Harnack inequality. We claim that for any zg € U and 0 < R < 1 such that

Qr(z0) CU, there exists a constant C' > 0 such that

sup f<C inf f, (1.6.5)
Q, /2 (20) Qury/2(20)

where Q;R/2(zo) = Qur/2(20 — (R?1, R?Tu0,0)).
On the one hand, we take A > ||¢|| foo(Qp(z)) and we set g 1= eMf. The function g
satisfies
Og=Mg+ (A+c)g>Mg in Qr(20),

so that g is a nonnegative weak super-solution to (1.6.2). We deduce from Theorem 1.6.2—(1)
that

_AR2(r241 . .
Mo g~ AR (n*+ )HfHLC(Q;R(zo)) < ||9||L<(Q;R(zo)) <Oy inf g<CieM inf f.

Qnr(20) Qnr(z0)

On the other hand, the function h := e f with A > l[ell Lo (@ r (20— (R27, R27v0,0)))
satisfies

Oth = Mh+ (c—=ANh <Mh in Q,r(20)) = Qur(z0 — (R*7, R*70,0)).
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Therefore h is a nonnegative weak sub-solution to (1.6.2), and thus we deduce from
Theorem 1.6.2—(3) that

Y

IN

—R2
e Ao 7 ”f”LOO (Qyr/2(20—(R27,R%Tv0,0)) ‘hHL<>O (Qur/2(z0—(R2T,R%T00,0)))

IN

Cslhll e (@, (20— (B2, R2rv0,0)))
7)\(7&071«227)6)\7)2}22 Cs

IN

e |1l L6 (Qur (20— (B2, R2rv0,0))) -

We conclude the local Harnack inequality (1.6.5) by gathering the two previous estimates.

Step 2: Proof of (1.6.1). Once the local Harnack inequality (1.6.5) holds, one can deduce
(1.6.1) by following the second step in the proof of [124, Theorem 2.15], which uses the
Harnack chain from [4]. O

1.7 Constructive asymptotic estimate

1.7.1 An abstract constructive Krein-Rutman-Doblin-Harris theorem

We formulate a general abstract constructive Krein-Rutman-Doblin-Harris theorem in the
spirit of the ones presented in the recent work [90, Section 6].

We consider a positive semigroup S = (S;) = (S(t)) on a Banach lattice X, which
means that X is a Banach space endowed with a closed positive cone X (we write f >0
if f € X4) and that S; is a bounded linear mapping such that S; : Xy — X for any
t > 0. We also assume that S is in duality with a dual semigroup S* defined on a dual
Banach lattice Y, with closed positive cone Y, . More precisely, we assume that X C Y’
or Y C X', so that the bracket (¢, f) is well defined for any f € X, ¢ € Y, that f € X
(resp. ¢ > 0) iff (¢, f) > 0 for any ¢ € Y, (resp. iff (¢,g) > 0 for any g € X ) and
that (¢, S(t)f) = (S*(t)¢, f), for any f € X, ¢ € Y and t > 0. We denote by L the
generator of S with domain D(L£) and by £* the generator of S* with domain D(L*). We
are interested in the existence of positive eigenvectors for both £ and £*, and in their
quantified exponential stability.

When || || is a norm on X (resp. V), we denote Xy := (X, ||-||x) (resp. Y :== (Y, ||-]l%))-
For ¢ € Y, and g € X, we define the seminorms

([l i= (b, [f), Ve X, [glg:={l¢lg), VoY

In order to obtain a very accurate and constructive description of the longtime
asymptotic behavior of the semigroup S, we introduce additional assumptions.

e We first make the strong dissipativity assumption

t

ISOfl < Coelfli+Cr [ S lods, (1.71)
t

IS @0l < Coc¥llélle + 1 [ XIS (5)elods, (172)

forany f € X, ¢ €Y, t>0and k =0,1, where A € R, C; € (0,00) and || - [|x, k = 0,1
denote two families of dual norms on X and Y such that X; C Xy and Y7 € Xy. More
precisely, we assume

[fllo < Nl Nollo < ol [ A< lIBlloll fllr, Ko H)I < N@llall fllof1.7.3)
forany f€ X and ¢ €Y.
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e We also assume for instance one of the two following conditions
I €R, Ao > A, Ttg >0, Ifo € X, \{0}, S(to)fo > e fy (1.7.4)

or

IXo €R, Ao > A, Ttg >0, T € YL\{0}, S*(to)go > e, (1.7.5)

and we refer to [90, Lemma 2.4] for variants of these conditions regarding the existence of
positive supereigenvectors.

e Next, we make a slightly relaxed Doblin-Harris positivity assumption

Srf > na,Tga[STof]UJg’ VfeXy, (176)
Sto > 77€,T¢8[S’>]k“0¢]g57 Vo ey,

for any 7> T1 > Ty > 0 and € > 0, where .7 > 0 and where (g.) and (¢.) are two
bounded and decreasing families of X, and Y. We say that the above condition is relaxed
because we possibly have T, > 0 while in the usual Doblin-Harris condition (1.7.6) or
(1.7.7) holds with Ty = 0.

e We finally assume the following compatibility interpolation like conditions

1£llo < &l fll + Ec[fly., Vf e X, e (0,1],
I¢llo < &lldll + Ec¢ly., Vo €Y, e € (0,1],

for two positive families (£.) and (Z;) such that £ \, 0 and Z. " 0o as € \, 0.

It is worth pointing out that the above assumptions are written in a very symmetric
way between the primal and dual spaces and semigroups. They are yet too rough for
addressing the issue of the existence of positive eigenvectors. This existence problem is
not our main purpose since it has been widely treated for instance in [90] (see also the
references therein). Nevertheless, for keeping the presentation as self-contained as possible,
we consider some strengthened (and quite natural) assumptions that allow us to derive the
existence part, keeping in mind that many variants are possible and referring the interested
reader to Sections 2 and 3 in [90].

e On the one hand, we assume that X; is a Banach space and
IS(t) £l < Coe* (I £ 11, (1.7.10)

for some N € R, some C} > 1, any f € X and any ¢ > 0. Of course this is a consequence
of (1.7.1) and the Gronwall inequality with X := A 4+ C} and C{, := Cp under the mild
assumption that ¢t — ||S(¢) f||1 is a (everywhere defined) measurable and locally bounded
function on Ry.

e On the other hand, instead of (1.7.2), we rather assume that
S*=V 4+ W xS* (1.7.11)
with
IV()gllo < Coe™ligllo, W ()¢l < Cre*ldllo, W =0, (1.7.12)

which is a variant of (1.7.2) for £ = 1 and which obviously implies (1.7.2) for £ = 0. We
also assume that bounded sequences of Y7 are weakly compact sequences in the o(Yp, X1)
sense.
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Theorem 1.7.1. Consider a semigroup S on a Banach lattice X which satisfies the above
conditions. Then, there exists a unique eigentriplet (A1, f1,¢1) € R x X XY such that

Lfi=Mfi, 120, L1 =M¢1, ¢12>0,

together with the normalization conditions ||¢1|lo = 1, (¢1, f1) = 1. Furthermore, there
exist some constructive constants C > 1 and Ao < A1 such that

1S@E)f = (f. o) freMt]y < CeX| f — (f.¢n) filla (1.7.13)
forany f € X andt > 0.

Let us make some few comments.

e The above result is a variant, and in some sense a consequence, of [90, Theorem 6.3],
see also [137, Theorem 5.3] and [14, Theorem 2.1]. However, the set of assumptions here
only involves the semigroups S and S* and not the eigenelements (A1, f1,¢1) as it was the
case in [90, Theorem 6.3]. That makes clearer the properties on the semigroup S really
necessary to get the conclusions. The framework is very general and in particular it is
not restricted to the measures space in duality with the bounded measurable functions
space as it is the case in [14]. Our result is truly constructive what was not the case in the
approach developed in [137].

e In the conservative case, namely A\ =0, ¢1 =1 € Y7 C L*, and solely assuming
(1.7.1) with A <0, (1.7.6), (1.7.8) and X; is a Banach space, the same conclusion (1.7.13)
holds true by just following the same proof. Such a result is a general Banach lattice
variant of the classical Doblin-Harris theorem available in the measures space in duality
with the bounded measurable functions space framework, see [14, 38, 91, 111] for more
details and references.

e It is also worth emphasizing that (1.7.7) with ¢ := ). implies

S}dja > WE,T[S’;OwE]gg;Q;Z)E = 6/\6T'¢5a

what is a condition similar to (1.7.5). We may thus alternatively first assume (1.7.6),
(1.7.7) and next assume that (1.7.1), (1.7.2) hold for some A < A{. In other words, our
constructive Krein-Rutman-Doblin-Harris theorem is really a consequence of a suitable
strong dissipativity condition and of a suitable positivity condition on both primal and
dual semigroups together with a compatibility conditions over the several involved norms
and seminorms. This strong dissipativity condition is automatically satisfied when the
semigroup has appropriate smoothing effects (measured in terms of gain of regularity,
exponent of integrability or weight function) as it is the case here for the kinetic Fokker-
Planck equation (see Section 1.7.2 below) but can be not true for less regularizing semigroup
as for the linear Boltzmann model for instance.

e An alternative natural way to formulate the Doblin-Harris positivity conditions
(1.7.6), (1.7.7) is to rather assume a family of weak Harnack conditions

T
Sszgg/ [Sefludt if £ >0, (1.7.14)
To
T
S50 2 e [ [S0ly.dt it 60, (1.7.15)

0

for some constants T' > Ty > 0, together with a family of supereigenvectors (or barrier)
conditions

Sfpe > €, Sige > €lg., Vit >, (1.7.16)



98 Chapter 1. Constructive Krein-Rutman result for KFP equations in a domain

for any € > 0 and some v, € R. Using the first inequality in (1.7.16), we find for f € X

T

T T T
/ [Stf]wgdt = /To <f7 S;¢a>dt > /To <f7 eyatwe>dt = / eyatdt[f]ww

To To
and we thus immediately deduce (1.7.6) (with Ty = 0) from (1.7.14) and (1.7.16). We may
similarly deduce (1.7.7) (with 7y = 0) from (1.7.15) and (1.7.16).

e We briefly discuss the link between our set of hypotheses and the strong maximum
principle which is also classically used in the Krein-Rutman theory. For that purpose, we
introduce the notion of strict positivity by writing f € X4 or f > 0 (resp. ¢ € Y, or
¢ > 0) if (¢, f) > 0 for any ¢ € Y \{0} (resp. (¢,g) > 0 for any g € X;\{0}). Under
assumptions (1.7.8) and (1.7.9), we claim that (1.7.6) with 7o = 0, or (1.7.6) and (1.7.7)
together with (1.7.4), imply the classical strong maximum principle, and we recall that
this last one classically writes

feDL)NXN\{0}, peR, (u—L)f=:9g>0 implies f > 0. (1.7.17)
Before proving this claim we establish the following elementary facts
(i) fe X \{0}iff fe X, and (¢, f) > 0 for any € € (0,e5), €5 > 0 small enough,
(ii) f > aege, az > 0, for any € > 0, imply f > 0,

as consequences of (1.7.8) and (1.7.9).
One the one hand, for any fixed f € X\{0} the family of interpolation estimates (1.7.8)
implies

0< 217l < Ifllo — &l17 11 < =l

e € (0,e¢), ef > 0 small enough, which gives (i). In particular, ¥ # 0 for € > 0 small
enough (what can also be added as an assumption in the definition of .!). We similarly
have [¢],. > 0 for any ¢ € Y, \{0} and any € € (0,&4), €4 > 0 small enough, and thus
ge # 0 for € > 0 small enough. In particular, we have

11
<¢z—:ag€> > <wsagso> > =, 15”950”0 >0,

for any € € (0,¢,,) and g9 > 0 such that g, # 0. Assume now f > aege, . > 0, for any
e > 0. For any ¢ € Y, \{0}, we then have

(&, f) > aa¢<¢, ga¢> > 0.
We have established that f > 0, and thus (ii) is proved.

We come now to the proof of the strong maximum principle and thus consider (u, f,g)
satisfying the requirements of (1.7.17). We fix v strictly larger than p and strictly larger
than the growth bound of S so that we may write

o0

f=w—L) Y Ww-mf+g) = /0 S, (v — ) f + g)dt

to get by positivity of g
f>w- u)/ e VtS, fdt. (1.7.18)
0
From (1.7.6) with Ty = 0, we deduce

f>g:(v—p) /TOO e Vi dt (e, f), Ve >0. (1.7.19)
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From (i) above and because f € X;\{0}, there exists 4 > 0 such that (i, f) > 0 for
any € € (0,e7). Together with (1.7.19), we deduce that f > a.g., with a. > 0, for any
e € (0,e¢), and that in turn implies f > 0 from (ii) above.

When (1.7.6) and (1.7.7) are satisfied with Ty > 0, we may derive (1.7.17) by using the
additional condition (1.7.4). We apply (1.7.6) with 7' =t — T1 + Ty to the vector St, 1, f
to get that

Stf Z na,t—T1+TogE<w€7 ST1 f>
for any ¢ > 277 — Tp. Injecting this inequality in (1.7.18), we obtain

f > gE(V - M) / 671’2&775,tf’111+Todt <1/]57 ST1 f)
2T —To

o0
> gs(l/ - M) / e_VtUE,t—Tl-i—Todt <5:7’1¢e, f>7
271 —Top

for any € > 0. Together with (1.7.7), that implies

[e.9]

F 20— [ et Sk, ) e ). (1.7.20)
271 —Tp

On the other hand, taking n € N large enough so that ntg > Ty and iterating (1.7.4), we
get that Sy, fo > €™ fo and as a consequence Sy, fo € X \ {0}. We infer that necessarily
Sty fo € Xy \ {0}, and the existence of g9 such that (ST, Ve, fo) = (e, S, fo) > 0 for
all e € (0,60). We thus deduce in particular S7,v. € X \ {0}, and since we also have
f € X1\ {0}, we deduce the existence of ¢’ > 0 such that (S}, 1, gr) > 0 and (¢, f) > 0.
Coming back to (1.7.20), we have proved, for any ¢ € (0, (), the existence of o > 0 such
that f > a.g. and this guarantees that f > 0.

Symmetrically, the assumptions (1.7.6), (1.7.7) and (1.7.5) imply that the dual operator
L* satisfies the strong maximum principle.

In particular, we deduce that the first eigenvectors exhibited in Theorem 1.7.1 satisfies
f1>0and ¢; > 0.

1.7.2 Application to the KFP equation: proof of Theorem 1.1.2

In this section, we consider the kinetic Fokker-Planck equation (1.1.1), (1.1.3), (1.1.4) and
we prove Theorem 1.1.2 by using Theorem 1.7.1. We define Xy := LE)Q for a strongly
confining admissible exponential weight function wp and X = X := L, with r € (2, 00)
given by Proposition 1.4.6 and an admissible exponential weight function w, such that
L, C Liz. We next define Yj := L’,”,;r with 7’ the conjugate exponent associated to r,
m, == w, ! and Y] := L%nz, with mg := wy . Many other choices are possible. This choice
however contrasts with the usual L' — L> framework considered when using Doblin-Harris
type arguments.

We now check that the assumptions of Theorem 1.7.1 are met.
We recall that O has been defined in (1.1.22) and we denote 9 > 0 such that O, # 0.

e A positive supereigenvector condition. For a given function 0 < hg € C?(0O)
normalized by ||h0HL32 = 1 and such that supp hy C O, and for A > w(S¢) the growth

bound of S, we define fo € D(Z) as the solution to
A=ZL)fo=ho in O, ~_fo=Rv+fo on X_.

The existence and uniqueness of such a solution is a classical consequence of the
existence of the semigroup S¢ given by Proposition 1.3.3. Repeating the proof of the
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condition (H2) in [90, Section 11.4], there exists a constructive constant ¢ > 0 such that
fo > chg. Coming back to the equation, we have

Lfo=Mo—ho=A=cfo in O,

which is a variant of (1.7.4), and in particular from [90, Remark 2.5], it implies (1.7.4)
with Ao := (A —c71).

e Strong dissipativity conditions. We define
BZ:g—Aa Af = MXRf7 1BR SXRS 1B2R7

with B, := {v € R%, |v| <7} and xg a smooth function. We then define the semigroup
Sp associated to B and the reflection condition (1.1.3) which existence is given by
Proposition 1.3.3. We claim that for any a* € R, we may choose M, R > 0 large enough in
such a way that Sp satisfies

1S5(8) fllz, < e

for any Lebesgue space LF with admissible exponential weight function w. Coming back
indeed to the proof of Lemma 1.2.1, for p = 1,2, and more precisely to (1.2.18), the function

f(t) := Sp(t) fo satisfies
jt/ fPoP < /Ofp@pr

Vt>0,VfeLP, (1.7.21)

with @? := wZ — Myxg. Because of (1.2.20), we may thus fix M, R > 0 large enough,
in such a way that w? < a*. That implies (1.7.21) for p = 1,2. We deduce that (1.7.21)
holds for any p € [1,00] as we proved the similar growth estimate for S¢, and we thus
refer to Theorem 1.3.5 for more details.

On the other hand, from Theorem 1.1.3 applied to the semigroup Sz, we know that

eCt
158(t) fllLr, < tferHL'fQ- (1.7.22)
We finally recall that from Theorem 1.1.1, we have

1Sz () fllze, < e“IIflLa, . (1.7.23)
for the exponents ¢ = 2,7, for any admissible weight function w,, for any f € L, and any
t>0.

Iterating the Duhamel formula
Sy =S+ SpAx*x Sy,
we get
Sey=V+W=xSgy,
with
V=S4 + (SgA) N VxS, W= (SgA)*.
Here * denotes the usual convolution operation for functions defined on Ry and we define

recursively U*! = U, U** = U**=1) 4« /. Combining (1.7.22) and (1.7.23), we may use
[136, Proposition 2.5] (see also [102, 135]) and we deduce that

V) fllzg, e Iflley,. W@ fllg < e”Ifllzz,
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for N > 1 large enough, any a > a*, any ¢t > 0 and any f € L{, , and thus

1S2(T) follzg, < Ce™llfollzg, +Ce“ | follrz, - (1.7.24)

for any t > 0 and fo € L], . That is nothing but (1.7.1) for £ = 1. The same estimate for
k = 0 is clear, it is nothing but Lemma 1.2.1. The proof of (1.7.11)-(1.7.12) is similar and
it is thus skipped.

e Doblin-Harris condition. Let us fix 0 < fo € L2 and denote f; := S (t)fy. For
To > 0 and € € (0,e9), we know from Theorem 1.6.1 that for any 77 > Ty > 0 and for
every 1 > T, we have

sup fr, < Cinf fr,
O: O
for a constant C' independent of f. We deduce
fr > (i(lolf fr)lo.

1
2 & (S(ggp fn) 1o,

1 1

> -
- Clo

<STOfO7 1OE>1O€

what is (1.7.6) with g. = ¥ := 1p_. The proof of (1.7.7) is identical.

e The interpolation condition. Let us consider two exponents p > ¢ and two locally
bounded weight functions w,, w, such that w, > w, and wy/w, € LY withr := p/q € (1, 00),
and in particular LY, C L{, . We have

1£lss,

IN

/Lol zs, + I fwsloelra

0 -0
111017, 1710y + I fwpll e llws/wplogl o

IN

1 1
< (&7 + [lwg/wplogll o) [ flly, +€7 T f1o. e,

where we have used the classical interpolation inequality (with 1/¢ =6/p+1—6,6 € (0,1))
and the Holder inequality in the second line, and the Young inequality in the third line.
That implies both (1.7.8) and (1.7.9).

The same conditions hold for the dual problem, so that we may apply Theorem 1.7.1
in order to conclude that Theorem 1.7.1 holds in the space X; = L],. We deduce that
Theorem 1.7.1 holds in any weighted Lebesgue spaces associated to admissible weight
functions by using the extension trick as developed in [102, 135] to which we refer for
details. It is also worth emphasizing that the uniform estimates in (1.1.23) directly follow
from the ultracontractivity estimate established in Theorem 1.1.3 for the primal and the
dual semigroups and that the strict positivity properties in (1.1.23) directly follow from the
discussion about the strong maximum principle just after the statement of Theorem 1.7.1.
Furthermore, fi,$1 € C(O) as a direct consequence of Theorem 1.3.5 and [97, Theorem 3].

1.7.3 Proof of Theorem 1.7.1

This section is devoted to the proof of Theorem 1.7.1 which is split into six steps. We
closely follow the material presented in [90, Section 2,3] (see also [129]) in Steps 1, 2, 3, 4
and the material presented in [38] in Steps 5 and 6.
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Step 1. Existence of ¢1. From the fact that S* is a positive semigroup, (1.7.5) and [90
Lemma 2.6], we know that

A1 :=inf{k € R; z — L is invertible for any z > k} > g
and
FAn N\ A1, Tdn € DL NY L, 0ni= A — L¥0p >0, |[nllo =1, [|@nllo = 0. (1.7.25)

Because A, > A1, the following representation formula

3 1 * Ant

On = A — L") T :/0 S*(t)e o dt
holds true. Introducing the sequences

Un = Vun, Va ::/ V(t)e_’\”tdt,
0

and

wy, = / (W % S*)(t)e o, dt

/ W (t)e Mt / S*(t)e M ondt

= Wadn, Wy i= / W (t)e tdt,
0

and using (1.7.11), we deduce that

A

$n = Un + wn. (1.7.26)

By construction and (1.7.12), we have ||v,|lo — 0, (wy) is bounded in Y7 and thus weakly
compact in Yp. That implies that (q@n) is weakly compact in Yy. There thus exist a
subsequence (d)ne) and ¢1 € Y, such that gbm — ¢ weakly in Yy. In particular, ¢; > 0 and
L*¢1 = A1¢1. On the other hand, from (1.7.26), we have

1= Hqgn”o < lwnllo + |wnllo,

with |lv,|lo — 0 again and

g&HWn(gnHI + EE[Wn(gn]gs
&Cllonllo + Ec[Wadnlg.
where we have used (1.7.9) in the first line and (1.7.12) in the second line. Choosing n > 1

large enough so that ||v,|lo < 1/4 and € > 0 small enough so that £&.C < 1/4, we deduce
from the two above estimates and the fact that W,, > 0 that

lwnllo <
<

< E [ n&n]gs = Ea<wnvga>7 Vn > 0.

N

Using that g. € Y, we may pass to the limit in the above inequality and we deduce

—_

2= < <¢179€>7 (1727)
e
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in particular ¢; # 0 and that concludes the proof of the existence of a dual eigenelement.
We have thus established the existence of a first dual eigenelement, that is (A1, ¢1) € RxY
such that

L1 =M1, ¢1 >0, ¢1#0, A\ > Ao (1.7.28)

It is worth emphasizing that we only have ||¢1||p < 1 from the lsc property of the norm
I o-

Step 2. More about the dual eigenfunction. From (1.7.2) applied to ¢1, we have

t
M gll1 = [|S*(t)p1lln < Coe |1 + 01/0 DTN G| oy o,

so that .
(1= Coel ) onlly < € [ O2drno
0
We recall that A\ > Ag from (1.7.28), thus
Ao — A
O

and finally, passing to the limit ¢ — oo, we deduce that

(1= Coe* ) lg1 1 < g1 ]o,

[fallx <

1.7.29
Sl (1.7.29)

We normalize the dual eigenfunction with the norm || “|lo- Note that since for the eigenvector
¢1 built in the step 1 we had ||¢1]jo < 1, the lower bound (1.7.27) remains valid for the
new normalization ||¢1|lo = 1. Using (1.7.7), we thus deduce

eM(To—T1)
g1 > M6 he > ———e. (1.7.30)
e
Step 3. The Lyapunov condition. We define S(t) := e=*!S(t). From (1.7.1), we have

ISOflh < Coe(’\_’\o)t||f||1+01/ eATAEIS () flods
0

< lfll+ K1 f o,
for any t > 0, and with 7} := CoeP 20 K’ := CheP—20)t(C1t — 1), From (1.7.8) and
(1.7.30), we have
1fllo < &N flla+Eelfly. < &l flh + 282 T f],

We then fix T > T7 > 0 such that 77 < 1 and next e > 0 such that vz := v} + &K' < 1
and we deduce that S satisfies the Lyapunov condition

I1S2f 1 < Azl fll + K[l (1.7.31)
with K := 252eM(Ti=T0) [/,
Step 4. Take f > 0 such that || f|l; < A[f]s, with A > K/(1 —~r). We have

ISt flln < CheN 2oy £y
< CoeX A,
— C(/)G(A/_)\O)TOA[gTOf]qSl
< CheN 0 Al 6111157, flo
< CHeN 2T A 61|11 (&N Sy f 11 + ZclSm fy.)
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for any ¢ > 0, where we have used successively the growth estimate (1.7.10) in the first
line, the condition on f in the second line, the eigenfunction property of ¢; in the third
line, the duality bracket estimate (1.7.3) in the fourth line and the interpolation inequality
(1.7.8) in the last line. Choosing € > 0 small enough, we immediately obtain

157, ll1 < 2C5e™ T A1 |1 E< (S, . -

Together with B _
[flor = [S1oflgr < 157 f111

and the relaxed Doblin-Harris positivity condition (1.7.6), we conclude to the conditional
Doblin-Harris positivity estimate

Srf > cge[fls, (1.7.32)
for all T > T, with ¢! = 2066()‘,_)‘0)T0A||¢1HlEEeX(T_TO)n;%.

Step 5. We define N := {f € X1; (f,¢1) = 0}. As a consequence of the last conditional
Doblin-Harris positivity estimate, we show that there exists vy € (0,1) such that holds
the following local coupling condition

(f €N, |Ifllh < Alflg,) implies [Stfls, < vulflo (1.7.33)

still under the same condition A > K/(1 — ~yz). Take indeed f € N. Because (f, ¢1) = 0,
the Doblin-Harris condition (1.7.32) tells us that

Srfe = cgelfeloy =19 7= clflo,/2, (1.7.34)

and we may thus write

ISrfl = |Srfs — 79 — Srf- +rge|
< |Stfy —rgel + S f- — g
= Srfy —rg.+Srf-—rg. = Sr|f|—2rg.,

where we have used the inequality (1.7.34) in the third line. We deduce
[ng]m < [§T|f”¢1 - 2T[98]¢1 =(1- C[Q£]¢1)[f]¢17

where we have used 5}(}51 = ¢1, and that ends the proof of (1.7.33).

We now introduce a new norm ||| - ||| on X; defined by
A= [flgy + BlIf 1, (1.7.35)
and we claim that there exist 5 > 0 small enough and v € (0, 1) such that
ISrfIl < AlIFIl, - for any £ e N. (1.7.36)
Note that || - ||| and || - |1 are equivalent norms, with

@+ B)THIAN< Al < B7HIAL

In order to establish the contraction estimate (1.7.36), we fix f € N and estimate the norm
(1S f]| in two alternative cases:
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First case. Contractivity for small X1 norm. When
£l < Alflg: (1.7.37)
the local coupling condition (1.7.33) implies

[S7 161 < vulflss
Together with the Lyapunov condition (1.7.31), we have

ISTAIll < (v + BE)[flg, + Byl fllr < mll £,
with
Y1 = max{yy + K, v}

Choosing 5 > 0 small enough such that K < 1 — vy, we get 71 < 1 and that gives the
contractivity property (1.7.36) in this case.

Second case. Contractivity for large X1 norm. Assume on the contrary that
1f1lx = Alflg, - (1.7.38)
Directly from (1.7.31) we deduce that

I1S7 £l < Al flh + K[l < (ve + E/A)| £,
with vz, + K/A < 1 by assumption. On the other hand, we have

1S7fley < (STlf], d1) = (If], 61),

by using the positivity property of Sr and the eigenvector property of ¢1. Using both last
estimates together, we deduce

ISrAll = [S7fls + Bl
[Flgs + By + K/A) || f]lx
(1= Bdo)[flg, + B(yr + K/A+bo)ll 1,

IAINA

for any dp > 0. We thus get _ _
ISz Al < Y2l ST Al

with v2 := max(1 — 3o, vz, + K/A + dy). We get the contractivity property (1.7.36) in this
case by choosing dp > 0 small enough (and keeping the choice of 5 > 0 made in the previous
case) so that v2 € (0,1). The proof of (1.7.36) is completed by setting v := max{v1, 2}
Step 6. In order to prove the existence and uniqueness of the eigenvector f; € X1, we fix
go €M :={ge Xi,9>0, (g ¢) =1}, and we define recursively g := Spgr_1 for any
k > 1. Thanks to (1.7.36), we get

(oo} (oo}
> llge = gr—all < D A" llgr — goll < o,
k=1 k=0

so that (gi) is a Cauchy sequence in M. We set f; := lim g € M which is a stationary
state for the mapping §T, as seen by passing to the limit in the recursive equations defining
(gk). From (1.7.36) again, this is the unique stationary state for this mapping in M. From
the semigroup property, we have Stfl StSTfl ST(Stfl) for any ¢t > 0, so that Stfl
is also a stationary state in M, and thus S, f1 = fi1 for any t > 0, by uniqueness. That
precisely means that fi is a positive eigenvector associated to A; for the original problem.

For f € X, we see that h := f — (f,¢1)¢1 € N, and using recursively (1.7.36), we
deduce N
ISnrhll < ~"[lI2ll,  ¥n >0,

from what (1.7.13) follows by standard arguments. O
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Chapter 2

NESS of a non-linear KFP

equation in a domain

We study a weakly non-linear Fokker-Planck equation with BGK heat thermostats in a
spatially bounded domain with conservative Maxwell boundary conditions, presenting a
space-dependent accommodation coefficient and a space-dependent temperature on the
spatial boundary. The model is based from a problem introduced in [43] where the authors
studied the properties of the non-equilibrium steady states for non-linear kinetic Fokker-
Planck equations with BGK thermostats in the torus. We generalize those results for
bounded domains using the recent results presented in Chapter 1 for the study of general
kinetic Fokker-Planck equations with Maxwell boundary conditions. More precisely, in a
weakly non-linear regime, we obtain the existence of a non-equilibrium steady state and its
stability in the perturbative regime.

This chapter is based on the preprint [84], in collaboration with Josephine Evans.

2.1 Introduction

The study of non-equilibrium steady states (NESS) remains one of the central problems in
statistical mechanics. There are only a few models where fundamental questions, such as
whether they exist, whether they are unique, and whether they are stable, can be answered,
even if partially (see Subsection 2.1.3 for a detailed review of known results). This chapter
aims to contribute to the study of NESS within the context of kinetic theory.

This field of mathematics study equations coming from statistical physics modeling
multi-particle systems by taking a statistical viewpoint. The unknown quantity is f(¢, z,v)
which is the probability density function of a single “typical” particle which at any time
t is located at position x and is moving with velocity v. In such a setting the system is
described as being in (local) thermodynamic equilibrium when the particles velocities have
a Maxwellian (Gaussian outside the world of kinetic theory) distribution of the form

a2 v — u(z)[?
p(x)(2nT (z)) / 6xXp <_2T(£L')> .
for some functions p,u,T depending on the spatial variable z. Most of the time kinetic
equations model systems which are outisde thermodynamic equilibrium, however as these
systems approach a global steady state, as t — 0o, they move towards an equilibrium state.
In this chapter however, we are interested in situations where the steady state does not
have a Gaussian velocity distribution.



108 Chapter 2. NESS of a non-linear KFP equation in a domain

Physically, non-equilibrium steady states occur in open systems where there exist flows
of macroscopic variables such as heat, see for instance [94, 163]. In particular, in the
context of gas dynamics this can arise when gasses are in contact with thermostats, which
is the physical situation we study in this chapter. Furthermore it is worth remarking that
the study of non-equilibrium steady states in kinetic theory is fundamental as it can help
us understand how non-equilibrium behaviors involving the flow of macroscopic quantities
can emerge from particle systems.

More precisely, in this chapter we study a nonlinear kinetic Fokker-Planck (KFP)
equation with several thermostat terms. The specific nonlinearity in the KFP equation
we take comes from [43, Equation (1.27)] where they study NESSs for such an equation
on the torus. In contrast, our work is on a bounded domain and contains a different and
more challenging set of “thermostat” terms which describe how heat flows in and out of
the system.

We are able to attack this more complicated situation using tools from [45], where they
develop powerful techniques to study the existence, uniqueness, and stability of steady
states of a linear KFP equation in a bounded domain, presenting Maxwell boundary
conditions with a space-dependent temperature. As we rely strongly on these linear tools
we work in a regime where the nonlinear term is small.

Finally, it is important to note that, even in a weakly non-linear regime, boundary
thermostats make the study of the NESS more challenging. For instance, and in contrast
with [43], we lose the access to an explicit formula for the NESS, we no longer have reasons
to believe that the steady states are spatially uniform, and we cannot rule out the existence
of steady states with infinite energy.

2.1.1 Framework
We consider « € (0,1/2), dimension d > 3, and we study the following non-linear equation
hf=—v-Vauf+(a€s+ (1 —a)T) Ay f+divey(vf)+Df inlU = (0,00) xAxR?, (2.1.1)

describing the evolution of the density function f := f(¢,z,v), depending on the variables
associated to time ¢ € (0, 00), space z € Q C R? and velocity v € R?. We have considered
the function 7 = 7(x) :  — R such that

n<T1(x) <™ Vreq,

for some constants 7y, 71 > 0, and we have defined the total energy functional
1
5:6':27/ v|? fdzdo
= Qde| I’ ’

and the BGK heat thermostat

N
gf = Z nngnf Wlth gﬂf = 1Qn (QfMTn - f) 9

n=1

for some N € N, some parameters 1, > 0, T, > 0, the subsets €2,, C 2, and where we have
defined

o]

1 *
of = /Rd fdv, and M7 = Mr(v):= WGXP <—Q7—> for 7:Q — R

We present to the reader a discussion on the physical interpretation of the different operators
involved in Equation (2.1.1) in Subsection 2.1.3 (see also [43] for further details on the
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modeling).

We take €2 to be a bounded domain and, without loss of generality, we impose || = 1.
Moreover we assume §) to be a C' domain, more precisely we assume that

Q:={z e R% §(z) > 0}

for a function § € W2°(R%) such that 6(z) := dist(z,99) on a neighborhood of the
boundary set 952, thus n, = n(z) := —Vd(z) coincides with the unit normal outward
vector field on 9f). We define the boundary set ¥ = 99 x R? and we differentiate between
the sets of outgoing velocities (X4) and incoming velocities (X_) on the boundary by

Y1 ={(z,v) € X, £ny - v > 0}.

Furthermore we set I' = (0,00) x ¥ and accordingly I'y = (0,00) x 1. We define 7 f
as the trace function associated with f over I' and v+ f = 1, v f. We then consider the
accommodation coefficient « € C(0%, [0, 1]) and we complement Equation (2.1.1) with the
Mazwell boundary condition

Y f =R+ f =1 —0) v f + DY+ f, onI'_| (2.1.2)
where we have defined the specular reflection operator
Lg(t,z,v) = g(t,z, V,v), where  V,v:=v — 2ng;(ny - v),
and the diffusive reflection operator

Dg(t,z,v) = Mo (v) /d g(t,x,u)(ng - u)4du, where Ao :=1/21/OMe,
R

and we have introduced the boundary temperature © € W1>°(Q,R) such that
0. <O(x) <O, for some constants 0 < 0, < 0" < oco. (2.1.3)
Finally we complement the nonlinear Equation (2.1.1)-(2.1.2) with the initial condition

ft=0,2,v) = fo(x,v) on O, (2.1.4)

and we assume, without loss of generality, that ((fo))o = / fodvdz = 1.
@]

2.1.2 Main results

In order to state our main results we introduce the class of the so-called admissible weight
functions w : R? — (0, 00) defined by

w = (v)* exp(¢(v)*),
and such that either
s=0,¢>0, and k > k, with k., =d+1, or se€ (0,1] with ¢ € (0,00), and any k > 0.

We refer the reader towards [45] for an explanation on how this choice of admissible weight
functions provides, in particular, a control on the behavior of local Kolmogorov equations.
Moreover, we emphasize that due to the fact that s € [0, 1] we will also have the control

Vyw/w € L®(RY), (2.1.5)



110 Chapter 2. NESS of a non-linear KFP equation in a domain

which will be necessary in order to appropriately control the non-linearity of the equation.

We also need to introduce some functional spaces. For a given measure space (Z, 2, u),
a weight function o : Z — (0,00) and an exponent p € [1, 00|, we define the weighted
Lebesgue spaces LP(Z) associated to the norm

9l zz.(2) = llogllr(z)- (2.1.6)

Furthermore, we define the space of continuous functions in Z as C(Z). We then have the
following results.

We first present a well-posedness and stability theorem in the linear framework when
a=0.

Theorem 2.1.1. We assume o = 0. There exists F° € L*(Q, HY(R?)) N L>®(O) unique
steady solution to the linear Equation (2.1.1)-(2.1.2)-(2.1.4). Moreover, (§°)o = 1 and
for any admissible weight function < there holds

Vo llr20) <00 and  F(z,0) S (s(v) (2.1.7)

Furthermore, let w be an admissible weight function, for any initial data fo € L2(O)
there is a unique global renormalized solution f € C(Ry, L2(0)) to the linear Equation
(2.1.1)-(2.1.2)-(2.1.4) and there is A > 0 such that

I =N z0) S e Mlfo —8Mrz0)  VE>0. (2.1.8)

The precise sense of the global solutions provided in Theorem 2.1.1 is given by Theorem
2.3.3 with the choice of A = 7. We also remark that Theorem 2.3.3 is but a direct
application of [49, Theorem 2.11] and the trace theory from [49, Theorem 2.8].

The existence and uniqueness of a stationary solution for the linear problem, which
we remark is also in the sense of Theorem 2.3.3, as well as its stability are obtained as a
direct application of the Krein-Rutmann-Doblin-Harris theory developed in [161, Theorem
6.1] but we also refer towards [45, Theorem 7.1] for a similar result in a non-conservative
setting and to [90] for the study of a general Krein-Rutmann-Doblin-Harris result in a
general theoretical framework.

We futher note that Theorem 2.1.1 is a slight generalization of [45, Theorems 1.1 and
1.2].

In the non-linear framework we have first the existence of a steady state for a > 0
sufficiently small.

Theorem 2.1.2. There exists o € (0,1/2) such that for every a € (0,a*), there is
a positive function F* € L?>(Q, H'(RY)) N L>(0), steady solution of Equation (2.1.1)-
(2.1.2)-(2.1.4). Moreover, (§*)o = 1 and for every admissible weight function w there
holds

VoS 120y <00, F%(z,v) S (W)™ and  Eze < 280, (2.1.9)

uniformly in o, and where F° is given by Theorem 2.1.1.

The main consequence of Theorem 2.1.2 is the existence of a NESS for the non-linear
Equation (2.1.1)-(2.1.2), as well as some of its qualitative properties regarding regularity and
decay tail in velocity. We remark that the proof of Theorem 2.1.2 is based in the application
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of a fixed point argument in the spirit of the proof of [85, Theorem 1]. Additionally F is
a stationary state in the sense of Theorem 2.3.3 by taking A = a&za + (1 — a)7.

We remark that Theorem 2.1.2 generalizes [43, Theorem 1.2] and that, in contrast with
this work, we observe major differences on the behavior and properties of the NESS in the
absence of periodic boundary conditions: we have no reasons to believe that the NESS will
be independent of the spatial variable z, the bounds on the energy functional £ cannot be
obtained as during [43, Lemma 1.1] (see Subsection 2.1.4), we lack the information to rule
out the existence of steady states with unbounded total energy, and we don’t have access
to an explicit representation of the NESS.

Finally, we state the following stability result for the previous NESS.

Theorem 2.1.3. We consider an admissible weight function w. There are o™ € (0, o)
and § > 0, where o* is given by Theorem 2.1.2, such that for every a € (0,a*) and for
any initial datum fo € L2(O) satisfying

[fo =8|z 0) <6,

there is f € L2 (U) global weak solution of Equation (2.1.1)-(2.1.2)-(2.1.4). Moreover, there
is 1 > 0 for which there holds

Ife = 3N 20y S € "l fo—FNr20)  VE>0. (2.1.10)

The global solutions provided by Theorem 2.1.3 are constructed in the sense that the
function h := f — ((fo)o §* satisfies Equation (2.8.1), in the sense of Proposition 2.6.4.

It is worth remarking that Proposition 2.6.4 is mainly an application of the Lion’s variant
of the Lax-Milgram theorem [126, Chap III, §1] as used in [49], see also [45, 48, 49, 90] for
similar arguments on the existence of solutions of kinetic equations. The trace theory was
taken mainly from [45, 49] but we also refer to [90, 138, 139] for further references on the
trace theory for kinetic equations.

Furthermore, we emphasize that to obtain the a priori estimates leading to the proof of
Proposition 2.6.4 we have used the modified weight functions from [45, 48, 90] to control
the Maxwell boundary condition.

In addition, the decay estimate was obtained by defining a new norm in the spirit of
[46, Proposition 3.6], [50, Proposition 3.2] and [140, Proposition 4.1]. It is worth remarking
that we are not able to construct a hypocoercivity theory in the spirit of [21, 48, 79, 167]
due to the lack of extra information on the steady state, namely positivity bounds and
regularity.

We note that Theorem 2.1.3 generalizes [43, Theorem 1.3] and we remark that the
techniques used for the obtention of these results are different from those developed during
the proof of the main theorems from [43]. In particular, we do not need to study the
underlying ergodic process associated with the linearized operator to obtain our results.

2.1.3 Physical motivation and state of the art

The study of non-equilibrium systems within statistical physics has been motivated by
the investigation of many physical and biological models (see [23, 24, 141]). We refer the
reader towards [94, 117] and [93, Chapter 9] for an exposition on non-equilibrium statistical
mechanics and towards [163] for a characterization of the entropy for NESS, including the
case of the KFP equation.
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We expose now why Equation (2.1.1)-(2.1.2)-(2.1.4) represents a system which is not
in thermal equilibrium and we explain the physical process that each term models.
We define the Fokker-Planck type operators

Crf =T div, (MTVU (-/\flT)) = TAf + divy(vf), (2.1.11)
associated to the temperature 7 : Q@ — R%. We observe that the operator described
in (2.1.11) can be interpreted as having a thermostat effect, as it represents the gasses
interaction with another gas which is present throughout the domain and has density M.
We refer towards [57, 70, 155, 166] and the references therein for more on the modeling
and properties of Fokker-Planck type operators.

On the other hand, for each n € [1,N], the BGK thermostat %,, model the gasses
interaction with other gasses with density M7, , which are only present in some parts of
the domain €. We refer towards [43, 85, 166] and the references therein for more on the
modeling and properties of BGK operators.

We can then rewrite the right hand side of Equation (2.1.1) as

N
_U.fo+aC€ff+(1—Oé)Crf+Znngnfv

n=1

which highlights the different forces acting simultaneously upon the particles. On the one
hand, we have the effect of the transport operator, followed by a non-linear interaction
where the gasses interact with themselves via a Fokker-Planck operator whose temperature
is the gasses total energy, and acting with intensity . On the other hand, we observe the
presence of several energy exchange mechanisms:

e a linear Fokker-Planck thermostat C, whose associated temperature is the function 7
defined in Subsection 2.1.1, and acting with intensity 1 — a,

e N BGK thermostats as described above, each with an associated intensity 7,, with
n € [1,N],

e and the boundary thermostat at temperature ©, given by the diffusive boundary condition.

From the mathematical point of view, the study of NESS poses several challenges: they
are generally not explicit, and it is often difficult to prove that they satisfy Poincaré or
logarithmic Sobolev inequalities which in turn makes it challenging to apply the standard
machinery of hypocoercivity (see [21, 79, 167]) to investigate their stability. Nonetheless,
we highlight some results regarding non-equilibrium systems for various kinetic models.

e For a collisionless transport equation in a bounded domain with a non-isothermal
boundary condition, we cite [19], where A. Bernou shows the existence and stability of a
steady state.

e The study of NESS for BGK equations has received relatively more attention over the
last years. We can cite for instance [41, 43] where E. Carlen, R. Esposito, J. Lebowitz, R.
Marra and C. Mouhot study a non-linear BGK equation in the torus with the presence of
BGK thermostats at different temperatures. In each of this articles the authors construct
a NESS and they prove their exponential stability. Moreover, they also prove uniqueness
of such steady state in [41] whereas in [43] they obtain local uniqueness.

We also mention the works of J. Evans and A. Menegaki on BGK equations. In [87] the
authors study a non-linear BGK equation in a 1-dimensional torus and obtain existence,
local uniqueness and stability of a NESS. It is also worth remarking that the decay estimates
were obtained by the used of a hypocoercivity technique in the spirit of [79]. Furthermore,
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in [85] these authors study a non-linear BGK equation in a real interval presenting diffusive
boundary conditions with different temperatures at each side. In this model they prove
existence of a NESS under weak conditions on the boundary temperatures.

Finally, within the framework of BGK equation we have [20], where A. Bernou study a
non-isothermal problem, for which he constructs a NESS, and provides its uniqueness and
stability under suitable conditions in dimensions 2 and 3.

e We take a glance now at KFP equation. Regarding linear problems we cite two main
papers: on the one hand, we have [40] where C. Cao studied a problem in the whole R?
as spatial domain, and proved the existence and uniqueness of a steady solution (non
necessarily Maxwellian) as well as its stability. On the other hand, for linear KFP equations
with bounded domains we cite [45] where K. Carrapatoso, P. Gabriel, R. Medina and S.
Mischler obtained the existence, uniqueness and stability of a NESS. It is worth remarking
that the equation studied in [45] was non-conservative and it exhibited Maxwell boundary
conditions with a space-dependent temperature.

Furthermore, we cite again [43] where E. Carlen, R. Esposito, J. Lebowitz, R. Marra
and C. Mouhot also studied a non-linear KFP equations with BGK thermostats in the
torus and they obtain the existence, local uniqueness, stability, and an explicit formula of
a NESS.

e For the Boltzmann equation with hard spheres near the hydrodynamic limit, we have
the papers [8, 10, 82, 83] exploring the effects of a heat thermostat on the boundary.

Whitin the previously mentioned papers, we highlight [82] where R. Esposito, Y. Guo,
C. Kim and R. Marra construct a NESS and provide its uniqueness and stability in a
perturbative regime. Such perturbative regime consisted, besides the fact of being close
to the hydrodynamical limit which is a perturbative regime in itself, on the imposition of
boundary temperatures that don’t fluctuate too much, some smallness condition on the
initial data and a small Knudsen number.

Similarly, in [8] L. Arkeryd, R. Esposito, R. Marra and A. Nouri construct a NESS
which is locally unique, and stable, under the conditions of a small Knudsen number and
some smallness assumption on the initial condition.

In the study of NESS for Boltzmann equations not necessarily near its hydrodynamic
limit we have [10, 42, 44]. More precisely, in [10] the authors construct L! solutions to the
stationary Boltzmann equation in a 1d slab. In [44], E. Carlen, J. Lebowitz and C. Mouhot
investigate a space homogeneous Boltzmann equation with pseudo-Maxwellian molecules
and the non-equilibrium effects come from a Boltzmann-type thermostat. In this setting,
the authors obtain existence, uniqueness and stability of a NESS. Furthermore, in [42],
E. Carlen, R. Esposito, J. Lebowitz, R. Marra and A. Rokhlenko studied a homogeneous
Boltzmann equation with KFP and BGK thermostats.

2.1.4 First mathematical observations and strategy of the proof of the
main results

We first remark that Equation (2.1.1)-(2.1.2) is mass conservative. Indeed, we observe that
at least at a formal level, there holds

d
%/Oft - /O 0 Vof + (a€f + (1 — a)7) Auf +dive(vf) +9F =0,  (2.1.12)
where we have used the fact that the Maxwell boundary condition satisfies

R : LNy, d&y) = LS, d&y), Rl iz, a) < 1.
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This together with our assumptions on fp imply in particular that {(f;))o = 1 for every
t>0.

Furthermore, due to the structure of Equation (2.1.1) it would be of interest to establish
a priori bounds on the behavior of the energy operator £ in time, however, and in difference
with [43], this is challenging due to the presence of a diffusion condition at the boundary.
Indeed at a formal level, using the conservation of mass, we observe that

N
Sensa-a)(1-2) 4 St [ s <|v| P o) g ).

and using the Gronwall lemma we further deduce that

R N .
Er, <2d(1 —a)e &+ 1 2d(1—a)+2nnTn (1—6 Tl)

n=1

b1, d+1 /2
+/ el )/ (@) v+ fs <—|v|2+;\/7@3/2> (ng - v)4. (2.1.13)
0 pINE 7r

The previous formula has several consequences, on the one hand if + = 0, i.e there is only
specular reflection at the boundary, we can immediately deduce the existence of a ball
enclosing the functional £ for all ¢ > 0.

On the other hand however, when ¢ #Z 0 and there is a heat source anywhere at
the boundary, we cannot guarantee that the energy functional won’t explode with time.
Nonetheless, it is worth remarking that the term

_|U2+d+1\/§@3/2’
2 us

in (2.1.13) helps in ensuring that the velocity of the particles doesn’t grow too much at
the boundary, and this makes us believe that there should be a mechanism in which this
fact helps in bounding the total energy for all time.

We are unable however, to exploit the previous idea and our strategy then consists on
studying first the linear equation

of = Lf in U,
v_f = Zvy+f onl_, (2.1.14)
fi=o = fo in O.

where Lf := —v -V, f +Caf + 9 f, for a function A : Q@ — R such that
Ao < A(z) <Ay forevery x € Q,

for some constants Ag, A; > 0, and we recall that Cy is defined in (2.1.11). We then proceed
as follows:

@ Well-posedness of Equation (2.1.14). By using the well-posedness and trace theory
from [49] we deduce that there is a strongly continuous semigroup S, associated with
the solutions of Equation (2.1.14). We will also study extensively the properties of the
semigroup Sy which will be obtained by using the results from [45] on the local part of the
operator £ and extending them to the full operator by using the Duhamel formula.

@ Krein-Rutmann-Doeblin-Harris theory. By using [161, Theorem 6.1] we obtain the

existence, uniqueness and stability of a steady solution for Equation (2.1.14). In particular,
we will deduce that such a steady state has finite total energy.
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® Proof of Theorem 2.1.1. We observe that by taking A = 7, Equation (2.1.14) coincides
with Equation (2.1.1)-(2.1.2)-(2.1.4) with o = 0. Therefore the previous results immediately
imply Theorem 2.1.1.

@ Fxistence of the NESS for the non-linear problem. Using the existence of a steady state
of Equation (2.1.14) with bounded total energy we deduce, by the use of a fixed point
argument in the spirit of the proof of [85, Theorem 1], that for small values of a > 0 we
can construct a NESS for Equation (2.1.1)-(2.1.2) satisfying the energy bound (2.1.9).

After having proved Theorem 2.1.2 we perturb Equation (2.1.1)-(2.1.2)-(2.1.4) around
the NESS: we take h = f — § and we study the resulting linearized perturbed problem

Oth = —v-Vih+Cprsh+9Gh+ a&gAyh +alp A inld
v—h = ZAvih onI'_ (2.1.15)
hi=o = fo—3“ in O,

where we have taken g : Y/ — R and we have defined A* := a&ze + (1 — a)7. Then to prove
Theorem 2.1.3 we proceed as follows:

® Well-posedness of Equation (2.1.15). We use again the theory developed in [49] to obtain
the well-posedness of Equation (2.1.15) under a smallness condition on g. It is worth
remarking that the arguments leading to this result are more delicate than the proof of the

well-posedness for Equation (2.1.14), due to the presence of the bilinear term £,A,h and
of the H™! term £,A,F%.

® Hypodissipativity. We remark now that we have access to a decay estimate in a weighted
L? space for the solutions of the following equation

Oth = —v-Vih+Cyh+%h, v h=Rv.h, hi=o = fo — §“ (2.1.16)

This is nothing but a consequence of the fact that it coincides with Equation (2.1.14)
by taking A = A*. We then prove that, for a and g small we can construct a new
norm ||-||, equivalent to the aforementioned weighted L? norm, in which we can extend
the dissipativity properties of Equation (2.1.16) to the solutions of Equation (2.1.15) by
treating the term a&yAyh + a&,A§* as a small perturbation in some sense.

@ Fized point argument on the perturbed setting. Finally, using the previous informations
we will prove that the map that to g associates h a solution of Equation (2.1.15), leaves
invariant a ball in a weighted L? space, and that it is continuous for the weak L? topology.
This, together with the hypodissipativity result above, lead to the proof of Theorem 2.1.3
by using the Schauder fixed point theorem.

2.1.5 Structure of this chapter

The chapter is organized as follows.

In Section 2.2 we introduce some elementary lemmas to control the non-local terms from
the BGK operators, and we present some powerful results developed in [45] for the control
of local KFP equations. During Section 2.3 we develop a priori estimates and the well-
posedness of Equation (2.1.14). We derive the existence of the semigroup S¢ and we
provide its ultracontractive properties. We also study the existence and properties of the
backwards equation dual to Equation (2.1.14). In Section 2.4 we present the Krein-Rutman-
Doblin-Harris theorem from [161, Theorem 6.1] and we use it to prove Theorem 2.1.1. We
devote Section 2.5 to prove Theorem 2.1.2 by using the results from the previous sections
and arguing by using a fixed point argument in the spirit of the proof of [85, Theorem
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1]. In Section 2.6 we study the perturbed Equation (2.6.2) and we obtain some a priori
estimates as well as its well-posedness under suitable assumptions. Additionally, during
Section 2.7 we prove a hypodissipativity result for the solutions of Equation (2.6.2). Finally,
in Section 2.8 we obtain an equivalent version of Theorem 2.1.3 by proving the existence of
solutions of the non-linear perturbed problem. The proof is based on the application of the
Schauder fixed point theorem and by using the results obtained from Sections 2.6 and 2.7.

2.1.6 Notation

We state now some of the notations we will be using during this chapter.

e Given two admissible weight functions w,s we say that w < ¢ when ws™ € L'(R%) N
L®(RY).

e Consider a measure space (Z, %, 1) and a weight function o : Z — (0, 00), we observe
that L2(Z) is a Hilbert space with the scalar product

(6. 0)1300) = | v

Furthermore, we also define the weighted Sobolev space H(Z) as the functions ¢ € H'(Z)
such that the norm

1l a2y = 19l 22 (2) + IVl 12(2) < 0.

e For two Banach spaces Z1, Zy we define #(Z1, Z3) as the space of the linear bounded
operators from Z; to Z,. In particular, we will denote it only as #(Z;) when Z; = Zs.

2.2 Toolbox

We define the local ultraparabolic operator

N
Bf = —v-Vof + Ma)Ayf +v-Vof + <d -y nn19n> I (2.2.1)
n=1
and the non-local operator
N
Af = of Z Mla, M, . (2.2.2)
n=1

and we observe that £ = B+ A, where we recall that £ is given in Subsection 2.1.4. This
section is devoted to provide the necessary tools in order to study Equation (2.1.14). More
precisely, in Subsection 2.2.1 we prove the boundedness properties of the operator A in
every suitable Lebesgue space followed by Subsection 2.2.2 where we summarize the results
from [45] on KFP equations with Maxwell boundary conditions.

2.2.1 Properties of the non-local operator A

We have the following proposition on the properties of the non-local term of the BGK
thermostat.

Proposition 2.2.1. For any two admissible weight functions w and w,, and for any
p € [1,00], there is a constant C' > 0 such that

N
[Afllz0) < C Z”f”Lﬁ*((’)n) Sz, o) (2.2.3)
n=1

where we have defined O, = Q, x R,
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Proof. We observe that due to the very definition of admissible weight functions there
holds w < M}nl, for every n € [1,N]. We remark that for the case p = co the result is
obvious, furthermore if p € [1,00) we have that

S [ minrasS [ ([)sX [

where we have used the Holder inequality to obtain the second inequality. O

2.2.2 Well-posedness and properties of the local ultraparabolic part
We look now at the local KFP equation

of = Bf in U,
v_f = Zvy+f onl_, (2.2.4)
fi=o = fo in O.

where we recall that B is given by (2.2.1). Furthermore, we also present during this
subsection the first eigenproblem associated to the previous equation, i.e the existence and
properties of the eigentriplet (A1, f1, ¢1) satisfying

MER, Bfi=Mfi, v fi=%v, fi, Bor=Mo¢1, 7,61 =% v _¢1.

We observe then that, by taking b(z,v) = v, ¢(z,v) = d — -, nu1q, (z) and since we
have that A(2) C [Ag, A1], this equation fits the framework developed in [45] (see also [49])
with v =2, bp = b; = 1 and k, = d for all p € [1, 00], thus by repeating its arguments we
have the following theorem summarizing the results from [45, Theorems 1.1, 1.2, 5.2, 6.1
and Proposition 4.10].

Theorem 2.2.2. Let w be an admissible weight function, then for any fo € LP(O) with

€ [1,00], there exists f € C(Ry, LP(O)), unique global weak solution to the local KFP
Equation (2.2.4) in the sense of distributions (see also [45, Proposition 3.3]). Moreover,
there are constants k > 0 and C > 0 such that for all p € [1,00] there holds

1fell 2z 0y < CthHfOHLZ(O) vt > 0. (2.2.5)

Additionally, the following statements hold.

(1) Let w* be an admissible weight function such that either s >0 ork > K + k™ if s =0
with K := 4(3d + 1)(2d + 3). Define w?, := ()2 if s > 0 or w’, = w* (W) K if s = 0.
There exist k,m > 0 such that any solution f to the local KFP Equation (2.2.4) satisfies

(T, )z, 0) S enTT_n”fOHLi*(O)' (2.2.6)

(2) Consider a weak solution 0 < f € L2((0,T) x O) N L2((0,T) x ; H(R?)) to the local
KFP Equation (2.2.4). For any 0 < Ty <Ti <T and € > 0, there holds

sup fr, < Cinf fr,, (2.2.7)
O. Oe

for some constant C' = C(Tp,T1,€) > 0 and where we have defined

O :=Q: X Boo1, Q. :={xe€Q, ) >c¢e}. (2.2.8)
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(3) There exist two weight functions w1, my and an ezponent v > 2 with LT, C (L%, ) such
that there exists a unique eigentriplet (A}, fB,#8) € R x LT x Lfnl satisfying the first

wi
eigenproblem (2.2.2). These eigenfunctions are continuous functions and they also satisfy

0<ff 5S¢t and 0<¢f S on O, (2.2.9)
for any admissible weight function <.

Remark 2.2.3. Theorem 2.2.2 implies, in particular, that the family of mappings Sg(t) :
LP — LP . defined by Sp(t)fo := f(t,-) for t >0, fo € LP, and f; given by Theorem 2.2.2,
is a positive semigroup of linear and bounded operators.

2.3 Study of the semigroup S,

In this section we study the properties of the semigroup generated by the linear operator L,
namely, well-posedness of the associated evolution equation, control on the growth on the
semigroup in weighted Lebesgue spaces, ultracontractivity and existence and properties of
the associated dual semigroup.

2.3.1 Growth estimates on a weighted L? framework

We define

N N
B(]f = CAf - f Z nlen = A(:C)Avf +v- vvf + f <d - Z nn19n> 5

n=1 n=1

and by following the ideas presented in [45, Subsection 2.1] for the study of local Kolmogorov
equations we first observe that for two functions h,w : R — R, and any p € [1,00), we

have 4( N
p—1 p_ _*P— 1) p/2|2 p, ,p.—Bo
/Rd(Boh)h w - /Rd IV, (ha)??| +/Rdh Wb, (2.3.1)
where
1\ |Vowl|? 2 A, w V. w N d
B — v v v
tytn =2 (1) Bt (1) a0 T2 (a- Stn ) -

(2.3.2)
By choosing w to be an admissible weight function, our assumptions during Subsection
2.1.2 imply that (wf?p)Jr € L*°(0O) and moreover there holds

limsup(sup w5, — @k, ) <0, where @l , = —bl(v)*,
|00

with bg > 0 given by

b=k —d(1—1/p)+ XA mla, ifs=0,

. (2.3.3)
b: = sC if s € (0,1].
In a more quantitative way, for any 9 € (0,1), there exists ', " > 0 such that
ﬁxﬁlwfw < sup wf?p <rK'xr + ﬁxﬁ%/wﬁm, (2.3.4)
Q

where xr(v) := x(|v|/R), x € C*(R,), 10,1) < x < 1jpg), and x% : 1 — xg. Then we have
the following lemma.
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Lemma 2.3.1. Consider an admissible weight function w. For every p € {1,2} there are
constants k > 0 and C > 1 such that for every solution f(t,xz,v) > 0 to Equation (2.1.14)
there holds

1fell e o) < C el foll Lz o) vt >0, (2.3.5)

together with the energy estimate on the gradient

t t
LIVt ods So il + [ 150R0ds >0 (236

Remark 2.3.2. The proof consists on the use of a modified weight function, introduced
in [48, Lemma 2.3|, in order to control the terms coming from the Maxwell boundary
conditions. We will proceed as during the proof of [45, Lemma 2.1] to control the local
operator B and we will use Proposition 2.2.1 to control the non-local part A.

Proof of Lemma 2.3.1. We introduce, as during the proof of [45, Lemma 2.1], the modified
weight functions wy and @ defined by

_ N 1. -
W= ME Py WPXG, @ = (1 + 27@4”) W, (2.3.7)

with A > 1 to be chosen later, 0 := v/(v), v := 9/(v), and we recall that n, is the normal
vector on Jf) defined in Subsection 2.1.1. It is worth emphasizing that

cplw < twa <@ < 3wy < cqw, (2.3.8)

for some constant c4 € (0,00) depending only on A. We recall that Lf = —v -V, f+Bof +
Af, thus we have that

1d

pdt/ofl’ap:/O(Bof)fl’—lap+;/(pr(v.vx@p);/Z(Vf)p@p(nm-v)

N
+ Znn/ or | PP My, (2.3.9)
n=1 { R?

n

We divide then the proof into 6 Steps and we emphasize that Steps 1, 2 and 3 are a
repetition of Steps 1, 2 and 3 of the proof of [45, Lemma 2.1] thus we only sketch them.

Step 1. By repeating exactly the arguments from the Step 1 of the proof of [45, Lemma
2.1] we immediately have that there is A > 0 large enough, such that

- L@@, v <o
>

Step 2. We now deal with the first term at the right-hand side of (2.3.9). On the one hand
from (2.3.1), we have that

fmonmizr = S0 [ a@wa s [ e,

1\ |V,@? 2 Ay V& N d
Bo .__ v v v
ety (11 Ty (2R, S (S, )
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Following exactly the computations from the Step 2 of the proof of [45, Lemma 2.1] we
have that
wg’op = wf?p + 20, with 2, = o(wgp).

Combining the above estimates together with (2.3.4), we deduce that for any ¥ € (0, 1),
there exists &, R > 0 such that

sup wg?p < Exp+ 0)(%@&719.
Q

Step 3. We control then the second term at the right-hand side of (2.3.9). We first compute

v V(@) = %(@  Va(ng - @))&‘% + (1 + ;”@f) v Va(wh),

and since

L [d-1nv.e pPv,e
vxwi):(p—l)xw@f’[ e a—F

assumption (2.1.3) together with the fact that y 4 is compactly supported and the regularity
assumption on €2 imply that

v Ve (@P) S ! WP < |wg’p|&p
B A O

Step 4. We now control the terms coming from the non-local terms. We compute by using

the Holder inequality
A\ /p AW T A\ /P
(/Rdfpwp) (/Rdw p) <y o™ ray (/Rdfp“’p>

_\1-/p i 1/p N\
(/Rd fpwp) </Rd WPMTn) < CAHCL)MTnHLp(Rd) </Rd fpwp>

where p’ = p/(p — 1), with the convention 1/0 = oo, is the conjugate of p, and we have
used (2.3.8) to obtain the previous estimates. We then define the constant

f
Rd

IN

IN

p—1~p
/Rdf wPMr,

N
Wyp = HW_IHLP’(Rd) Z 77nHWMTnHLP(Rd) < o0,

n=1

and we have that

N
nz::lnn /Q o5 (/Rd f”_lw”MTn>

IA

n%l””/g (/R ! ) ( » f’”‘lwan)
< w%p/ofpap’

where we have used the above estimates to deduce the second line.

Step 5. Coming back to (2.3.9) and using Steps 1, 2, 3 and 4, we deduce that

1d

4(p—1
pdt/ofpm < —(ppz)Ao/OIVv(f@)p/Qy%r/Ofpwpwgm (2.3.10)
with
L

_ Bo 11 ~p
w@p = waj’p —+ Eﬁv . Vzw =+ wg’p.
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Gathering the estimate from (2.3.4) and those established in Step 2 and Step 3, we deduce
that for any ¥ € (0,1), there are x, R > 0 such that

wg’p < KXR+ ﬁxﬁ%wﬂ,,p. (2.3.11)

In particular, choosing ¢ = 1/2 we have that wé,p < k and we immediately conclude
(2.3.5), thanks to Gronwall’s lemma and the equivalence between w and @ given by (2.3.8).

Step 6. Coming back now to (2.3.10) in the case p = 2 and integrating in the time interval
(0,t) we have that

1 t 1 t
- / fAPdvdz + Ag / / |V, (fs@)|*dvdads < = / fidvdr + K / / f2 &2 dvdads,
2 Jo 0 Jo 2Jo 0 Jo
(2.3.12)
where we recall that x > 0 is given by (2.3.11). Using the triangular inequality we observe

now that )

Vol pag2. (2.3.13)

VL) [V, R |

Putting together (2.3.12) and (2.3.13) we deduce that

t 2 t
o[ [[19esPa < 3 [ e (s ) [ [re ea
0 Jo 2Jo =)/ Jo Jo

Defining, p? := 1+ (ng - v)/(2(v)*) and p% := 1+ xa(Ag ‘w2 — 1) so that & = pw4 and
wA = paw, we observe that

\
w

+ Vy £A
PA

<1 (2.3.15)

~

’VB&‘ < ‘va‘_i_)vvp
w w ©

where we have used (2.1.5) and the fact that x4 has compact support, see for instance the
proof of [45, Lemma 2.1]. Putting together the previous computations with (2.3.14) and
using again (2.3.8) we conclude (2.3.6). O

2.3.2 Well-posedness of the kinetic Fokker-Planck equation with BGK
thermostats

We obtain in this subsection the well-posedness of Equation (2.1.14). It is worth remarking
that existence results for Kolmogorov type equations presenting Maxwell boundary conditions
in the context of kinetic equations have been deeply studied in recent years. In particular
we construct our solutions using the existence results from [49, Section 2], but we also refer
to [90, Section 11], [45, Section 3], [139, Section 4.1] and [134] for further references on the
subject.

We denote the boundary measures
del = w?n, - v|dogdo,  dE2 = w?(v) % (ny - v)3do,d, (2.3.16)

where do, represents the Lebesgue measure on the boundary set 02, we define 25 as the
set of renormalizing functions 8 € W/lzofo(R) such that 5" € L°(R), and we consider the
Hilbert space J#, associated to the Hilbert norm |||, defined by

lolr, = lglEg + lglZse with gl i= [{AIVu(fw) P g} (2:3.17)

Then we have the following well-posedness result.
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Theorem 2.3.3. For any admissible weight function w and for any fo € L%(O), there
exists a unique global renormalized solution f € C(Ry, L2(0))NI,(U) to Equation (2.1.14)
associated to the initial datum fo. More precisely, f satisifies (2.1.14) in the renormalized
sense, i.e there holds

/ﬁ(ﬁ)«p(t, ')dvdm+/t/ B(f) =0 — B | — B'(f) ¢4 f dvdxdt
O 0 JO

t t
+ [ [ A (s Podvandt+ [ [ 561) ens-v) dudasdt = [ B(f0) (0 -)ozvd:c, |
2.3.18

for any t > 0, any test function ¢ € DU), any B € B and where we have defined the
formal dual operator B*p :=v - Vo + AAyp — v - V. Moreover, we emphasize that -y f
is given by [49, Theorem 2.8] and it satisfies vf € L*(T,d¢2dt), as well as the Mazwell
boundary condition (2.1.2) point-wisely. Likewise, it is worth remarking that f(0,-) = fo
also holds point-wisely. Furthermore, f satisfies the conclusions of Lemma 2.5.1.

Remark 2.3.4. Theorem 2.3.3 in particular implies that we may associate a strongly
continuous in time semigroup, that we denote during the sequel by S, : L2(0) — L2(0),
to the solutions of the Equation (2.1.14).

Proof of Theorem 2.3.3. We split the proof into three steps.

Step 1. (Modified weight function) We take @ as defined in (2.3.7) and we remark that
w = Ow with

1ng-v
O(x,v) = <1—|—m) MG A+ (1= xa
(2,0) o) (e (1-x4)),
and we readily observe that there holds
1 1 -1 -2
2_(1—2>([//@w —1}><A+1)§0§ (A5t (4)+1). (2.3.19)

where we have used that .Zg 1»=2 > 1 due to our hypothesis on w. Moreover, recalling
that w(v) = (v)*e<{)” we compute

1 Va(ng - v) -1, -2
lnz Y% -2 —1 _(1+d) Vz@ . |’U‘2v:z:@
+(1+2<v>4>w xale ( 5 6 20 )
1 nz{v)? — 4v (ng - v) 1 9
Vyl = 5 <U>6 (%@ w XA+ (1 - XA))

(1 + ;72%4”) [wQ///(Sl <XA2@ + Voxa — 2x4 (<:;2 + C8<v>82)> — VXAl -

From the previous computations and recalling that x4 has compact support in the ball of
radius 24, we deduce that

Vb

IN

(v)~t <1||5||W2,w (" (24) +1) +%<2A>3/%61(2A)Il@llwm ((1—|—d) +1)>

0. e
(v)~ (( S (24) +1)

324 (%@ (24) [ xallwr (ééf

Vb

IA

+1+2(k:+<s))+1)>
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where we have used that § € W2 as defined during Subsection 2.1.1. Finally, from the
above computations together with (2.3.19) and our assumptions on the regularity of €, we
deduce that

|V0|+|V,0|< 0(v) L. (2.3.20)
This concludes Step 1.

Step 2. (Well-posedness) We recall now that from the Step 2 of the proof of Lemma 2.3.1
we have that the function wSOQ, defined in (2.3.2), satisfies

‘ B g
o S T5H SR+

for some constant x > 0. Furthermore, Proposition 2.2.1 implies that

sup || Al z(z1(w)) < oo, sup || Allz(z2(w)) < oo,
0,1)xQ (0,T)x

and from the Step 1 of the proof of Lemma 2.3.1 we further have that the boundary
collision operator # satisfies the bound

R LSy, des) — LA(S, ded), |2l 2gs, aey < 1. (2.3.21)

We remark that, from its very definition there holds wﬁ 9 <0, and also due to the hypothesis
on admissible weight functions we have that

N
(A +o]+2d + ) 77n19n> w™t e LAU).

n=1

The above informations together with (2.3.19) and (2.3.20) imply that we may use [49,
Theorem 2.11] and [49, Theorem 2.8], and we deduce that there exists f € C(R, L2(O))N
74, (U) unique renormalized solution to Equation (2.1.14) with an associated trace function
vf € L*(T',d€2dt) satisfying (2.3.18).

Step 3. (Energy estimates) We obtain the validity of (2.3.5) with p = 2 and (2.3.6) as
a consequence of (2.3.18) with 8(s) = s? and ¢ = @?xg, for any R > 0, repeating the
computations performed during the proof of Lemma 2.3.1, passing R — oo and using the
integral version of the Gronwall lemma instead. Moreover, (2.3.5) for p = 1 is obtained in
a similar fashion by taking instead 3(s) = s and ¢ = WxRg. O

2.3.3 Ultracontractivity

We establish now the ultracontractive properties of the semigroup Sy, which will be
obtained from the interplay, via the Duhamel formulation, between the ultracontractive
properties of the semigroup Sz and the boundedness of the BGK non-local term A.

Proposition 2.3.5. Let w be an admissible weight function such that either s >0 or s =0
and k> K + k* for K :=4(3d + 1)(2d + 3). Define wo as during Theorem 2.2.2-(1), i.e
Woo := (W)Y2 if § > 0 or weo := w(W) K if s = 0. There are constants r,n > 0 such that
for any solution f > 0 to Equation (2.1.14) there holds

(T, )zee_0) S eTT M follzy VT > 0. (2.3.22)
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Proof. We recall the splitting £ = B+ A and using the Duhamel formula we have
Sr =S+ (SpA) * S = S+ Sr * (ASg).
Iterating this formula we further deduce that there holds
Se=V+W=x S, (ASp),

with
Vi=Sg+- -+ (SB.A)*(N_l) *Sg, W:.= (SBA)*N,

and where we define recursively U** = U** =1 « U, with the convention U*' = U, and
some N € N to be fixed later. We proceed now in three steps.

Step 1. We set Sg := Sp.A and from (2.2.5) and Proposition 2.2.1 we have that there are
constants k1 > 0 and C; > 1 such that for every p € {1, 00} there holds

I1S8(t) foll 120y < Cre™ follrr_o)  VE>0. (2.3.23)

Furthermore, Theorem 2.2.2-(1) implies that there are constants 2,1, C§ > 0 for which
there holds

HgB(t)fO”Lgooo(O) < O3t e | Afoll Ly o) < Cot ™" follpy_0)  VE>0, (2.3.24)

for some constant C3 > 0 and where we remark that we have used Proposition 2.2.1 to
obtain the second inequality. Remarking now that W = (Sg)*V, and using (2.3.23) and
(2.3.24) we may apply [136, Proposition 2.5] and we have that we can set N € N such that

H(EB)*N(t)fOHLBCOO ©) < G folly_0) V=0, (2.3.25)

for some constant C3 > 0 and any k3 > max(k1,/2). Using now (2.3.25) and once again
Proposition 2.2.1 we further deduce that

t rs
WV * S+ (ASB) () foll g 0) < /0/0||W||,@(L&W,Lgow)(t—s)usﬁug%w)(s_r)
[All s, )98l zws) (r)| foll Ly drds

< e lfollzy,

where we have successively used (2.3.25), Lemma 2.3.1, Proposition 2.2.1 and Theorem
2.2.2, and we have chosen k3 = max(2k1, 2k2, k4) where k4 is given by Lemma 2.3.1.

Step 2. Now we analyze the rest of the terms, on the one hand Theorem 2.2.2-(1)
immediately gives that there is a constant Cy > 0 for which there holds

1S5 foll s () < Cat "I flli0) V> 0. (2.3.26)

On the other hand we set V; := (Sp)*U~1 « Sg for j € [2, N] and, from [136, proof of
Proposition 2.5, Equation (2.9)] we have that for every p € {1, 00} there holds

Cjtj_l K3t
ViOfliz o) S oy @ lizne) V20 (2.3.27)

where we have defined C' = max(C4, Ca, Cy, Cs) with C5 > 0 given by (2.2.5) in Theorem
2.2.2.
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Furthermore, following then the same ideas as in the proof of [136, Proposition 2.5], we
will prove now by induction that

Vi) flleze, ©) < pi e [ fllrye) V>0, (2.3.28)

for some polynomial function p;.

Step 2.1 (Base case). In particular, for j = 2 we have that Vo = Sp * Sp and we compute

. t/2 . t -
198 * Sa(t) follLe_(0) < /O 1SB(t = 5)S8(s) follLee_(0) +/t/2||SB(t_S)SB(S)fOHLgOOO(O)

=: I1 + I,
and we bound then each integral separately. We compute for the first one
t/2 t/2
LS G [ (=) Sa(s) folzsopds < (CLCo)e™ oy o) [ (=) s

< s e ol

where we have successively used (2.3.23), Lemma 2.3.1 and the very definitions of k3 and
C. Moreover we similarly compute for the second integral as follows

t t
L < O /t/2 e 79| 1S(s) foll s (0)ds < C2e™| fol| 11, (0) /t/2 s ds

c? 1 ¢
< mt e foll Ly 0y

where we have successively used (2.3.24), (2.3.26) and the very definitions of k3 and C.
Altogether this implies that
5 C? iy st
- K
Vafollzee_(0) < mt e | foll L1 (0)-
and we observe in particular that po(t) =t C2?/(277(1 —7)).

Step 2.2 (Induction step). We then assume (2.3.28) holds for some j € [2, N —2] and we will
prove it for j + 1 following an argument similar as above. We observe that V; 1 = Sp * V},
we compute

~ t/2 t
IS5+ Villiz.o < [ IS5 = Wiz o + [ 1860~ 9)Vi(s) ol co)
= I + 13,
and we bound then each integral separately. We compute for the first one

Cj—i—l

, t/2
[{ Ca /0 (t — S)_”el‘fz(t—s) ij(s)fOHL}J((’))dS < -

IN

t/2 _
Gl [ (=99 as

CiH1gi—1

2175 = D1 —n)
where we have successively used (2.3.23), Lemma 2.3.1 and the very definitions of k3 and
C. Moreover we similarly compute for the second integral as follows

77" foll Ly 0

' t
Ch /t/2 em(t—s)HVJ‘(S)fOHLgOOO(O)ds < pn(t)engtHfO”LuO) /t/2 s ds

p;(t)
- 21— )

1

IN

e | foll £, o)
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and we have that p; is defined recurrently by the formula

citl : (1)
pj+1(t) = 21=n(j — 1)I(1 —7) t]+21*277921 -n)

t, for every j > 2, with po(t) as defined above.

This concludes the induction argument and the validity of (2.3.28).

Step 3. (Conclussion) We conclude by putting together the results from Steps 1 and 2 and
choosing any k > k3. O

2.3.4 Weak Maximum Principle

Combining the positivity of the semigroup Sg given by Theorem 2.2.2, and the fact that
the non-local operator A is also positive we will prove the following proposition.

Proposition 2.3.6 (Weak maximum principle). Let w be an admissible weight function
and let f € L®((0,00); L2(0)) NS, (U) be a solution to Equation (2.1.14) associated to
the initial data 0 < fo € L2(O). There holds f; > 0, for every t > 0.

Proof. We consider 0 = 0 and then we define recurrently f* € L>((0, 00); L2(0))NJZ,(U)
as the solution of the following equation
O frtt = Bt 4 AfF inu
o = Ry, R onT_ (2.3.29)
tk:—Bl = fo in O,

which is given by Theorem 2.3.3. We assume then that f¥ > 0 and by using the Duhamel
formula together with Theorem 2.2.2 -(2) and Proposition 2.2.1, we immediately deduce
that

t
KL Gs(8) fo +/0 Su(t — s)Aftds > 0,

due to the fact that A is a positive operator. Moreover, from the linearity of the operators
A and B we deduce that, in the weak sense, there holds

at(fk—H _ fk) — B(fk-i—l _ fk:) + A(fk _ fk—l) ini
V(=) = By (- 1) on T (2.3.30)
(Ff = = 0 in O.

We define ¢+ .= fh+l — fF ¢ [°0((0,00); L2(0)) N J,(U) and, at the level of a priori
estimates, by arguing then as during the proof of Lemma 2.3.1 we have that

k+1\2 ~2 k41N, k+1~2 1 k+1\2 X ~2
Lwrrat = [ Bkt a 4 5 [ @R o v.e)

_1 k+1y2 ~2 . o k jk+1~2
2/2(71/; )23%(ng - v) /OAQ/) SFHE2. (2.3.31)

where we recall that @ is defined in (2.3.7). Using the Cauchy-Schwarz inequality and the
Young inequality we deduce that

/O AP PG S ATz o) + 195 T2 0y S N0 N F20) + 195 T2 )y (2:3.32)

Ld
2 dt

where we have used (2.3.8) and (2.2.3) to obtain the second inequality. Coming back now
to (2.3.31), arguing similarly as during the proof of Lemma 2.3.1 and using (2.3.32) we
have that there is a constant x > 0 such that

t
19E 172 0y + Hl/kaH?{i,T(u) S /0 N WE 72 0) S €T 0z oy VEZ 0
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We remark now that the previous estimate is valid for weak solutions either by arguing
as during the proof of [45, Proposition 3.3] or by using the weak formulation provided by
Theorem 2.3.3 taking 3(s) = s and ¢ = @?xg, repeating the previous analysis, letting
R — o0, and using the integral version of the Gronwall lemma.

Moreover, by arguing as during the Step 2 of the proof of [45, Proposition 3.3] or Step
3 of the proof of [49, Theorem 2.11] (see also Step 3 of the proof of Proposition 2.6.4) we
have that

wk—i—l <

[ie% H%Q(Ddggdt) ~ em\WfHQLm((mt);Lg(O)) vt >0

Choosing then T' > 0 small enough we deduce that f*,~f* are Cauchy sequences in
the Banach spaces L>°((0,T); L2(0)) N #,(U) and L*(T,d¢2dt) respectively, thus there
are functions § € L>((0,T; L?(0)) N #,(U) and ~f € L*(T,d¢2dt) such that

f¥ = strongly in L*®((0,7); L2(O)) N A,U) as k — oc.

and
% =~ strongly in  L*(I,dé2dt) as k — oo.

Furthermore, we remark that as the limit of positive functions we have that § > 0, and by
using the previous convergences we may pass to the limit in the weak formulation associated
to Equation (2.3.29) and we deduce that f is a weak solution to Equation (2.1.14). Finally
[49, Theorem 2.8-(3)] implies that f is a renormalized solution of Equation (2.1.14), thus a
solution in the sense of Theorem 2.3.3. By using the uniqueness provided by Theorem 2.3.3
we deduce that f = f a.e and repeating this argument in the time intervals [jT, (j + 1)T]
for j € N, we deduce that S, is a positive semigroup. ]

2.3.5 Study of the dual backwards KFP equation with BGK thermostats
in a weighted L? framework

For any finite 7" > 0 and a final datum gp, we study in this subsection the dual backwards
equation associated to the linear Equation 2.1.14,

-0y = L% inUr :=(0,T) x O
Y49 = X*y-g onlrpi:=(0,T)x X, (2.3.33)
g=T = g1 in 07

where we have defined the formal dual operator L*¢g = v - Vg9 + Bjg + A*g with
N N

Byg := A(x)Avg —v-Vyg — Z mla,q9, and A*g= Z Mlq, /d gMr, dv.

n=1 n=1 R

Moreover, we have defined the dual Maxwell boundary condition operator as follows
B g(w,0) = (1= U2) 9w, v) + 1(x) g (x), (2.3.34)

with
7'9(@) = | (e, w)lo(w)(n, - w)- du,
for any function g with support on X_. We observe that the dual equation is defined in

such a way that two solutions f to the forward Cauchy problem (2.1.14) and g to the dual
problem (2.3.33) satisfy, at least formally, the usual dual identity

[ 191 = [ fog(0). (2.3.35)
(@] (@]
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2.3.5.1 Properties of the dual non-local operator

We now have a result analogue to Proposition 2.2.1 for the dual operator A*.

Proposition 2.3.7. We consider two admissible weight functions w, w, and we define
m=w"t and my = (W) 1. For any q € [1,00] there holds

1A%l 1.0 <c§]mu on S gl o) (2.3.36)

for some constant C > 0.

Proof. The proof follows similar as that of Proposition 2.2.1, thus we skip it. O

2.3.5.2 A priori estimates for the dual kinetic Fokker-Planck equation with
BGK thermostats

Lemma 2.3.8. For any admissible weight function w there are constants £ >0 and C > 1
such that for every T > 0 and any initial final datum gr € L2, (0) with m = w™?!, the
associated solution g to the backwards dual Equation (2.3.33) satisfies

19(0)llz2,(0) < CGHTHQTHL%(O)a (2.3.37)

together with the following energy estimate on the gradient

T
[ 19001, oy S lrlig oy + [ sl oy (23.38)

Remark 2.3.9. As for Lemma 2.3.1, we emphasize that the proof of Lemma 2.3.8 consists
on the introduction of a modified weight function from [45, Lemma 2.2], in order to control
the terms coming from the Maxwell boundary conditions. As for the rest of the terms, we
repeat the computations from [45, Lemma 2.2] to control the terms coming from the local
Kolmogorov part of the equation and we use Proposition 2.3.7 to control the non-local
terms.

Proof of Lemma 2.3.8. Without loss of generality we may suppose that m > .#g, otherwise
we replace m by ¢m where ¢ > 0 is such that m > ¢ ' Mg. For A > 1, we introduce the
modified weight functions

~ 1ng-v
m124 = xalo + X2m2, m2 = (1 —3 <j;>4 ) mi, (2.3.39)

and we emphasize that

w\w
N W

1
Mo <myg <m and chm < §mA <m< -my < —m, (2.3.40)

for some constant ¢4 € (0,00) depending on A. We then compute

_ - _ - . ~2 * 0\ ~2
2dt/g / (Bgg) m? / vvzm)—&-/og(flg)m

+;/E(wg)2m2 (ng -v), (2.3.41)

and we proceed to control each of this terms.
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Step 1. On the one hand, arguing exactly as during the Step 1 of the proof of [45, Lemma
2.2] we immediately have that there is A > 0 large enough for which there holds

3 / vg)? M2 (ng - v) < 0.
Step 2. On the other hand, from (2.3.1)-(2.3.2), we have

* ~ ~ B*
[ Biggit = =r@) [ 1Vulgil? + [ o il
R4 Rd

with

B* |Voo|? Vom d
w0, =A o tv-— fZUnlsznwa
’ L m n=1

Arguing exactly as in Step 2 of the proof of [45, Lemma 2.2], we can write

B Bj Bj
Do = Wipo + M, with @,y =

@iy, and M = of|wh,)).

Step 3. We then deal with the third term on the right side of (2.3.41). We compute by
using the Cauchy-Schwarz inequality

N

~ ~ 3
/Rdgm2 < l1mlle@ey 9l iz ®a) < 5lmll 2@ l9ll2 ma)

/ gMr,
]Rd

where we have used (2.3.40) to obtain the second inequalities in each estimate and we
recall that c4 is given by (2.3.40). We define the constant

IN

IMz, 2y llgll 2 gay < et Mz, m ™ 2 @ay gl 2 ey

M -
Wy = §CA1HmHL2(Rd)HMTnm 1HL2(R‘1)7

and using the above estimates we then obtain

N

Step 4. Coming back to (2.3.41) and using Steps 1, 2 and 3, we deduce that

- m? < A/ 2 / 2wk, 2.3.42
2dt/g o | [Volgm)P?+ | ¢*m’w (2.3.42)

with .
* B*
wk 2= Wio + v Vm? + wiy.
Gathering the estimates (2.3.4) and those established in Step 2, 3 and Step 4, we deduce
that for any ¢ € (0,1), there are x, R > 0 such that

wﬁQ < KXR+ X%ﬁwﬁjg. (2.3.43)

In particular, wé} < k and we obtain (2.3.37) by using the Gronwall lemma. We conclude
by integrating (2.3.42) in the time interval (0,7") to obtain (2.3.38) as during the Step 6 of
the proof of Lemma 2.3.1. O
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2.3.5.3 Well-posedness of the dual backwards KFP equation with BGK
thermostats

We provide now a well-posedness result for the backwards dual Equation (2.3.33).

Proposition 2.3.10. We consider an admissible weight function w, a finite time T > 0,
and a final datum gr € L2, with m = w™'. There is g € C([0,T], L2,(O)) N 5, (U)
unique global renormalized solution to the dual backwards Equation (2.3.33) associated to
the final datum gr. Furthermore, there is a trace function vg € L?(I'r;d&2,.dt), where
I'r := (0,T) x X, associated to g which is given by [49, Theorem 2.8]. Furthermore g
satisfies the conclusions of Lemma 2.3.8.

Remark 2.3.11. In particular we may associate a strongly continuous in time semigroup
denoted by Sg« : L2,(0) — L2,(0) to the solutions of the dual Equation (2.3.33).

Proof of Proposition 2.3.10. The proof for the well-posedness follows similar lines as in
[45, Proposition 3.4] and [49, Theorem 2.11] (see also [17], [134], [90, Sec. 8 & Sec. 11])
and it is thus only sketched.

Step 1. Given g € L?(I'y,—;d&},dt), where T'r — := (0,T) x X_ and we recall that d¢}, is
defined in (2.3.16), we consider the backwards inflow problem

—0ig = v-Veg+AA,g—v-Vyg+9"g inlUr

Yig = ¢ on I'r ¢ (2.3.44)
gt=T = 9r in O,
where we have defined
N N
G*g = Z mmlq, (/ M, g) —g Z mmlq,, (2.3.45)
n=1 Rd n=1

the formal dual operator of ¢4.
We introduce the bilinear form & : 7, (Ur) x CL((0,T] x OUT,) — R, defined by

E(0.0) = [ 9@+ Va)emd)+ [ g(h—Bo—A) (pin),
Z/[T Z/{T
which is coercive for A large enough thanks to Lemma 2.3.8 (and more precisely (2.3.42)-
(2.3.43)). Using Lions’ variant of the Lax-Milgram theorem [126, Chap III, §1], we have
that there is a variational solution g € 7, (Ur) to (2.3.44), and more precisely g satisfies

800 = [ gontdel+ [ gre(@ )it duds, Vi e CHO.T] x OUT.).
T+

We then remark that ¥*g € L?, and applying the trace theorem [49, Theorem 2.8] we
deduce that g € C([0,T); L2,(0)) N #,(Ur) and that g is a renormalized solution of
Equation (2.3.44).

Step 2. For a sequence oy € (0,1), such that ai ' 1, we consider a sequence (gi) of
solutions to the modified Maxwell boundary condition problem

—Oigr = v-Vagr + AAygy +v-Voge +9 g inUr
Vigk = QrZ*V_gk on I'r ¢ (2.3.46)
gk(t =T, ) gr in O.
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We observe that the Step 1 of the proof of Lemma 2.3.8 implies that

R*: LA(S5dEy) — LP(S45d8h), 12 1 2saey < 1,

and using the Step 1 and a Banach fixed point argument as during the Step 2 of the
proof of [49, Theorem 2.11] (see also the Step 2 of the proof of Proposition 2.6.4) we
deduce the existence of a function g;, € C([0, T], L2,(0)) N, (Ur), unique weak solution
of Equation (2.3.46) with an associated trace yg € L?(I'y, d¢2,dt) given by [49, Theorem
2.8]. Furthermore, arguing as during the Step 1, we may apply [49, Theorem 2.8] and we
further have that gy is a renormalized solution of Equation (2.3.46).

By taking then the renormalized formulation associated to Equation (2.3.46) with 3(s) = s?

and ¢ = m?yg for any R > 0, we may repeat the computations performed during the
proof of Lemma 2.3.8 and we obtain, taking R — oo and using the integral version of the
Gronwall lemma that there is ko > 0 such that this sequence satisfies

T
lonoliz oy + [ {In98s B ety + 98l 0 b s < Tlgrlis o) (2347)

and the gradient energy estimate

T T
/0 IVogkslZz 0yds S llgrliz o) +/0 lgksl1Z2 (0yds, (2.3.48)

for any k > 1 and a constant C' > 0 independent of k. We may then extract converging
subsequences (gx/) and (ygx) with associated limits g and 7 satisfying (2.3.47) and (2.3.48),
and passing to the limit in the weak formulation associated to Equation (2.3.46), with
the help of the stability result [49, Proposition 2.9], we deduce that 4 = g and that g
is a weak solution to Equation (2.3.33). Additionally we emphasize that this implies the
validity of Lemma 2.3.8.

Step 3. We consider now two solutions g; and go € C([0,7T]; L2,(0)) N 2, (Ur) to the
backwards dual Equation (2.3.33) associated to the same final datum gr. We remark then,
by the linearity of the problem, that the function G := g2 — g1 € C([0,T}; L2,(O)) N, (Ur)
is a solution to the backwards Equation (2.3.33) associated to the initial datum G(7T) = 0,
thus (2.3.37), which was obtained as part of Step 2, implies that G = 0. O

2.3.5.4 Rigourous dual relation between the semigroups S¢ and S g-

We now prove that the semigroups S¢ and S¢+ are dual toward one another.

Proposition 2.3.12. The semigroups Sy and S¢« are dual one toward the other. In
other words, for any admissible weight function w and any finite T > 0, there holds (2.3.35)
for any fo € L2(O) and g7 € L2,(0O), where m = w™".

Proof. The proof follows by repeating the ideas of the Step 3 of the proof of [45, Theorem
3.5] thus we only sketch it.

We denote f, the solution to Equation (2.1.14) by replacing the boundary condition by
the modified Maxwell boundary conditions

tu= = (1) =0 vifut (13 )19y onT,

we remark that f,, is given by Theorem 2.3.3 (see also Step 2 of Proposition 2.6.4 or [49,
Step 2 of Theorem 2.11]). Moreover, arguing as during the Step 2 of Proposition 2.6.4 (see
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also [49, Step 2 of Theorem 2.11]) we further have that v f, € L?(I';d¢ldt). We also define
gn as the solution of the backwards dual equation

—0ign = Lgp in Up
V+gn = BpV-Gn = (1 - %) (1 =S v-gn + (1 - %) LD*y-gn  on Ty
Jt=7 = gr in O,

which is given by Proposition 2.3.10. Furthermore, from the Step 2 of the proof of
Proposition 2.3.10, we have that vg, € L*(T'r;d&L,de).
Using then the extra boundary estimates and a density argument we have that

at(fngn) = —U- vm(fngn) + AAv(fn)gn - AA(gn)fn + din(Ufn)gn
+0-Volgn) fo +9(fr)gn — 9 (9n) fn in D'(U), (2.3.49)

where we recall that ¢* is given by (2.3.45). Integrating against y g for any R > 0, and
taking R — oo, we obtain that

/ fn(T)gT:/ fogn(0), VYn>1. (2.3.50)
@] o

Since (f,,) is bounded in L*°((0,T); L2(O)) N Wh*°((0,T); D'(0)), we deduce that
fulT) — f(T) := Se(T)fo weakly in L2(0O).

Similarly, we have that g,(0) — g(0) := Sg-(T)gr weakly in L2, (O). We may thus pass
to the limit n — oo in (2.3.50) and we deduce that (2.3.35) holds, which exactly means
that (Sg)* = Sg. 0

2.4 Proof of Theorem 2.1.1

2.4.1 Krein-Rutmann-Doblin-Harris Theorem in a Banach lattice

We now present a general Krein-Rutman-Doblin-Harris result taken from [161, Section 6]
obtained for a conservative setting, but we also refer to [38, 45, 90, 111] and the references
therein for more general results and their applications.

We consider a Banach lattice X, which means that X is a Banach space endowed with a
closed positive cone X (we write f > 0 if f € X, and we recall that f = f; — f_ with
fr € X, for any f € X. We also denote |f| := f1 + f—). We assume that X is in duality
with another Banach lattice Y, with closed positive cone Y, so that the bracket (¢, f)
is well defined for any f € X, ¢ € Y, and that f € X (resp. ¢ > 0) iff (¢, f) > 0 for
any ¢ € Yy (resp. iff (¢,g) > 0 for any g € X ), typically X =Y’ or Y = X'. We write
Y €Yy if ¢ €Y satisfies (¢, f) > 0 for any f € X \{0}.

We consider a positive and conservative (or stochastic) semigroup S = (S;) = (S(¢)) on X,
that means that S; is a bounded linear mapping on X such that

S Xy - X4 foranyt >0,

and there exist ¢1 € Yy, ||¢1]] = 1, and a dual semigroup S* = S} = S*(¢) on Y such that
Sfo1 = ¢1 for any t > 0. More precisely, we assume that S} is a bounded linear mapping
on Y such that (S(t)f, ) = (f,S*(t)¢), for any f € X, ¢ € Y and t > 0, and in particular
S;:Yy =Y, forany t > 0.



2.4. Proof of Theorem 2.1.1 133

We denote by £ the generator of S with domain D(£). For ¢ € Y., we define the seminorm

[l = (fl,¥), VfeX,

and we introduce now some assumptions on the semigroup S.

e First we introduce the strong dissipativity condition

IS < CoI7l+Cr [ NIS(s) 1oy (2.4.1)

for any f € X and t > 0, where A < 0 and C; € (0,00), i =0, 1.

e Next, we make the slightly relaxed Doblin-Harris positivity assumption

STf > ne,Tgs[STof]wgv Vf € X+7 (242)

for any T'> T1 > Ty > 0 and € > 0, where 1.7 > 0, and (g:) and (.) are bounded
decreasing families of functions of X \{0} and Y, \{0} respectively.

e We finally assume the compatibility interpolation like condition

[f]d)l < f&”f” +E£[f]¢a’ VieX, ee (0’ 1]7 (2'4'3)

for two families of positive real numbers (&) and (Z;) such that & N\, 0 as e \, 0.

We refer to [45, Section 7] for a detailed discussion about these assumptions. Then we
have the following theorem from [161, Theorem 6.1], see also [45, Theorem 7.1].

Theorem 2.4.1. Consider a semigroup S on a Banach lattice X which satisfies (2.4.1)-
(2.4.2)-(2.4.3). There exists a unique normalized positive stationary state f1 € D(L), that

18

£f1=0, f1>0, (¢1,f1)=1 (2.4.4)

Furthermore, there exist some constructive constants C' > 1 and Ao > 0 such that

IS@)f = (frdfill < Ce 2 f = (f, o0 (2.4.5)

forany f € X andt > 0.

2.4.2 Proof of Theorem 2.1.1

We will now prove our first main result, Theorem 2.1.1. The proof will be done by verifying
that the semigroup S, defined by Theorem 2.3.3, satisfies the necessary hypothesis to use
Theorem 2.4.1. It is worth remarking that the verification of the dissipativity and the
interpolation conditions will be done similarly as in the Steps 1 and 2 of the proof of [161,
Theorem 1.2] and the proof of [45, Theorem 1.2].

During the rest of this subsection we consider any fixed admissible weight function w and
we define X = L2(0). Moreover, we remark that since Equation (2.1.14) conserves mass
then we immediately deduce that ¢; = 1.
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2.4.2.1 Strong dissipativity condition

We consider two real constants M, R > 0 to be specified later and we define the operators
A f=Af + Mxrf and Bf =Bf —Mxrf,
where we recall that xr is defined in Section 2.3. We study then the local equation
of =RBf inl, (2.4.6)

complemented with the Maxwell boundary conditions (2.1.2) and the initial datum (2.1.4).
We observe that Equation (2.4.6)-(2.1.2)-(2.1.4) fits the framework developed in [45], thus
by repeating the arguments leading to the proof of [45, Theorem 1.1] we deduce the
existence of a strongly continuous semigroup Sg associated to the solutions of Equation
(2.4.6)-(2.1.2)-(2.1.4) and with generator 2.

Moreover, by exactly repeating the arguments leading to the proof of Lemma 2.3.1 (see
also the proof of [45, Lemma 2.1]) we deduce that for any p € {1,2} and for every a > 0
there are M, R > 0 such that

182 foll o)< Cre™ M follzpoy Ve 20, (2.4.7)

for some constant C; > 0. Indeed, by taking w as defined in (2.3.7) we have by using
integration by parts

pdt/ PP = f(lgof)fplap—f—;/ofpap (UZI(I))_;/E( f)p@p(nx‘v)_/oMXpr
< fPaPw? .

where we have defined

% Bo l O —
ww’p—wa,p (DU Vi — MxRg.

Then by proceeding as during the Steps 2 and 3 of the proof of Lemma 2.3.1 we deduce
that for every 9 € (0,1) there are x, A > 0 such that
@? = kxa+ x4, — Mx,

and we obtain (2.4.7) by choosing ¥ = 1/2, M = —k — a, R = A, and using the Gronwall
lemma together with (2.3.8).

Furthermore, using (2.4.7) and following the arguments leading to the proof of [45,
Proposition 4.10] we deduce that, up to possibly choosing M, R > 0 larger, we also have
that there are constants ¥ > 0 and Cy > 1 such that

152 (t) foll L2 (0) < C2NS5() foll Les (0) < 0202 ||fo||L1 ©) Yt>0, (2.4.8)

where we have defined w; = (w)? and we = (w1)? if s > 0 or wy = w; (V)X if s = 0 with
K = 4(3d + 1)(2d + 3), and we have taken the constant C9 = ||W(W1)_1||L2(Rd).

We define Sy = Szo/ and arguing as during (2.3.24) we observe that (2.4.7) and
(2.4.8) together with Proposition 2.2.1 imply that for every p € {1,2} there holds

152(t) foll .z (0) < Coe™Ilfollroy  and  [S2(t) follzz o) < CF

1. (24.9)
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We then remark that (2.4.9) implies that we may use [136, Proposition 2.5] and we obtain
that there is N € N such that

1(S2)™ (t) foll 12 o) < Cse™"|| foll 1,

for any ¢’ < a and some constant C5 > 0. Using then the iterated Duhamel formula as
during the proof of Proposition 2.3.5 we have that

Se=V+W xS,

with
Y i=Sp+- 4 (Spd) M) xSy and  H = (Sga) V.

On the one hand, using (2.4.7) and Proposition 2.2.1 we immediately deduce that

17 () foll L2 0y S eIl foll 22 (0)-

On the other hand, we observe that

Lo
#Oflizo) < [ 1Sy (¢ = 9)Sals) Fllz 015

t ! i
S /O€7a(t78)67a8\\¢4fHL3J(0)§€7at||f||L1(<9)

where we have successively used the very definition of #/, (2.4.9) and Proposition 2.2.1.
Finally choosing a = 2 and o’ = 1 and putting together the previous computations we
obtain that

t
1Scfollz0) S el follrz (o) +/0 e )|S.(s) foll 120

which is nothing but the strong dissipativity condition (2.4.1).

2.4.2.2 Relaxed Doblin-Harris positivity condition.

We fix 0 < fo € L% and denote f; := S;(t)fo, and ¢f the steady solution of the dual
backwards equation of Equation (2.2.4) given by Theorem 2.2.2-(3). For any T' > 0 we set
0<Ty<Ty <T, we fix ¢ > 0 and an admissible weight function ¢ such that w < ¢, and
we compute

T1—Th
sfrn = fn = oF <SB(T1 —To) fr, + /0 SB(Ty — Ty — 8)Afrp+s ds>
> BS(T1 - To)fn, > (i(glf ¢>’f) (i(l,)lf S(T1 To)fTo) lo.,

where we have used (2.2.9) and the Duhamel formula to obtain the first line and we have
used the fact that fr 15 > 0 for every s € [0,71 — Tp], due to the weak maximum principle
established in Proposition 2.3.6, the fact that A is a positive operator, and the fact that
Sp is a positive semigroup (see Theorem 2.2.2-(2)) to obtain the second line.

Then using the Harnack inequality from Theorem 2.2.2-(2) and the fact that 0 < ¢% is a
continuous function in O, we further deduce that there are constants Cy := C1(Tp,T1,¢) > 0
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and Cy > 0 for which there holds

sfr, > (;2 (SUP ¢>1> o (SUPSB((Tl TO)/Q)fTo> 1o,

S E

1
= 10, to-sup (67 Ss((11 — T0)/2) fr, )
1
C1Csy Oa\oy

1
> -1 —/ Sp+((Th — Tp)/2)5 =
N T RaToN OEfTo 5 ((T1 — Tv)/2) 97

> / <Z51 SB (Tl TO)/2)fT0

e~ M (T1—Tv)/2
C1Cy

1
1 b1
OE|OE| <fT07¢1 OE>7

where \; is given by Theorem 2.2.2-(3), Sp~+ is the dual semigroup of Sp, which existence
is given by [45, Proposition 3.4] and the duality relation is given by [45, Theorem 3.5-(3)].
Moreover, to obtain the final equality we have used the fact that g(t,-) := e *1¢5(.) is a
solution to the backwards in time problem

—0g = B*g in (0,7) x O,
complemented with the dual Maxwell boundary conditions (2.3.34) and associated to the
final datum g7 = qﬁf . Altogether, we have obtained that
e M(T-To)/2 1

>
fr = C1Cy |O,|

§_11(’)5 <STof07 ¢1B]-Oe>

which is (2.4.2) with the constant 5.7 = e~ *1(T1=70)/2/(C1C4|O,|), and the families of
functions g. = ¢ 1o, € L2(0) and 9. = ¢¥1p, € L2 (0), with m = w™'.
2.4.2.3 Interpolation condition.

For any f € L2, we have

A= [+ [ < ([ o) i + [ 1.
o ok O O¢

so that (2.4.3) holds true with = := 1, & := [[10¢|| 12 — 0 because w=te L?(0).

2.4.2.4 Krein-Rutmann-Doblin-Harris result for Equation (2.1.14)

Due to the results in Sub-subsections 2.4.2.1, 2.4.2.2 and 2.4.2.3 we deduce the following
result.

Proposition 2.4.2. There exists a unique normalized positive stationary state € to
Equation (2.1.14) such that (€)o = 1. Moreover, for any admissible weight function
there holds

Vo€l 20y < o0 and ¢(z,v) < (s(v) L. (2.4.10)

Furthermore, let w be an admissible weight function, for any initial data fo € L2(O) there
is a unique global renormalized solution f € C(Ry, L2(0O)) to Equation (2.1.14) and there
is A > 0 such that

1S = (fodo €z o) S e IS = {foho €z o) (2.4.11)

for any t > 0.
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Proof. The existence of € is a direct application of Theorem 2.4.1 to Equation (2.1.14) by
using the results from sub-subsections 2.4.2.1, 2.4.2.2 and 2.4.2.3. The estimates (2.4.10)
are a consequence of Lemma 2.3.1 and Proposition 2.3.5. Furthermore, the global existence
is given by Theorem 2.3.3 and the decay estimate (2.4.11) is a consequence of Theorem
2.4.1. O

2.4.2.5 Proof of Theorem 2.1.1

We remark that since a = 0, Equation (2.1.1) coincides with Equation (2.1.14) by taking
A = 7, thus Proposition 2.4.2 implies the existence of F° € L2(U) unique stationary
solution to this linear equation. O

2.4.3 Decay for the dual semigroup S;-

In this subsection we deduce a decay estimate for the solutions of the dual Equation (2.3.33)
in the spirit of Proposition 2.4.2 that we present in the following proposition.

Proposition 2.4.3. We consider a finite T > 0, an admissible weight function w and we

define m = w='. There are constants \,C > 0 such that for any g solution to Equation

(2.3.33) there holds

g0 = (91 O 120y 12, (0) < Ce M llgr = (97, €) 1200yl 12, 0) ¥t >0, (2.4.12)
where € is given by Proposition 2.4.2.
Proof. We remark that

(9(0), &) 1200y = (Sc+91, €) 12(0) = (97, Sc€) 12(0) = (975 €) 12(0)>

where we have used the duality relation (2.3.35) together with the fact that 1 and € are
steady states of Equation (2.3.33) and Equation (2.1.14) respectively. This implies in
particular that the function g(0) — (g7, €)2() is also a solution of Equation (2.3.33) and

(9(0) = (g1, €) 1200y, €) 2(0) = (9(0), €) 2 (0) + (€D o (97, &) 12(0) = 0,

due to the fact that (€)oo = 1 as provided by Proposition 2.4.2. In particular, arguing
exactly in the same way we also have that

(97 = (91, €) 12(0), €) 12(0) = 0. (2.4.13)

We then compute

190) (9. Olzo) = s [ folgl0) ~ (g7 )
fOeLz,%v”fO”L‘%(o)Sl o

_ wp /0 £(T) (g7 — (g7, €))

foeLi,Ilfolng(@>

_ swp [ (F) = ()9 (gr  (gr.©))
(@)

f0€L37||f0||La(O)S1

< lgr — (97 Ol 12, (0 sup 1£(T) = (fo) €l 20
fOeLEM”fO”L(%(O)Sl

S llgr = {97, Ol 12, (0) sup e fo = (fo)€lirz o)
f06L37||f0||Lg(o)S1

S e Mlgr = (97, Oll2,0);
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where we have defined fr = S, (T') fo, and we have successively used the Riesz representation
theorem, the duality identity (2.3.35), the conservation of mass, (2.4.13), the Cauchy-
Schwarz inequality, and the decay estimate (2.4.11). O

2.5 Proof of Theorem 2.1.2

We now consider a constant v € [0,2&0], where §° is given by Theorem 2.1.1, and we
study the problem

of = —v-Vof+aCf+(1—-a)Crf+9f onl,
v_f = Zy+f onT'_, (2.5.1)
fi=o = fo on O,

where a € (0,1/2) and we remark that
aCy f+(1-a)Crf = (av+(1—a)7)Ay f+divy(vf) with  av+(1—a)7T € [10/2, T14+28%0].

We observe that Equation (2.5.1) fits the framework developed in Sections 2.3 and 2.4,
with the choice A(z) = av + (1 — a)7(z) and we remark that, as as pointed out above, the
bounds on A are independent of o and v. We then define the map .7 : [0,283] — R by

F(v) = &g, (2.5.2)

where §7 is the steady solution of Equation (2.5.1) given by Proposition 2.4.2. We will
then prove Theorem 2.1.2 by proving that there is o* > 0 small enough such that for every
a € (0,a*) the map % has a fixed point v*, which in particular will imply that §% is a
steady solution of the non-linear Equation (2.1.1)-(2.1.2).

2.5.1 Proof of Theorem 2.1.2
In this subsection we will proceed to verify the necessary hypothesis to deduce the existence
of the fixed point for .# by using a fixed point theorem.

2.5.1.1 Continuity of the map %

We prove the continuity of the map defined on (2.5.2) for which we will first prove the
following lemma.

Lemma 2.5.1. We consider f1, fa solutions of Equation (2.5.1) associated with vi,vs €
[0, 2Ez0] respectively. For any admissible weight function w there are constants k > 0 and
C > 1 such that there holds

| f2,0 — frl

Proof. We take F' = f; — fo and we observe that F' solves, in the weak sense, the following
equation

2 < o?lyy — 1/2|206“t||f0||L3) vt > 0. (2.5.3)

OF = —v-V F+BF+AF+alvy —v)A,fo inld
’Y—F — %’Y—i-F onI'_ (254)
Ft:O — 0 in O,

where we have defined By f = Cp, f — f X0, nalq, with

Ai(z) := a1 +7(x) and we remark that % < A(x) <2850 +71  forall z € Q.
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At the level of a priori estimates we proceed as during the proof of Lemma 2.3.1 and we
have that

1d - - .
77/ F23? < —@/ ]VU(FW)\2+/ £ 282 4+ a(in —1/2)/ (A fo)F &2,
2dt Jo 2 Jo o w2 o

where

L1 B v - Vx(:)
T2 = Poa T ( o Wy

Again as during the proof of Lemma 2.3.1 we deduce that w§12 < k1, for some constant
k1 > 0 independent of 11,15 and «. Using now integration by parts, we compute

[@upre = - [ VhVERG- [ V-V ()
o o 0
< ”vvaHLEJ(O)HVU(F‘:})HLQ(O)+/Of2vv(F&)vv@+/of2F‘;Ava)
~ V@ _
< Vofellrz o) Vo (FO) | 120y + = IVo(F@)|| 20yl f2ll L2 (0)
L% (0) >
A,
+H — Fllrzo)llfall 2
5 |~ I HLw(O)H 2||Lw((9)

where we have used the Cauchy Schwarz inequality in the second and third line. We recall
from the Step 6 of the proof of Lemma 2.3.1 that we may write © = pw4 and wq = paw
where p? := 1+ (ng - v)/(2(v)*) and p% = 1+ ya(#g' 'w™? —1). We then have that

‘Av@ Ayp’ n ’AUpA +‘Avw Vg ) Vyw
w © PA w © w

thus using our hypothesis on w, the compact support of g4, and the very definition of p
together with (2.3.15) we deduce that

Vow ] Vo PA
w 4

i

<]

’+2’Vm.vvm
P

§24

+2’ ’4—2‘

Vo /@l oo 0y + [[A@/@]| oo 0y < Cuo < 00, (2.5.5)

for some constant C,, > 0. Using the previous informations together with the Young
inequality we deduce

~ al - 1 CLQCw ~
/O(Avf2)Fw2 < 5”VU(FW)H2L2(O) + 271HVuf2”QLg(O)JFT\\Vv(FW)\’%2(O)
C, 9 azCy 12 Co 2
+TGQHf2||L%(O)+THF||L%(O) + %HﬁHL%(O)

for any constants a; > 0, j = 1,2,3. Then we choose a; = 1/(alvi —1a|), ag = 1/(aCylv1 —
v9|) and a3 = 1/(ajv1 — 12]) and putting together the previous informations we obtain

s [ <-2 [ varap+ [ (=8,+ %) P
+ 0= V00O + Cle o]
Using the Gronwall lemma and (2.3.8) we deduce that
2 t
P13 0) < 26 lvn = vaf? [ elorturme=

% [I1Vofosllz20)+(C2 + Colllfosllzz )] ds. (25.6)
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We obtain (2.5.3) by using (2.3.5) with p = 2 and (2.3.6) from Lemma 2.3.1.

We conclude by remarking that (2.5.6) is still valid for weak solutions by arguing as
follows. Using [49, Theorem 2.8] (see also for instance the proof of Proposition 2.6.4) we
deduce that F' is also a renormalized solution of Equation (2.5.4). Applying then the
renormalized formulation associated to the previous equation with 3(s) = s2, p = @?xg for
any R > 0 and where @ is as defined in (2.3.7), we deduce that arguing as before, passing
to the limit as R — oo, and using the integral version of the Gronwall lemma we obtain

(2.5.6). O
Then we have the tools to prove the following continuity result.

Proposition 2.5.2. The map # : R — R is continuous. More precisely, for every e >0
there is 6 > 0 such that if |11 — 12|< 6 then

[ F (1) = F ()< e

Proof. We fix an admissible weight function w and we define Cy = d~{|{(v)2w |12 < o0
and T > 0 to be specified later. There holds

1
T () = F ()| < E/@IU\QIS% =30, < Gollsy, — 80,20
< Coll&y, — firllz o) + Collfir — farllz o) + CollFy, — farllrz o)
< CoCre TS = follz2w(o) + CoCoc®|v — val?e || foll 2 (o)

+CoCre 135, = follrz o)

where we have used the Cauchy-Schwarz inequality in the first line, the triangular inequality
to obtain the second, and Theorem 2.1.1 and Lemma 2.5.1 on the last line and we remark
that C7, A > 0 are given by Theorem 2.1.1 and &, Cs > 0 are given by Lemma 2.5.1.

Then for every fixed € > 0 we choose T large enough such that CoCre T < £/3 and we
choose § = 1/¢/(3CyCaeT) so that there holds
[ F () = F ()< e

and this completes the proof. ]

2.5.1.2 Preservation of lower and upper bounds
We dedicate this sub-subsection to prove the following proposition.

Proposition 2.5.3. Let v € [0,2&50], there is o € (0,1/2) such that for every o € (0, a*)
there holds .7 (v) € [0, 2E50].

Proof. We fix during the proof an admissible weight function w and an arbitrary 0 < fy €
L2(0) with (fo)) = 1. On the one hand from the weak maximum principle provided by
Proposition 2.3.6 we deduce that

0< & <CYNfllzz 0

where CO = d=!|{(v)2w™|| r2(rdy < 00 and we remark that we have used the Cauchy-Schwarz
inequality to obtain the second inequality. We observe that

aCVf + (1 — Oé)Cq—f = a(V - T)Avf + CTf7
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and we will compare a solution f to Equation (2.5.1) and a solution ¢ to the linear equation

Op = —v-Vio+Crdo+9¢ inl,
Vb = RByid onT_, (2.5.7)
dt=0 = fo in O.

Step 1. We first remark that Proposition 2.4.2 and Theorem 2.1.1 provide the existence of
T and F°, respective stationary solutions to Equations (2.5.1) and (2.5.7), furthermore
we also have the existence of some constants A, C; > 0 independent of v and v such that

1 =812 0) < Cre M fo— oMz and ¢ — 110y < Cre M| fo — 11 0y

(2.5.8)
for every t > 0. We then set v = f — ¢ and we observe that 1 is a weak solution of the
following kinetic equation

oY = —v- Vo +Cp+ 9y +a(v —7(2))Ayf inlU
o) = By onI['_ (2.5.9)
Y=g = 0 in O.

At the level of a priori estimates, we introduce the modified weight function @ as defined
n (2.3.7), and arguing as during the proof of Lemma 2.3.1 we have that

d - - ~ ~
G [eters -2 [ e+ [ =£,6%% +a [0 —r@) Qe (2510

an there is a constant 1, independent of vy, 9 and «, such that wé 5 < K1 On the other
hand we compute

\ RIS

< ’/Vf v, (v%) ’ ‘/Vf www)‘
1

C
~\ 2 * 2
< GUHCIIVe 20+ 5 5 [,V + 5 Il of25.11)

where we have used integration by parts and the triangular inequality to obtain the first
line and the Cauchy-Schwartz inequality together with the Young inequality to obtain the
second. Moreover we remark that we have set Cx = ||(V,0)/&|| (), which is finite due
to the analysis leading to (2.3.15). Putting together (2.5.10) and (2.5.11) we then obtain

9 (5 et [t (1)

+%(1+C*) (Tl—l-?ggo)/o /O\Vyf!Qcﬁz.

We set then of = 79/(4 (11 + 2€50)) and we observe that using (2.3.8) and the Gronwall
lemma we deduce that

o t s
||’(/Jt||%a(0) S 6?45 (1 + C*) (7—1 —+ 253’0) /0 /(9 eﬂ2(t )‘V’Uf5|2w2
a . t
< EOSa+C) (n+260) ¢ (Il + [ 113200
(6]
< &0 5 (14 Co) (m +2850) ™! (1 + CQ@M) 1 follZ2 0
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where we have used (2.3.6) to obtain the second inequality, we have used (2.3.5) with p = 2
to obtain the third, and we remark that we have set ko = k1 + C,/2, and the constants
k,C > 0 are given by Lemma 2.3.1. Finally we define the constant

C
CtZ = 01245

(14 Cy) (11 +2850) €' (14 C2e )

We conclude this step by arguing that the previous estimate holds for weak solutions of
Equation (2.5.7). Using [49, Theorem 2.8] (see also for instance the proof of Proposition

2.6.4) we deduce that h is also a renormalized solution of Equation (2.5.9). Applying then

the renormalized formulation associated to the previous equation with 3(s) = s2, ¢ = @%xr

for any R > 0, we have that arguing as during this step, passing to the limit as R — oo,
and using the integral version of the Gronwall lemma we obtain the same estimate.

Step 2. We take T' > 0 to be defined later and we compute by using the Cauchy-Schwarz
inequality
1 2 1 2| o 1 2
f/ o|*Fodedy < f/ [v|“|o —fT|d$dU+*/ lv|*| fr — ¢r|dadv
d 10) d @) d O
1 1
—i——/ [v||pr — §°|dadv + —/ |v|?|3°|dzdv
dJo dJo
CUIBS = frllrzo) + Collfr — drll120) + Collor — 30l 12 (0) + Exo

COC1e TS — follzz (o) + ' *Crl foll 2z 0)+COC1e ™ NI fo — Tl 12 (0)
—i—ggo

IA

IN

where we have used (2.5.8) to obtain the last inequality and we recall that C2 > 0 is
defined at the beginning of the proof. We set then 7' > 0 such that

- o Ezo _ Ezo
COC1e™M 1 fo = 35120y < % CoCie ™ fo = 3120y < %
we choose a5 small enough such that
* 1/20 < 18
(@3) 7 =Crllfollz20)< 3630
and we conclude by setting o* = min(a7j, o3). O

2.5.1.3 Proof of Theorem 2.1.2

We take a € (0,a*), where o* > 0 is given by Proposition 2.5.3 and we remark that
Proposition 2.5.2 implies in particular that the image set of the map .# is a compact set
contained in [0, 2&z0]. Using this together with Propositions 2.5.2 and 2.5.3, we may apply
a fixed point theorem (for instance a real version of the Schauder fixed point theorem) and
we conclude that there is v* € [0,2z0] such that .7 (v*) = v*. O

2.6 Perturbation around the equilibrium.

Throughout the sequel we take « € (0,a*) where o* > 0 is given by Theorem 2.1.2, we
introduce a function g : i — R such that ((g;)o = 0 for all t > 0, and the initial datum

ho: O —=R such that {(hoY)o =0, (2.6.1)
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and we will study the following equation

oh = —v- Vxh—{—CA*h—l-gh-i‘aggAvh—f—OlghAvSa in U
y-h = Z%vyih onI'_ (2.6.2)
ht:O — h[) in O,

where A* = a€zo + (1 —a)7, as introduced in (2.1.15) during Subsection 2.1.4. In particular,
we observe that, due to Theorem 2.1.2, there holds 79/2 < A* < 2&z0 + 71, where it is
worth remarking that the previous upper and lower bounds of A* are independent on «.

Remark 2.6.1. At a formal level we note that, by arguing as during (2.1.12), Equation
(2.6.2) conserves mass, therefore a solution h to Equation (2.6.2) will satisfy that (ht)o = 0
for all t > 0.

Remark 2.6.2. Moreover, and still at a formal level, if g = h then a solution h of Equation
(2.6.2) satisfies that f = §* + h is a solution to Equation (2.1.1)-(2.1.2)-(2.1.4).

We will dedicate the rest of this section to prove the well-posedness of Equation (2.6.2)
under suitable assumptions. During the sequel we will use the notations

Qsh =Ph+MNgh, and ZLyh= Lh+MNyh, (2.6.3)
where

Ph=—v-Voh+Ph, Ph=Cyuh+%h, and Ngh=aE,Ah+ afnA,3*. (2.6.4)

2.6.1 A priori growth estimate

We will prove first that under suitable assumptions for the function g we can control the
growth of the solution in time.

Proposition 2.6.3. Let w be an admissible weight function, there are constants €1, k,C > 0
such that if |gl| 12 o) < € for any € € (0,€1), then there is a constant C > 0 such that for
any solution h to Equatzon (2.6.2) there holds

hellzz o) < Ce™llhollrz o) V>0, (2.6.5)

together with the energy estimate on the gradient

/Whup o)ds Sc 1ol o) +/ IhsllZaopds ¥t > 0. (2.6.6)

Proof. The proof follows that of Lemma 2.3.1. We introduce the modified weight function
W as defined in (2.3.7) and we write

2 ~2 2( 1/ P20
th/ h*@* = (Ph, h>L2 )+ 5 /h v- V%) — 5 E(7h) W (ng - v)
+ (Mgh, h)r2(0)- (2.6.7)

We split the proof into 3 Steps.

Step 1. (Control of the terms coming from the operator &) Repeating the arguments from
the Steps 1, 2, 3, 4 and 5 of the proof of Lemma 2.3.1 we know that there is k > 0 such
that

1 - 1 -
<Ph7h>L2(o)+§/Oh2 (U'wa2)—§/2(7h)pw2(” v) < _*HV (hW)HL2 +’<3”h”%3(o)-
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Step 2. (Control of the term 9,;) We will prove during this step that for every a* > 0 there
holds

a* o -
b, h)12(0) < aCu (llglz0) + G V81200 ) 1900 o)

+ aC,, Kl +

1
sz ) 198200 + lglzzco1] Wl

for some constant C,, > 0. Indeed we have
(Ngh,h)p20) = @ <€g<Ayh, h) 120y + En{AuTY, h)L%((’))) = a(N1 + M),

and we will control each term separately. On the one hand using integration by parts we
compute

- - o |Vo@|?
M = Eg/oAhth:Eg (—/O|V,,(hw)\2+/oh2w2u~)2

A\l
= R :
o Lo (R4) || ”L%(O))

where we have set C = ||[vw™!| 72, and we have used the Cauchy-Schwarz inequality to
obtain the second line. On the other hand we have that

A

< Chlgllzz o (HVv(h@)H%%O)JF‘

Ny = 5h/OAgah@2=5h (—/Ovvga.vv(ha)a—/o(vvga-vvw) h@)

< iz (V8 20y IV @20y + GV 201520

‘Clea « ~\112 1 (2, L o 2
< 5 VoS 22 (0)[[ Vo ()| 72(0y + caCs | CF + 2a" Vo3l ) 1Pl 72 (0
where C% = |[(V,@)/@|| L~ and we have used integration by parts on the first line, the

Cauchy-Schwarz inequality to obtain the second and the Young inequality together with
(2.3.8) to obtain the third line.

We then remark that C < oo due to the very definition of w and C% + C% < 0o by arguing
as during (2.5.5). Altogether the previous computations imply the inequality presented at
the beginning of this step.

Step 3. (Conclusion) We choose €1 = 79/(8C,,) and a* = 70/ (8C, ||Vl 12 (0)) Where we
recall that C,, is given by the Step 2. Then, since ||g[|z2 ) < € with € < &1, we deduce
that

1d . 70 -

sai fo 15 <= RIV08) B0y + (5 + ) Bl o)

where

1 (67
& = (14 502 ) I98%l200) + lolzzo))-

We remark that «* is finite due to (2.1.9), we conclude the proof by remarking that (2.6.5)
is a consequence of the Gronwall lemma and (2.6.6) is obtained by arguing as during the
Step 6 of the proof of Lemma 2.3.1. O
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2.6.2 Well-posedness in a weighted L? framework

In this subsection we will extend the well-posedness theory presented in Subsection 2.3.2
to a framework fitting Equation (2.6.2).

We note that the main difficulty comes from the presence of a term including A,§* € L2H, 1.
We remark, however, that the main technical tools to achieve such a well-posedness result
have been recently developed in [49, Subsection 2.3], and we will be using them during the
proof of the following proposition.

Proposition 2.6.4. Let w be an admissible weight function. There is €2 > 0 such that if
912 @) < € for some e € (0,e2) there holds that for any initial datum ho € L2(0), there
exists a unique global weak solution h € C(R,, L2(0)) N, (U) to Equation (2.6.2), where
we recall that the Hilbert space €, is defined in (2.3.17). More precisely, for every test

function ¢ € D(U) there holds

/ Vg - Voh (A + a&y) +/ h(=0p+v-Vyp —G 0 —v-V,p)
u u
- [ @98 Voo [ahptmn o) = [ hoe0.) (268)
u I @

where we remark that the trace vyh is defined by [49, Theorem 2.8] and satisfies yh €
L2 (T, d¢%) as well as the Mazwell boundary condition (2.1.2) pointwisely. Finally there
also holds h(0,-) = hg pointwisely.

Remark 2.6.5. The proof of Proposition 2.6.4 is based on [45, Theorem 3.3] and [49,
Theorem 2.11] using the a priori estimate from Proposition 2.6.3 and [49, Proposition 2.8].

Remark 2.6.6. In particular, Proposition 2.6.4 implies the existence of a strongly continuous
semigroup, which will be denoted as Sg,, associated to the solutions of Equation (2.6.2).

Proof of Proposition 2.6.4. We proceed to the proof into four steps.

Step 1. We consider @ as defined in (2.3.7), a finite T > 0, % € L, , + L7 H, ! such that
H = Ho + divy, H1 with Ho, H1 € L%(UT), and the boundary data H;, € L*(T'r —; d%). We
consider the inflow problem

Oh = —v-Voh+AAh+v-Voh+H  inlUr
v—h = Hp onI'r_ (2.6.9)
ht:() = h() in O,

where A = alza + a&y + (1 — a)1. By setting e} = 79/(2||(v)?w™1||12) we observe that if
9l z2@) < € for e € (0,€3), there holds

ZSKSQS\@—F%—F’H.

We define, for a constant A > 0, the bilinear form & : 74 (Ur) x CL([0,T) x OUT7_) - R
by

3

Ehg) = | AVh -V, (0@?) + y h (Ap@? = (Orp) @ + divy (vp@2) — v - Val(p0?)) .
T T

We observe that, due to our choice of €3, we can follow the same computations as during
the proof of Lemma 2.3.1 and we obtain that there is A\g € R such that

E(p,0) = (A= 20)llellzz + el
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for any o € C([0,7) x OUT_). Taking then A > )g, the bilinear form & is coercive and
using Lions’ variant of the Lax-Milgram theorem from [126, Chap III, §1], we deduce the
existence of a function hy € 7 (Ur) which satisfies the variational equation

g(m,@):/r %be”\t@&ﬂdﬁ—i—/ohonp(o,-)&dedx—i— | Hesawarat
T, T

for every p € CL([0,T) x OUT_) and where we remark that the last term is defined as

the product between functions in L%JH; L and L%IHg in Ur.

Defining now h := hye* we deduce that h € S (Ur) is a weak solution to the inflow
problem (2.6.9) and by using [49, Proposition 2.8-(3)] with the choices o;; = Av=uv
and G = H, we further have that h € C([O,T),L%(C’))) N J(Ur) and it has a trace
vh € L2(FT;d§% dt). Another consequence of [49, Proposition 2.8-(3)] is that A is a
renormalized solution to Equation (2.6.9), i.e there holds

/ (8(h) (=0 — v~ Vatp — Ryip + divy (vp)) + B"() AV, dvdads (2.6.10)
Uy
¢
+ [ B(vh)e(ng-v)dvdoyds + [/ B(he)p(t,-) dxdv} = [ HPB'(h)pdvdzds
Ft @ 0 ut
for any ¢ € [0, T], any renormalizing function 3 € B, and any test function ¢ € D(Ur).

Using now the renormalized formulation (2.6.10) with 3(s) = s? and ¢ = @?yg for any
R > 0, we proceed similarly as during the proof of Proposition 2.6.3, we take the limit as
R — oo, and using the integral version of the Gronwall lemma we obtain that

t
[ eAOt”hO”%z(O)JFC/0 eholt=) <||H08H%2(0) + [ Haisl 720y + HHbsH%z(z;dgL)) ds,

for every t € [0,T]. Considering then hy,ho € C([0,T), L%((’))) N & (Ur) two solutions of
Equation (2.6.9), we take 1) = hy — hy and we remark that 1) solves Equation (2.6.9) in
the weak sense with h(0) = H = H;, = 0. We immediately deduce that ) = 0 from the
above energy estimate, thus the uniqueness of the solution to Equation (2.6.9).

Step 2. We take 6 € (0,1), h% = 0 and we define the sequence h* recurrently as follows

QR = VR £ AAREL 4y VoRRL 4+ HE in Uy
y_hFtL = Ry hE on 'y _ (2.6.11)
ML = kg in O,

where H* = dh¥ + Gh* + &£, A,F*. We observe that the sequence h* is well defined by
using an induction argument: given h* € C([0,7], L%((’))) N A% (Ur) with a trace yh* €
L?(Tr; dﬁ% dt) we have that #* € L7  H)+L7 ,H, " and since Z satisfies (2.3.21), as proved
during the Step 1 of the proof of Lemma 2.3.1, we also have that %~ h* € L*(I'r_, déi dt).
Applying then the results from Step 1 we obtain the existence of *+1 € C([0, T), L%(O)) N
S with an associated trace function yh**! € L?(I'p; d% dt), renormalized solution of
Equation (2.6.11).

We take then g5 = min(e1,el) where € is given by Proposition 2.6.3, and using the
renormalized formulation (2.6.10) with the choices of 3(s) = s and ¢ = &>y for any
R > 0 we can follow the computations performed during the proof of Proposition 2.6.3, we
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pass to the limit as R — oo, and we get the energy estimate

k k
hg W72 0y + IR 5t o) + I b H I, ety < 1R “HLz )

w

+ 087 h* 2o, el +A0Hhk“HLz ) +>\1HthL2 ) (2.6.12)

for every t € [0,T] and some constants A\g, A\; > 0. Using then the integral version of the
Gronwall lemma we obtain

t
I a0y + [ (I ety + IR s ) €0 ds
t

Choosing then T > 0 small enough, the previous estimate implies that h* and vh* are

Cauchy sequences in the spaces C([0, T, L%((’))) N (Ur) and L*(I'r; d% dt) respectively.

Therefore we deduce that there are some functions h € C([0,T), L%((’))) N~ and 5 €
2(Ton- del k - 2 3 k=

L*(I'p; & dt) such that b — h strongly in C([0,T'), L2(O)) N % and yh" — 7 strongly

in LQ(FT;d% dt) as k — oc.

By taking then 3 one-to-one, any ¢ € D(Ur), and using the Lebesgue dominated

convergence theorem, we may pass to the limit in the weak formulation of Equation
(2.6.11) and we obtain that h is a weak solution of the problem

8th == Qgh in L{T
v-h = 6%&v+h onlr_ (2.6.13)
hi—o = ho in O,

where we recall that 2, is defined in (2.6.3). Using again [49, Proposition 2.8-(3)] we have
that h is also a renormalized solution of Equation (2.6.13) with a trace function yh and
we immediately deduce that vh =7 a.e in I'p.

We now take again 3(s) = s? and ¢ := (n, - v)(v) 2w?(v) in the renormalize formulation
of Equation (2.6.13) and following the same arguments leading to the energy estimate
(2.6.12) we obtain that

[ om?agtat < ol 0" (2.6.14)

for some constant Ay > 0.

Moreover, using the renormalized formulation with the choices 3(s) = s? and ¢ = &?xr
for any R > 0, arguing as during the proof of Proposition 2.6.3, and taking the limit as
R — oo, we obtain that there is x > 0 for which there holds

HhtHLQ ""/ { 1= 6)[[vhs HL2 (24:deb) + |l hs HHH (’))} "= ds < em||h0|@g§é)5)

for every ¢t € [0,7]. We remark then that the linearity of Equation (2.6.13) together with
the estimate (2.6.15) give the uniqueness of the solution.

Step 3. For a sequence & € (0,1), 6 1, we consider hy € C([0,T), L%(O)) N S as the
renormalized solutions to the modified Maxwell reflection boundary condition problem

8thk = o@ghk in Ur

'y_hk = 5!@%7—&-}1]@ on ET7_ (2.6.16)
hei=0 = ho in O,
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obtained by using Step 2. By following the arguments leading to the estimate (2.6.15), we
have that there is x > 0 such that h, satisfies

t
”hkt”%g(o) +/0 {(1 - 5k)||7hks||%2(z+;dgi) + ||hks||§{iﬂr(o)} 6R(t_s) ds < emt”hoqgﬁ(gg)

for any t € [0, 7] and any k > 1. Moreover, for any constants 7, R > 0 we may use the
renormalized formulation as during the proof of Proposition 2.6.3 and we obtain that

t
/0 IVohisll 2 0yds S € [lholl 2 o),

for any 0 < ¢t < T. Additionally, from (2.6.14), we also have the following energy estimate
on the boundary

[ i dgdat S ol o

From the above estimates, we deduce that, up to the extraction of a subsequence, there
exist h € J4(Ur) N LA(Ur)) N L*([0,T] x Q; HL(RY)) and vy € L*(T'r,+; dé2dt) such that

hi — h weakly in 2 (Ur) N L2(Ur) N L*([0,T] x Q; HL(RY)), (2.6.18)
and
Yihy = ve weakly in L*(Dp+;dé2dt).

We now establish more properties regarding the convergence of the previous subsequences
to their limit in Steps 3.1 and 3.2 and we will conclude the existence of weak solutions in
Step 3.4.

Step 3.1. (Strong convergence in L*(Ur)) Since hy € L%([0,T] x Q; HL(R?)) and satisfies
Equation (2.6.16) in the weak sense, for any truncated (in ¢ and x) version (i_Lk) of (hy) we
may apply [29, Theorem 1.3] and we deduce that (Bk) is bounded in HY*(R; x R% x RY).

Using now the version of the Rellich-Kondrachov theorem for fractional Sobolev spaces
(see for instance [74, Corollary 7.2] or [149, Lemma 6.11]) we deduce that

hy; — h strongly in L*([0,T] x Og), (2.6.19)

for any R > 0 and where we have defined Og := {(z,v) € O; d(z,Q°) > 1/R, |v|< R}.

Let now ¢ = w(v) /2

that

, we have that the sequence hy is tight in L?(Ur). Indeed we observe

1 1 1,
el 2205 < WuhktHLg(og) < W”hkt”Lg(O) S <R>1/26 “hollrz 0y, (2.6.20)

for every ¢ € [0, 7], and where we remark that we have used (2.6.17) together with (2.3.8)
to obtain the last inequality. Combining (2.6.19) and (2.6.20) we classically obtain that
hr — h strongly in L?(Z/{T) as k — oo. Using this convergence, the Cauchy-Schwarz
inequality, and the fact that (v)2+1/2w=1 € L?(R%), we deduce then that

En, — & as k — oo. (2.6.21)

Step 3.2. (Pointwise convergence for the boundary term) Because (v)w™! € L?(RY), we
have that L?(I'r; d&’% dt) ¢ LY(T'r; & dt) and recalling that, from the very definition of
the Maxwell reflection operator given by (2.1.2), there holds

X LS4 det) = LN deD), (12 i siaery < 1
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we deduce that Z(yhyy) — Z(b4) weakly in L'(T'r _;déf dt). On the other hand, from
[45, Theorem 3.2], we have yhy, — vh weakly in L2 (I'r;d¢f dt). Using both convergences
in the boundary condition v_hy = Z(v+hi), we obtain that v_h = Z(y4+h) a.e.

Step 3.3. (Conclusion of the existence of weak solutions) Using (2.6.18) and (2.6.21) we
may take the limit in the weak formulation of Equation (2.6.16) and we obtain that A is a
weak solution of Equation (2.6.16) complemented with the Maxwell reflection boundary
condition and associated to the initial datum hg, i.e there holds (2.6.8).

Moreover, [49, Proposition 2.8-(2)] implies that h € C([0, T; L%((’))) N s (Ur) and that h
is also a renormalized solution of Equation (2.6.16). Repeating the arguments leading to
(2.6.17) we deduce the energy estimate

t
1hel1Z2 (0 + 2/0 InslZpi o € ds < e¥llhollf2 o) VEE0.T] (26.22)

Step 4. We consider now two solutions h; and he € C(]0,T7; L%(O)) N (Ur) to Equation
(2.6.2) associated to the same initial datum hg. We now define 1 := hg — h; and we note
that ¢ € C(]0,T7; L%(O)) N s (Ur) is a weak solution to Equation (2.6.2) associated to
the initial datum v (0) = 0. We immediately get from (2.6.22) that ¢ = 0 a.e.

Finally, by repeating this result in every time interval [j7T, (j + 1)T] for j € N, we obtain
the existence and uniqueness of a global weak solution to Equation (2.6.2) O]

2.7 Hypodissipativity
We start this section by taking a glance at the equation

(9th = yh in
v-h = Avyih onT_ (2.7.1)
ht:() = h() in O,

where we recall that hg is given by (2.6.1), and & is defined in (2.6.4). We have then the
following lemma.

Lemma 2.7.1. Consider w and admissible weight function. The following statements hold.

(1) Let hg € L2(0), there is h € L2 (U) N 2,(U) unique global weak solution to Equation
(2.7.1).

In particular, there is a strongly continuous continuous semigroup Sz : L2(O) — L2(0)
associated to the solutions of Equation (2.7.1). Moreover there are constants A > 0 and
Cp > 0 such that there holds

1S5 () hollrz o) < Cpe Mlholl1z (o), (2.7.2)
and . .
/0 VS (s)hollZ20yds Sop I1hollZ20) +/0 152 (8)holl 72 0y s, (2.7.3)

for allt > 0.

(2) There is a function $ € L?(Q, H'(R?)) unique steady solution of Equation (2.7.1).
Moreover for every admissible weight function g there is a constant Cg > 0 such that

191|220y < Cs. (2.7.4)
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(3) For any final time T > 0 and any final datum ¢ € L2 (O), with m = w™!, there is
Y € L2, (Ur) N s, (Ur) unique global weak solution of the dual backwards in time equation

oY = P* =0 Vb + N*App —v-Vop + 9% inlUrp
i) = RBFy_ on 'ty (2.7.5)
V=T = Y1 in O,

where we recall that G* is defined in (2.3.45) and Z* is defined (2.3.34). In particular,
there is a strongly continuous semigroup Sg+ : L2 (O) — L2,(O) which is dual to the
semigroup S, i.e there holds (2.3.35). Moreover, there is a constant Cp > 0 such that

1S5+ (0) pr — (b1, D)l 12 (0) < Ch e e — (¥, H) | 12, (0)» (2.7.6)

and

T T
/0 VoS- (0)4rl72 (0)ds Scp 9772 0) +/0 152+ (0)r 172 () ds- (2.7.7)

Proof. We first remark that Equation (2.7.1) fits the framework of Equation (2.1.14) with
A = A*. Therefore (1) and (2) are a consequence of Lemma 2.3.1, Theorem 2.3.3, and
Theorem 2.4.1. Finally, (3) is a consequence of Lemma 2.3.8, Proposition 2.3.10, Proposition
2.3.12, and Proposition 2.4.3. O

We now aim to prove that, under suitable assumptions on the function g and on the
parameter «, the decay properties of the semigroup S can be extended to Sg, by treating
the term 9, as a perturbation. The core idea of the proof is to define a new norm, in
the spirit of [46, Proposition 3.6], [50, Proposition 3.2] and [140, Proposition 4.1], that
leverages both the dissipativity of &7 and the control on 2, established in Proposition
2.6.3.

Proposition 2.7.2. Let w be an admissible weight function. There are constants o™ €
(0,a%), n >0 and e3 > 0 such that for every a € (0,a™), if [|gtl|Lee(0) < € holds for some
e € (0,e3), then if hg € L2(0), every solution h of Equation (2.6.2) satisfies

el 20y < Ce™™[hollz0) V=0, (2.7.8)
for some constant C > 1.

Proof. We introduce 8 > 0 to be fixed later, and we define the norm
Il = Bl o) + | 1S 5(rhelE oy

where we recall that Sz is given by Lemma 2.7.1-(1) and @ is defined in (2.3.7). We first

observe that the norm |-|| is well defined due to (2.7.2), and we also have that
B3 Wl oy < Bz o) < Il < (Bea+ 20 ni 279
A NWRILE (0) = Hizo) = 1 = A 2\ thrg o)y a

where we have used (2.3.8) to obtain the first inequality, and (2.7.2) together with (2.3.8)
again to obtain the last inequality.

We take 5 = min(eq,e9), where &1 > 0 is given by Proposition 2.6.3 and g9 > 0 is given
by Proposition 2.6.4, and we assume during the sequel that ||g;|| 2 (o) < € for e € (0,3).
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We recall that 2, is defined in (2.6.3), and arguing as during the proof of Proposition 2.6.3
(see also the arguments leading to Proposition 2.6.4) we have that there is x > 0 such that

d d [
Sl = Blhe, 24 ht>L2(O)+dt/ 1S5 (T)e| 73 0y
d o0
< BRI o) + Brlnlia) + 5 [ 1S5 (il o)dr
0 70 d
< BY IVl o)+ B (54 COF ) Mliao) + 55 | ISl oy

1T T d [
< B DIVl a0y + Bea (14 COF ) Mhallaior + 5 | 10Dl 0yt
2 w dt Jo w

where we have have used (2.3.8) to obtain the last line and we have defined the positive
constant CO = ||(V,@)/@|| L= < 0o, due to (2.3.15). We then divide the rest of the proof
into four steps.

Step 1. We observe that Lemma 2.7.1-(1) and the Lebesgue dominated convergence theorem
imply that

d
& 1ol o = [ SIS (bl o

Using Remark 2.6.6 we notice that we may write h(t) = Sg, ho, where Sg, is the strongly
continuous semigroup given by Proposition 2.6.4 and Remark 2.6.6. Moreover from Lemma
2.7.1-(1) we also know that Sg is a strongly continuous semigroup. Thus, using [151,
Chapter 1, Corollary 1.4-(d), Corollary 2.3, and Theorem 2.4], we may perform the following
computations

d

— S (T)ht = S (7)

dt is% (t)ho = S (1) (P + Ng)hy)

dt
d
= S@(T),@ht + ng(’r)‘ﬁght = ESﬂ(T)ht + Sy(T)‘ﬁght, (2.7.10)

where we have used repeatedly the results from [151] to obtain the previous chain of
equalities. Using (2.7.10) we deduce then that

d 2 g
£‘|Sﬂ(7)htHLa(O) = 2<dtS”(T)ht’ S‘@(T)ht>Lg(0)

d
_ <d5,@(7)ht + S (r)9, b, Sg,(f)ht>
T 12,(0)

d
= TS (M0 + 255Nk, ST o)

and we now proceed to compute each term separately. On the one hand, due to the
fundamental theorem of calculus, [151, Corollary 1.4-(d)], and Lemma 2.7.1-(1), we obtain
that

/ 1185 (MhellFoydr = —llheliz o)

On the other hand, Lemma 2.7.1-(3) implies the existence of S+, dual semigroup to S,
thus we may compute

/O (S (T)Nghe, S (T)he) 12 0y AT :/

0 L?(0)

and we control now P; and P, separately.

(Nyhe, S+(0) [(Sr(Mh)?]) , ) dT = P+ Py,
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Step 2. (Control of P») We set m = w™! and we have

L2(0)

= [ a8 (95,90 (8- (0) [(Sr(P)ue] ) oy

P = /Ooo<a5htAv$"‘, S-(0) [(Sp()h)e?]) | dr

)

< o€l [Tz IV:3° 20 [ T (S-0) [(Sormme]), o,

where we remark that we have used integration by parts to obtain the second line and
the Cauchy-Schwarz inequality to obtain the third one. Moreover we have defined C =
| (v)2w™!| ;2 and we deduce that C < co due to the very definition of w.

We now remark that (S (7)h)w? € L2 (O), indeed there holds

1/2
([sommpwtm?) " =18smhl iz S e oz,

where we have successively used the fact that m = w™!, (2.7.2) and Proposition 2.6.3.
Coming back then to P, we further compute

A
P, < O‘CUIJHhtHLE,(O)HVUSOCHLE,(O)AIET;O/0 va (S;@*(O) [(S(@(T)ht)w2}> .2 (O)dT
< aClliiliz(0)1V48" ez (o) Jim [ (So(@h)e? ,
A
+OCCL1)HhtHL3(O)vagaHLi(O)ggo/o HS@*(O) [(S@(T)ht)wﬂ 2o "

< aCllhdlliz o) Ve 12 0) /0 155+ (0) [(S2 (1)) w?] = (S (7)hu, 9) 12 0)|
+aCllnl o) IV3° zzi0) [ (S(Mh Dz o) Imilzaqo o

= Py+Pj

where we have used (2.7.7) to obtain the second inequality and the triangular inequality to
obtain the last inequality. On the one hand we have

P} = aCllhuliz@IVidlizo) [ 52O [(So(h)?] = (So(mhHuz0)
< OéCiHhtHLa(O)”vaaHLa(O)C;S/0 e (Sﬁ/"(T)ht)wQ—<5<@(7)ht75>L5(0)’
< aCllhilezo)|VeF 20 Ch [ e 18T ullzz o) dr

+0€Cu1;HhtHLg(O)|Wv3aHLg(0)C§3/O (So (7)), 9) 12 (0) M| 2(0) dT

where we have used (2.7.6) to obtain the first inequality, the triangular inequality to obtain
the second inequality. Using then (2.7.2) and the Cauchy-Schwarz inequality we further

dr
LZ,(0)

dr
LZ,(0)

dr
LZ,(0)
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have that
Ph < aCllllizo Vo3 Iz CiCr [ Il 2 o) dr

+aCllul20) IV ez Cp [ 15Tl o) 191120 Il 20 dr

VAN

Co o

am i IhelZz o) IVeS? 22 0)CFCr

2\

+aCy el 2 0) V¥ Iz (0)CP 191112 0 ||m||L2(<9)CP/0 e ||hell 2 o) d7

o 1
aCLI 30198 1210 ChCr (35 + 5 191 2000 1150

IN

where we have used again (2.7.2) to obtain the last inequality.

On the other hand we compute
Py = 0403)\|ht||L3(0)!\Vv3a||La(0)/0 (S (T)he, 9) 12 (0) M| 12(0) AT

< OZCUIJHhtHLa(O)vagalng(O)/0 1S (T) el 2 (0 191 22 0y Il 20y AT

IN

aCy ||l 2.0 IV N 2.0 191122 (0 Il 22(00) CP/O e |[he]l 12 0y AT

o 1
aCy b7 (o) IVoT HL%(O)X 1922 0y Ml 20y CP

IN

where we have used successively the Cauchy-Schwarz inequality to obtain the second line
and (2.7.2) to obtain the third line.
Putting together the previous computations we observe that we have obtained
(C}; Cr P +1
2\

Py < el 0) I8 (01 Cr 19]220) Imlz20) )

and this concludes this step.

Step 3. (Control of P;) We compute now for the term P; as follows
P o= /0 &g, (Avhi, S-(0) [ (T)hieo?]) 20T
= —_ = * 7 2
_ /0 0y (Voht, Vi (S (0) [(S(Mh0)&2)]) ), ) T
= — = * 2 2
=~ [T (Tuht, Vi (85 0) [(S (b)), o 7

e /O 19212, 1V 12, (0) 1V (S (0) [ (S (7)he) w2 2, (0,

IN

where we have successively used integration by parts and the Cauchy-Schwarz inequality.
Arguing exactly as for the term P, during the Step 2 we deduce that

cy Cpr+1
Py < aClllhel 2 o) l9tll 22 (0) IV ohell 22 (0)C (2§ % 191 2 (0 ||m!L2(<9)> :
Using then the Young inequality we further have that
Cpr Cp+1
P < Sz VuilzoCr (S + “EE 19l 0) Imlseco) )

Cp Cp+1
+505||ht|\%g(o>||gtuLg<o>cp (52 + 100 0) Iz )
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Step 4. (Choice of parameters and conclusion) Putting together the computations performed
during the Steps 1, 2 and 3, and using (2.1.9) and (2.7.4), we have that

Sl < —Bex' DIVl o) + e (n+ 2 ) Il o) — Wiz o
+aCllulz 0)CoeCr (52 + 210y il 20
+Cllgiluzio) IV ohels o,Cr (52 + “EE2Cs il o

+C|1Pell72 (o) 92l 2. (0) Cp (gﬁ% + CI*D;F 10@ Hm||L2((’))) :

where the constants Cza > 0 and Cy > 0 are given by (2.1.9) and (2.7.4) respectively. We
then choose

1 Chy Ch+1 -1
a = 4<CiCSQCP(2§+ P)\ Cfo”m|L2(O)>) ,

1 _ 70
P o= g (mrety).
) 1 ﬁc_l C% Ch+1 -1
6% = min (4, 4A ) <C£,Cp (2;\34- P)\ Cy ||mHL2((9)>) )

and we set €3 = min(e%, £2). This selection of parameters implies that

d 1
amhtlll2 < —Z!\ht||%g(0)’

and we conclude the proof by using (2.7.9) and the Grénwall lemma. O

2.8 Proof of Theorem 2.1.3

We consider the non-linear equation

8th = th inl
v-h = Avyih onTl_ (2.8.1)
ht:() = ho in O,

where we recall that 2}, is defined in (2.6.3), and we will dedicate this section to prove an
equivalent version of Theorem 2.1.3 in terms of the solutions of Equation (2.8.1).

Indeed, we recall from Remark 2.6.2 that if there is a fixed point for the map that associates
g to a solution h of Equation (2.6.2), then f = F* + h will be a solution of Equation
(2.1.1)-(2.1.2)-(2.1.4). Moreover the decay estimate (2.1.10) will be a direct consequence
of Proposition 2.7.2.

Proposition 2.8.1. Let w be an admissible weight function. There is a constant § > 0
such that, for any o € (0, ™), where & > 0 is given by Proposition 2.7.2, and any initial
datum ho € L2(0O) such that

1hollzz (o) < 6,
there is h € L2 (U) unique global weak solution of Equation (2.8.1) in the sense of Proposition
2.6.4. Furthermore, the decay estimate (2.7.8) holds for the solutions of Equation (2.8.1).

Remark 2.8.2. The proof follows the main ideas from the proof of [49, Theorem 1.1].
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Proof. We define the ball
Z:={ge LU), llg:llrz0) <3 Vt >0},

where 3 > 0 is given by Proposition 2.7.2, and it is worth remarking that 3 < min(eq, 2),
where €1,e9 > 0 are given by Propositions 2.6.3 and 2.6.4 respectively, thus making them
valid. We set 0 = e3/Cy where Cy > 1 is given by Proposition 2.7.2, and we define the map

:Z 2, g ®(g) =G := Sg,ho.

It is worth emphasizing that, due to our choice of ¢, Proposition 2.7.2 will ensure that
Sg,ho € Z for every g € Z. Finally, we endow Z with the weak topology induced by
L2(0), which makes Z a convex and compact set.

Step 1. (Continuity of the map ®) We consider a sequence (g,) in Z such that g, — ¢
weakly in Z as n — oo and we define Gy, :== Sg, ho. Using Proposition 2.7.2 together with
(2.6.6), we have that

”Gn(t, )HLE,(O) + vaGnHLa(u) < COHhOHLEJ <eg Vt>0,

so that G,, € ZNL*(Ry x Q; H (R?)). Thus there exist a subsequence (G,) and a function
G e ZNL2(Ry x Q; HL (RY)) such that

Gp — G weakly in ZN L*(R, x Q; HL(R?)) as n’ — oo. (2.8.2)
We emphasize that G, solves
0Gp = PGy + sngn/ GnU V—Gn’ = %’Y—FGTLH (Gn’)|t:0 = ho, (2'8'3)

in the sense provided by Proposition 2.6.4. Therefore, by arguing as during the Step 3.1
of the proof of Proposition 2.6.4, we have that for any truncated (in ¢ and ) version

(Gnr) of (Gpr), we may apply [29, Theorem 1.3], which gives that (G,) is bounded in
HY*(R; xR% xRY). Using then the version of the Rellich-Kondrachov theorem for fractional
Sobolev spaces (see for instance [74, Corollary 7.2] or [149, Lemma 6.11]) we deduce that

(Gp) is relatively compact in L?((0,T) x Og). (2.8.4)

for any T, R > 0, and we recall that Og := {(z,v) € O; d(z,Q°) > 1/R, |v| < R}.

—-1/2

Moreover, setting ¢ = w(v) we observe that the sequence (G,) is tight in L(U).

Indeed we have that
1 1 R R
1Gritllr2(0g) < <R>1/2HGn’t||La(O%) < WHGn'tHLg(O) S Rt Iholl £z (o)
(2.8.5)
for every t > 0, and where we remark that we have used (2.7.8) to obtain the last inequality
and 7 > 0 is given by Proposition (2.7.2). Integrating (2.8.5) in the time interval (7, c0)
we further deduce that

1

<
~ <R>1/2

IGrtll L2 ((7,00)x05) e M| holl 2 (o), (2.8.6)

which gives the tightness of the sequence G, in L? (U). We then classically deduce from
(2.8.4) and (2.8.6) that

G — G strongly in L2((0,00) x O) as n' — o0.
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Using this convergence, the Cauchy-Schwarz inequality, and the fact that (v)>/2w=! €
L?*(R%), we deduce then that

&, — & as n' — oo. (2.8.7)

Using (2.8.2) and (2.8.7) we may then pass to the limit in the weak formulation associated
to Equation (2.8.3) and we obtain that G solves

8tG = L@G + ‘ﬁgG, ")/_G == %’H—G, G|t:0 = h()?

in the sense of Proposition 2.6.4. Moreover, from Proposition 2.7.2 and Proposition 2.6.3
we also have that

IGl2 0 <es and /0/O]VUG\QdevdxdtgHhOHQLa(O).

Finally, due to the uniqueness given by Proposition 2.6.4 we get that G is the only possible
function in L2 () such that G = S ho. By the uniqueness of the possible limit we deduce
that the map ® is continuous.

Step 2. (Conclusion) We may apply now Schauder’s fixed point theorem in the space Z
with the map ®, and we obtain that there exists h € Z such that h = ®(h). Moreover, due
to the very definition of ®, we have that h is a global weak solution of Equation 2.8.1 in
the sense of Theorem 2.6.4, and it satisfies the decay estimate (2.7.8). This concludes the
proof. O
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Chapter 3

The Boltzmann equation on
smooth and cylindrical domains.

In this chapter we study the well-posedness of the Boltzmann equation near its hydrodynamic
limit on a bounded domain. We consider two types of domains, namely C? domains with
Maxwell boundary conditions where the accommodation coefficient is a continuous space
dependent function ¢ € [i0, 1] for any ¢p € (0, 1], or cylindrical domains with diffusive
reflection on the bases of the cylinder and specular reflection on the rest of the boundary.
Furthermore, we work with polynomial, stretched exponential and inverse gaussian weights
to construct the Cauchy theory near the equilibrium. We remark that all methods are
quantitative thus all the constants are constructive and tractable.

This chapter is based on the preprint [133].

3.1 Introduction

This chapter investigates the well-posedness and long-time behavior of the Boltzmann
equation in the regime close to the hydrodynamic limit. We consider this problem in
bounded spatial domains equipped with Maxwell boundary conditions, and where we
distinguish between two types of geometries: general C? domains and cylindrical domains.

We remark that we take an interest in cylindrical domains motivated by physical
applications, the mathematical complexity of dealing with irregular domains, and as a first
step towards more complex settings in future works.

Our strategy to achieve our results employs and extends the hypocoercivity techniques
developed in [21], as well as the stretching method introduced in [110]. In particular,
we remark that during this chapter we craft a more delicate L? — L> theory than the
one employed in [110] and [109], which allows us to achieve quantitative decay estimates
towards equilibrium.

3.1.1 Framework
We consider a small € > 0 and we study the following Boltzmann equation
€0, F = —v-V,F+e'Q(F,F) inlU:=(0,+00) x QxR (3.1.1)

where F' = F(7,y,v) is a density function representing particles which at time 7 € (0, 00)
are located at position y €  C R? and moving with velocity v € R3.



160 Chapter 3. The Boltzmann equation on smooth and cylindrical domains.

The presence of the small parameter ¢ > 0 in the equation reflects the fact that
the system is close to its hydrodynamic limit. For a detailed discussion of the physical
interpretation and the main mathematical results concerning this type of limit, we refer
the reader to [157] and the references therein.

The Boltzmann collision operator Q represents the collisions between particles inside
), and is given by the bilinear form

Q(G, H) = % /R 3 /g B [GW)HW) + HW,)G() — G(0.)H () — G(o) H(v.)] dodu,,
where we have defined
V=0 — ((v =) 0)o, v, == vs + (v —vy) - o),

with o € S?, and the collision kernel B = B(|v — v«|, o). We remark that B describes the
type of interaction particles exhibit and, during this chapter, we will choose the so-called
hard spheres model by taking

B(lv —vil|,0) :==|(v —vy) - 7.

We assume {2 to be a bounded domain such that |©2|= 1, and we assume that there
exists 6 € W1°(R3,R) in such a way that Q = {y € R?, 6(y) > 0}, and |§(y)| = dist(y, 9)
on a neighborhood of the boundary. We then define the normal outward vector

Vi(y)
"= )

We further define the boundary set ¥ = 92 x R? and we distinguish between the sets of
outgoing (X4), incoming (X_), and grazing (¥¢) velocities at the boundary by

for almost every y € Q.

Yy ={(y,v) €X, tny-v >0}, and 3g:={(y,v)€ X, ny-v=0}

Furthermore, we denote I' := (0, 00) x ¥ and accordingly I'y := (0,00) x ¥1. We define
~vF as the trace function associated with F' over I' and y4 F' := 1p_ v F.

We then complement the Boltzmann equation (3.1.1) with the Mazwell boundary
condition

V—F(T7 Y, U) = ‘%FY-‘FF(Ta Y, U) = (1 - [’(y))y’}l-‘rF(Tv Y, U) + L(y)'@7+F(T7 Y, U) on F—v
(3.1.2)
where we have defined the accommodation coefficient v : 0Q — [0, 1], the specular reflection
operator

IV F(1,y,v) = v F(1,y,Vyv)  with  Vyv =v —2(ny - v)n,,
and the diffusive reflection operator
P F(ry,v) i= A F where 1 F = [ 3 P(ry.u)(n(y) - ) du.
We have also defined the Mazwellian distributions
M= VBEM,  with M = M(v) = (2m) 32

and it is worth remarking that M =1.

We present now the two types of geometric assumptions for our domain €2, and the
respective choice for the accommodation coefficient in each case.
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(H1) Assume © C R? is an open C? domain, and 6 € C?(R3, R)NW?3>(R3 R). Moreover,
take ¢ € C(0N) and assume that there is ¢ € (0,1] such that for every y € 9 there
holds «(y) € [eo, 1]

(H2) Assume Q = (—L, L) x Q, for some L > 0 and where Qg C R? is the 2-dimensional
ball of radius SR > 0 centered at the origin. In this case we also define

A1 = {—L} X Qo, A2 = {L} X QQ, Ag = (—L,L) X 890,

and A := AyUA2UA3. Furthermore, we impose mized boundary conditions by taking
t = 1A,0un,, i.e purely diffusive boundary condition on the bases of the cylinder
(A1 U Ag), and specularity on the lateral surface (As).

Finally, we complement Equation (3.1.1)-(3.1.2) with the initial condition

F(r=0,)=F, inO:=QxR3 (3.1.3)

for some function Fy satisfying (Fo)o := / Fydydv = 1.
@]

3.1.2 Main result and discussion

In order to express our main result we need to introduce the set of the so-called admissible
weight functions given by:

o Polynomial weights: We consider w(v) = (1 + |[v]?)%/? with ¢ > ¢, for some explicit
q; > 0 defined in Remark 3.1.2.

o Stretched exponential weights: We consider w(v) = eI’ with s € (0,2) and ¢ > 0.
o Inverse gaussian weights: We consider w(v) = eSI** with ¢ € (0,1/2).

Moreover, for a given measure space (Z, %, ), a weight function p: Z — (0,00), and
an exponent p € [1, 00], we define the weighted Lebesgue spaces L5(Z) associated to the
norm

||9||L§(Z) = [lpgllr(z)- (3.1.4)

In this framework we have the following result for the Boltzmann equation.

Theorem 3.1.1. Consider either Assumption (H1) or Assumption (H2) to hold, and let w
be an admissible weight function. There exists eg > 0 such that for every e € (0,eq) there
is n(e) € (0,1), satisfying n(e) — 0 as € — 0, such that for every Fy € L°(O) satisfying

1Fo = M||z000y < (n(€))?,

there exists a function F' € L (U) unique global solution to the Boltzmann equation (3.1.1)—
(3.1.2)(3.1.3) in the distributional sense. Furthermore, there is a constructive constant
0 > 0 such that

|Fr = M|l 1oy < e 7ne)  vr>o0.

The precise sense of the solution given by Theorem 3.1.1 is constructed in Theorem 3.1.3,
after taking f = F' — M, performing the change of variables from Subsection 3.1.3, and
studying the resulting equation.

We now briefly discuss the history of the progress on the study of the Boltzmann
equation, and we pay particular attention to boundary value problems. This has been an
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active field of mathematical research since the groundbreaking works of L. Boltzmann in
[28] and J.C. Maxwell in [131].

We first mention the framework of renormalized solutions introduced by DiPerna and
Lions in [75] for any arbitrary data. Even though, particularly in this setting, renormalized
solutions are weaker than standard distributional solutions, this is the only known way of
providing well-posedness for the Boltzmann equation for arbitrary data. Later on, there
were many works developing this setting for the Boltzmann equation and, as a byproduct
enlarging, the notion of renormalizing solutions for general kinetic equations, for references
on this subject we refer to [166, Chapter 1, Section 5.6] by C. Villani.

On renormalized solutions for the Boltzmann equation in bounded domains we cite the
works by S. Mischler in [138, 139], and we also refer to the results presented in the review
paper of C. Cercignani [55], and the references therein.

For other results concerning the Boltzmann equation (and variants), either on the torus
or on the whole space, we refer to [100, 102, 105, 107, 144, 164].

Regarding solely the long-time asymptotic behavior of (given) solutions we mention
[71] by L. Desvilletes and C. Villani, where they obtain relaxation to a Maxwellian global
equilibrium for positive and regular solutions.

On the existence of weak distributional solutions in bounded domains and their long-
time asymptotics, we mention the pioneering paper by Y. Guo [108], where the boundary
conditions are either inflow, bounce-back, specular, or diffusive. It is worth mentioning
though, that Guo assumes the spatial domain to be convex and analytic, which are quite
demanding hypothesis in applications.

In the last decade there have been several studies obtaining the same results as those
by [108] with the objective of relaxing their geometrical assumptions: we cite [35] where M.
Briant studied a Boltzmann equation with diffusive reflexion along a C' domain—we note
that he also studies the problem for specular reflections but under the extra assumption of
having an analytical and convex boundary. We also refer to the work of C. Kim and D.
Lee in [118] for C3 convex domains with specular reflections.

We also mention [58] where H. Chen and R. Duan consider a problem with mixed
boundary conditions. It is worth remarking that such mixed boundary conditions are
similar in objective as those of our Assumption (H2), however instead of a cylinder they
consider a C'! domain.

For results on the Boltzmann equation in irregular bounded domains we cite [9] by
L. Arkeryd and A. Heintz for a general conservative boundary condition, and, more
particularly in the setting of cylindrical domains, we further cite [119], where C. Kim and
D. Lee. construct weak solutions for the Boltzmann equation complemented with specular
boundary conditions.

Regarding the problem under Maxwell boundary conditions we have the result from M.
Briant and Y. Guo in [36], under the conditions of having an accommodation coefficient
bounded below by /2/3, and for a C! bounded domain.

For Boltzmann equations with long-range interaction (no Grad’s cutofff assumption) we
cite the more recent paper [67] where D. Deng studies the problem within a C® bounded
domain and complemented with a Maxwell boundary condition and a fixed accommodation
coefficient ¢ € (0, 1].

Moreover, we also have the preprint from Y. Guo and F. Zhou [110], and their recently
updated version with J. Jung [109], where they study a Boltzmann equation near the
hydrodynamic limit, in a C? domain, complemented with Maxwell boundary conditions
with a constant accommodation coefficient within [0,1]. They construct a perturbative
well-posedness theory for this problem and they also study its hydrodynamic limit.
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The framework for our chapter is motivated by, and therefore closely related to, the
one developed in [109, 110]. However, within the study of the Boltzmann equation, our
result constitutes a genuine generalization of theirs in several key aspects. First, we craft
a more delicate L? — L™ theory than the one presented in [109, 110] for the linearized
problem, allowing us to derive explicit and constructive decay rates to the equilibrium,
going beyond the boundedness results previously obtained. Second, we also carry out the
analysis in cylindrical domains, introducing the presence of geometric irregularities to the
obtention of the estimates, thereby generalizing the stretching method from [109, 110] for
the cylindrical setting. Third, even though we do not achieve the full range of [0, 1] for
the accommodation coefficient in smooth domains, we allow ¢ to be a spatially dependent
continuous function, and within cylindrical domains we further have it to be discontinuous.

This last fact makes Theorem 3.1.1 also a generalization of [36], where we recall that
the accommodation coefficient had an imposed lower bound of /2/3. It is also worth
mentioning that during the obtention of our main result we have extended, in Section 3.2,
the results from [21] by constructing hypocoercivity estimates in cylindrical domains
satisfying Assumption (RH2). Furthermore, we also provide well-posedness results for
initial data with a wide range of decaying tail at infinity, including polynomial.

Notably, we emphasize that, to the best of our knowledge, this is the first well-posedness
result for the Boltzmann equation in cylindrical domains with Maxwell boundary conditions
and a discontinuous accommodation coefficient ranging over the entire interval [0, 1].

At last, we explain the main motivation for considering cylindrical domains in the
study of the Boltzmann equation. From a physics standpoint, this geometry is fundamental
both theoretically and practically, due to the fact that many real world systems naturally
exhibit cylindrical shapes. Moreover, we are particularly interested by future investigations
of the Boltzmann equation in cylindrical domains where each base, A1 and Ao, presents
diffusive boundary condition associated with different temperatures. This setup falls within
the physical framework of non-equilibrium thermodynamics, and raises mathematically
interesting questions regarding the existence of non-equilibrium steady states and their
qualitative properties, such as uniqueness and stability. For a physics-oriented discussion of
this topic we refer to [94, 117] and [93, Chapter 9]. We refer to [7, 8, 10, 42, 44, 82, 83] for
similar settings in the framework of the Boltzmann equation and to [19, 41, 43, 45, 84-86]
and the references therein for related results in other kinetic models.

3.1.3 Transformation of the problem

To study the Boltzmann Equation (3.1.1)-(3.1.2)-(3.1.3), we define the function F such
that

F(T7y’v) = F(T7y’v) —M(U),

and we make the changes of variables 7 = £2t, y = ex, so we introduce Q° := {71y, y € Q}
and O° = QF x R3. Then we naturally define

f(t,x,v) = F(e*, ex,v),
so that f satisfies the rescaled Boltzmann equation
Of=—v-Vof+€f+Q(f,f) inlU :=(0,400) x O%, (3.1.5)

where we have defined the linearized Boltzmann operator € f := Q(M, f) + Q(f, M). We
decompose now

Cf=Kf—-v],
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where, on the one hand, we have the non-local operator
Kf=Kf(. /R , [ BIMEDSW) + M)S(e) = M)f(0.)] dod,

k(v, vs) f (i) dvy,
R3

with the kernel function

2 2 2
Vs v 1 v Vs
k= k(o) \/7|U vl 1ep< 8(’ \i v|]‘2) 8|v U*|2 ’4| ’4‘>

1| | |v\2
— —|v—vy|lexp | —— |,
2 Pl

see for instance [56, Theorem 7.2.1] for a derivation of k, up to a conjugate change of scale.
On the other hand, we have

v=uvv):= /RS o B M(vy)dodusy,
and there are constants vy, v; > 0 such that
vy < vpv) < v(v) <wvi(v), (3.1.6)
where we define (v) := /1 + [v[2, and we refer to [102, Section 4] for a derivation of this.

Remark 3.1.2. Furthermore, also from [102, Section 4], we note that possible choices for
these constants are vy = 4m\/2/(er) and v; = 167. This motivates the definition of
vy := 11 /1y = 2¢/2em and subsequently

.+ /12 — 319)*
50 + 8vy ++/ 87T2¢0L0V* + (8vs = 3u0) if (H1) holds
Lo

= (3.1.7)
54 16v. + /9 + 160, +2 b6, (1 + @) + 26615 . (H2) holds,

where v, = 2v/2em, and €y > 0 is such that w.#Z < €.

We translate now our framework towards this new setting. We recall that for any

x € 09F there holds y = ez € 09, thus we define 6° : Q° — R, §°(z) := d(y), and we
observe that there holds almost everywhere

Vyo(y)  Vyd(ex)  Vy[d(ex)] V6% ()

") = TR T Ve Ve Ve )

=ng, (3.1.8)

which is nothing but saying that the normal vector on a rescaled point of the boundary set
0€)¢ coincides with the one of the corresponding point on the original boundary set 0f2.

We define then ¥¢ := 9Q° x R? and we define accordingly the sets
L i={(z,v) € X%, £ny-v >0}, X§:={(z,v) € £, ny-v =0},

and 'Y := (0,00) x X5. We introduce the rescaled accommodation coefficient ¢* : 9Q° —
[0, 1] defined as (°(x) := ¢(ex). We have then that the associated boundary conditions for
the rescaled Boltzmann Equation (3.1.5) read

V-f =%+ f =1 =) f+ 05Dy f onlZ, (3.1.9)
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by abusing notation on the fact that we will maintain unchanged the symbols of the
boundary reflection operators.

We translate now the geometrical assumptions (H1) and (H2) into the rescaled setting.

(RH1) Q° C R? is an open C? domain, and 6° € C?(R3,R) UW?3>. Moreover, :* € C(9°)
and for every z € 09°, 1*(z) € |10, 1] with ¢¢ € (0,1].

(RH2) Q°F = (L%, Lf) x Qf, with L := ¢71L and Qf := ¢71Qq, i.e is the 2-dimensional
ball of radius e 'R centered at the origin. We also define

S (L ) Q5 NG = (L) x Q5 AG = (—L, L) x 005,
and A® := A] U A5 U A5. Moreover, we take (* = 1asuas-
Finally we complement Equation (3.1.5)-(3.1.9) with the initial condition
f(t=0,2,v) = fo(x,v) := Fy(ex,v) — M(v) in O, (3.1.10)
and we remark that due to the hypothesis on Fy we have that ((fo)o- = 0.

We state now an equivalent version of Theorem 3.1.1 in the rescaled setting, and this
will be the result we will prove during this chapter.

Theorem 3.1.3. Consider either Assumption (RH1) or Assumption (RH2) to hold, and let
w be an admissible weight function. There exists g > 0 such that for every e € (0,eq) there
is n(e) € (0,1), satisfying n(e) — 0 as € — 0, such that for every fo € L (OF) satisfying

1 foll oo 02) < (n(€))?,

there exists f € L2 (UF), unique global solution to the rescaled Boltzmann equation (3.1.5)—
(3.1.9)(3.1.10). Furthermore, there is a constructive constant 6 > 0 such that

_p=2
I fell oo (02) < e %" n(e) vt > 0.

In order to explain the precise sense of the solutions given by Theorem 3.1.3 we introduce
the subset of admissible weight functions, that we will call strongly confining, as follows

Wy = {w: R 5 R, wv) =’ with ¢ € (1/4,1/2)}. (3.1.11)
In consequence, we also define the space of weakly confining admissible weights by
Wo = {w: R® - R, wis an admissible weight function, with w ¢ 20, }. (3.1.12)

We then remark that the proof of Theorem 3.1.3 is given by Theorem 3.7.1 for strongly
confining admissible weight functions and Theorem 3.8.1 for weakly confining ones.

3.1.4 Strategy for the proof of the main result

We explain in this subsection the main ideas used for the proof of Theorem 3.1.3.

In general, the main strategy to construct weak solutions for the Boltzmann equation
near Maxwellian stationary solutions, which is outlined in [56, Section 7.1] and applied for
instance in [36, 83, 102, 108, 109], can be summarized in three main steps as follows.
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(1) Obtaining some decay for the linearized operator —v - V, + % in an appropriate
Hilbert space, usually done by employing hypocoercivity techniques.

(2) Extending the decay towards a (appropriately) weighted L space, nice enough to
provide an algebraic structure to control the Boltzmann collision operator Q.

(3) Constructing weak solutions under the assumption of smallness of the initial data.

We explain now in precise detail the methods and more technical ideas we employ in
this chapter to accomplish the previous objectives.

® Hypocoercivity decay: We consider the problem

Of = ZLf:=—v-V.f+Ff inU
vf = Byi+f on I'® (3.1.13)
=0 = Jfo in O°.

On the one hand we observe that, for any nice enough functions G, H, ¢ : R? — R, the
Boltzmann collision operator classically satisfies

1
QG H)p = 7/ / / B(GLH' + H.G' — G H — GH.) (p+ ¢u — ¢ — &) |
R3 8 Jr3 Jr3 Js2
(3.1.14)
where we have used the shorthands

¢=0(v), d.=0(v), ¢ =0(), &, =0e(l),

and we recall that v' and v/, are given in Subsection 3.1.1. The interested reader can consult
the derivation of (3.1.14) in [56, Section 3.1].

In particular, if we set R® > v = (v1, v, v3), then (3.1.14) implies that choosing ¢ = ¢(v)
to be either 1,v1,v2,v3 or |v|? there holds

/Rs Q(G, H)(v) p(v) dv = 0. (3.1.15)

Therefore, (3.1.15) implies that for the previous choices of ¢ there holds

/Rg (€ 1)(v) p(v) dv = 0. (3.1.16)

We now take as a momentary framework the Hilbert space L?\A—l /2 (R3) endowed with
the scalar product

(g:h)e  @sy = | g()h(v) M~ (v)dv,

M—1/2 R3 g

and its associated norm as defined in (3.1.4). We observe that [56, Theorem 7.2.4] implies
that we can set Dom(%) := L?\/t—l/? (R3), that € is a closed operator on its domain, and
(3.1.16) further gives that

ker (€) = span {M, vy M, vaM, v3M, |[v|* M}.

This motivates the definition of IIf as the projection of f € Dom(%’) onto ker(%’) given by

Tf = (/RSf(w)dw>M+(/ngf(w)dw) oM+ </Rg|w‘2\/é_3f(w)dw> '“'\2/6_3/\4.
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We also note that ¢ is self-adjoint on its domain and negative, i.e

CLfe e <0 (3..17)
so that its spectrum is included in R_, and (3.1.16) holds true for any f € Dom(%).
Furthermore, ¢ satisfies a microscopic coercivity estimate, more precisely [15, Theorem
1.1] gives that there is ko9 > 0 such that for any f € Dom(%’) one has

(€ e @2 Ho”fL”%irl/g(W)’ (3.1.18)

where f+ := f —IIf. Finally, we observe that for any polynomial function ¢ = ¢(v) : R —
R of degree less or equal to 4, there holds M¢ € Dom(%), and using again [56, Theorem
7.2.4] we deduce that
EC(pM < ||lpM
[6@Als oy < oMl

1o (B3)’

Therefore, there exists a constant Cy € (0, 00) such that

1% (oM < Cy.

)HLi/l*l/?(R:i)
Finally, we remark that the conservations laws (3.1.16) together with the fact that
12|12 (e )2 (re ) = 1,

imply that, at least formally, Equation (3.1.13) conserves mass, i.e for any solution f of
Equation (3.1.13) there holds ((fi)o: = (fo)os = 0 for every ¢t > 0.

Altogether, the previous analysis implies that 4 satisfies the structural assumptions
made on [21]. We thus define the weighted Hilbert space H := wa_l /2(O%) equipped with
the scalar product

(g, h)n ::/Og(:n,v) h(z,v) M~ (v)dvdz,

and we observe that [21, Theorem 1.1] and [21, Theorem 5.1] imply that under Assumption
(RH1), and at least at the level of a priori estimates, we immediately have that there is
k > 0 such that any solution f of Equation (3.1.13) satisfies

Ifelse < Ce™ i follae V20, (3.1.19)

for a constant C' > 0, independent of €. We remark that the constant e =2 on the rate of
the exponential decay can be deduced from [21, Theorem 5.1] and the change of variables
made in Subsection 3.1.3, see for instance [47, Proposition A.1] for a justification of this
fact.

We then dedicate Section 3.2 to prove (3.1.19) under the geometrical Assumption
(RH2). The main goal is to obtain H? regularity estimates for the solutions of certain
elliptic equations introduced in [21, Section 2], for cylindrically shaped domains. It is worth
remarking that this is not straightforward because such gain of regularity, even though
classical in smooth domains, doesn’t necessarily hold for irregular domains, see for instance
[101].

Once obtained these regularity estimates, the rest of the computations leading to
(3.1.19) follow as an exact repetition of the main ideas and computations from [21].
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@ L? — L> method for strongly confining weights: We remark that & = .7 + K, where we
have defined the free transport operator

Th(t,z,v) == —v-Vih(t,x,v) — v(v)h(t, z,v), (3.1.20)

for any nice enough function h : U4* — R. We consider then a function G : 4 — R, and
we study the following perturbed evolution equation

of = Tf+Kf+G inlU°
v f = Byif on I'® (3.1.21)
Jt=o = fo in O°.

Our main interest is to provide weighted L? — L™ estimates for the solutions of
Equation (3.1.21) by employing the stretching method developed in [110], see also [109].
To do this we define the free transport semigroup, classically generated by the transport
operator 7 (see for instance [158, Section 8]), as

Sz (t)h(s,z,v) = e_”(”)th(s,:c — vt,v) for any s,t € R4, and any (x,v) € O°.
(3.1.22)
Furthermore, for any sufficiently nice operator A, and any o € [0,¢], we define the
convolution operation

t t
(S7 *s A) h(t,z,v) := / Sz (t—s)Ah(s,z,v)ds = / e_”(v)(t_s).Ah(s, x — (t— s)v,v)ds,
’ ’ (3.1.23)

and in particular we will classically denote S * A := S5 %9 A. We now remark that S
will satisfy two important properties.

e On the one hand, S7 * K generates an integrability gain of the form L? — L* in the
sense provided by Proposition 3.3.10 and Proposition 3.4.9, for the cases for smooth
and cylindrical domains respectively.

e On the other hand, and as described in (K2), weighted L>° estimates on Sz *G generate
a gain of weight of »~!, which is crucial to control the Boltzmann collision operator Q
(see Lemma 3.7.2).

Exploiting this, the strategy for the L? — L> decay transfer will focus on the repeated
use of the Duhamel formula on the semigroup S for the solutions of Equation (3.1.21),
and using the stretching method we will use the effect of the parameter € on the domain
to make small the measure of the “set of singular trajectories”.

To explain how this works we first observe that the characteristics of Equation (3.1.21)
are given by

X(s;t,z,v):=x—v(t—s) and V(s;t,z,v) :=wv. (3.1.24)
Therefore, for any fixed particle with coordinates in U®, we can characterize the coordinates
of the last collision against the boundary of Q°. Indeed, let (tg,zo,v0) € U® be the
coordinates of a particle, we define the time of collision along this trajectory (¢;), the time
of life of the particle prior to such collision (¢1), and the position (x1) and velocity (v1) at
the boundary during this collision, as follows

tb(:l:ovv()) = inf{s > 07 X(—S,O,l',’U) ¢ Qa}a

t1(to, wo,v0) = to — ty(wo,v0),
(th':EUa,UU) - X(tl;t,.’ll,’l)) :ZL'—U(t—tl), (3125)
Vi, (vo)  during specular reflection,
v1(to, w0, v0) = " Lo .
U5 during diffuse reflection,
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where vj stands for an independent variable.

We then note that the smaller ¢ is chosen, the flatter the boundary 92 becomes.
In particular, any particle following the backwards trajectories given by (3.1.25), doesn’t
collide more than once against the boundary.

Therefore, the objective of the stretching method is to choose £ small enough such
that the set of paths that collide more than once against the boundary is small in an
appropriate sense.

This will be done for smooth domains in Section 3.3, which is mainly following the
arguments presented in [110]. Afterwards during Section 3.4, and following a similar
methodology, we will generalize this technique for cylindrical domains.

It is worth remarking that such a generalization is not straightforward and requires a
more delicate control of the backwards trajectories due to the presence of irregularities at
the boundary. In particular, we will need to account for trajectories where the particle
changes between the boundary subsets A7 U A5 and AS.

Finally, we emphasize that by combining in a very delicate way the L? hypocoercivity
decay and the L control given by the stretching method, we craft a L? — L> control that
provides a control on the long-time behavior for the solutions of Equation (3.1.21) in a
weighted L space.

® Proof of Theorem 3.1.3 for strongly confining weight functions: The a priori estimates
obtained by using the above L? — L method are enough then to construct a well-posedness
theory for Equation (3.1.21).

Moreover, using the same a priori estimates and setting G = Q(g, g), we will prove the
well-posedness of Equation (3.1.5)-(3.1.9)-(3.1.10) by using a Banach fixed point argument.

@ Mathematical setting for weakly confining weights: In order to obtain the well-posedness
for the linearized Boltzmann equation for weakly confining weights, we need to split the
problem into a system of equations.

Before doing this we need to define some operators. Consider a parameter ¢ > 0, and
define the sets

B! = {(0,04,0) e R® xR3 x S% |v| <071, 20 < v — v, <671, |cos(8)] < 1 — 26},
E = {(v,0.,0) e R*x R® x S% |v| <2071, 6 < |v — v.] <2671, |cos(0)] <1 -4},

and the cut-off function y; € C°(R3 x R3 x S?, R), such that 1Etls < x5 < lEg- We define
then the operators

Asf=K((1—-xs)f) and Ksf = K(xsf), (3.1.26)

and we remark that K = Az + Ks.

This choice for the splitting of the operator K is taken from [102] and motivated by the
ideas developed in [36, Section 6]. Its main interest is to be able to exploit [102, Lemma
4.12], presented in Lemma 3.5.3, providing dissipative estimates on Ay.

Moreover, we remark that the nature of the operator s will make it enjoy nice
boundedness properties (see for instance Lemma 3.8.4).

We then observe that if fi, fo are solutions of the system of equations

ofi = ThH+AL+Qf+ fo, i+ f) InlU°
v-fr = Zv+h on I (3.1.27)
Jiiz=0 = Jo in O,
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and
Oifa = ZLfo+Ksfi inlU°
Y-fo = Avifo on I'® (3.1.28)
foit=0 = 0 in 0%,

respectively then, at least formally, f = f1 + f2 is a solution of Equation (3.1.5)-(3.1.9)-
(3.1.10).

® A priori estimates for weakly confining weights: We first remark that Equation (3.1.28)
fits the linear framework of Equation 3.1.21 by setting G = K5 f1.

This combined with the boundedness properties of the operator s imply that we only
need to provide a priori estimates with weakly confining weights for the solutions of the
evolution equation

ofi = TH+Asfir+G inlU°
v-fi = Zy+fi on I'® (3.1.29)
fiiz=0 = Jfo in O°,

for a function G : U* — R.

This will be done by using the stretching method as during Sections 3.3 and 3.4,
Lemma 3.5.3 to control polynomial and stretched exponential admissible weight functions
and some extra dissipativity properties of A4; for inverse gaussian weakly confining
admissible weight functions (see (K1)).

® Proof of Theorem 3.1.3 for weakly confining weight functions: Using the a priori estimates
established for weakly confining weights, we construct the solutions of Equation (3.1.27)
and Equation (3.1.28) by using two fixed point arguments in the spirit of [36, Theorems
6.1 and 6.9].

3.1.5 Organisation of the chapter

This chapter is structured as follows.

In Section 3.2 we generalize the hypocoercivity theory developed in [21] to cylindrical
domains, and as a consequence we deduce a decay estimate for the solutions of Equation (3.1.13)
in the Hilbert space H.

During Section 3.3 we consider Assumption (RH1) to hold, and we use the stretching
method developed in [110] to obtain a L? — L® type of estimate with strongly confining
weights, for the solutions of Equation (3.1.21).

In Section 3.4 we consider Assumption (RH2) to hold, and still working with strongly
confining weights, we generalize the ideas and methods from Section 3.3. We emphasize that
this means that we prove a L? — L* type of estimate for the solutions of Equation (3.1.21)
within cylindrical domains.

We devote Section 3.5 to study the dissipative Equation (3.1.27) with weakly confining
weight functions. We use the stretching method as during Sections 3.3 and 3.4, and the
dissipative properties of the operator As to obtain weighted L decay estimates for the
solutions of this equation.

Section 3.6 then addresses the well-posedness of transport equations with non-local
terms. The focus is particularly in obtaining the well-posedness of the linear equations
(3.1.21), (3.1.29) and (3.1.28), and on justifying the validity of the a priori estimates
obtained during Sections 3.3, 3.4 and 3.5.

In Section 3.7 we use the results from Sections 3.3, 3.4 and 3.6 to construct the solutions
for the Boltzmann equation (3.1.5)-(3.1.9)-(3.1.10) for strongly confining weight functions,
proving a first part of Theorem 3.1.3.
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Finally, during Section 3.8 we complete the proof of Theorem 3.1.3 by constructing
solutions for the Boltzmann equation (3.1.5)-(3.1.9)-(3.1.10) for weakly confining weight
functions. In particular, this will be done by using the results from Sections 3.5 and 3.6 to
construct the solutions of the system formed by Equation (3.1.27) and Equation (3.1.28).

3.1.6 Notation

During this chapter we use the following notations.

o ur is the Lebesgue measure, and when it is clear we will denote it as |-|= ur.

e do, is the Lebesgue measure on the boundary set 9€°.

e B, will denote the 3—dimensional ball of radius r» > 0, and D := |By|.

o HF(Z) is the Sobolev space for L?(Z) functions with k& > 0 weak derivatives in L?(Z).

 For a point z € R? we denote its component as z; or z¢, with i € {1,2,3}, and we
will use the latter only when there is no confusion with the exponentiation operator,
otherwise we will clarify it.

o We define the tensor product between two vector a,b € R3 as a®b := (a;b;)1<i j<3 € Ms,
the space of square matrices of size 3.

e For a,b > 0 we say that a < b when there is a constant ¢ > 0 such that a < cb.

e 0;; is the Kronecker delta function defined by

6@_{ 1 ifi=jy

0 otherwise.

 (e1,e2,e3) is the canonical basis of R?, i.e for every i € {1,2,3}, e; is the vector that
has for j—th component the Kronecker symbol ¢;;.

Throughout this chapter we will denote as C, often defined using subscripts and
superscripts (when there is no possible confusion with the exponentiation operation),
a constant that might change from one lemma, proposition, or theorem to the other.
Furthermore, and unless said otherwise, this constant may change from one line to the
other.

3.2 Hypocoercivity

We dedicate this section to prove the following hypocoercivity result.

Theorem 3.2.1. Consider either Assumption (RH1) or (RH2) to hold. There are
constructive constants k > 0 and C > 1 such that for any solution f of Equation (3.1.13)
there holds

2
I fellse < Ce™™ = follae ¥t > 0. (3.2.1)
Furthermore, there is a norm ||| equivalent to the usual norm of H uniformly in €, i.e
there is a constant ¢ > 0 independent of € such that
¢l < AN < ellFllae, (3.2.2)

and a constant k* > 0 for which there holds

—K* 2
Ifell < e ™l foll - vt >0. (3.2.3)
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Remark 3.2.2. Theorem 3.2.1 under the assumption (RH1) is nothing but [21, Theorem
1.1] and [21, Theorem 5.1] up to the change of variables performed in Subsection 3.1.4.

Therefore our proof will focus on proving the hypocoercivity of Equation (3.1.13) under
Assumption (RH2).

The L? hypocoercivity method we will use during the proof of Theorem 3.2.1 is taken
from [21]. The objective behind general hypocoercivity theories is to extend the microscopic
coercivity of &, exhibited by (3.1.18), into a coercivity condition for the full operator
¥ =—v-V, + €. We refer towards [79, 108, 110, 167] for different approaches to achieve
this.

More specifically, the obtention of (3.2.1) during this chapter is done by constructing
the norm ||-|| in such a way that (3.2.3) holds, i.e Equation (3.1.13) is coercive over the
Hilbert space L? equipped with this new norm. To do this, A. Bernou, K. Carrapatoso,
S. Mischler and I. Tristani, introduce in [21], certain classes of elliptic problems whose
solutions are used to build ||-[|. In particular, they exploit the classical gain of H? regularity
for solutions of elliptic equations in smooth domains (see for instance [89], [34], [95], [101,
Chapter 2]), to prove the coercivity estimate.

However, such type of regularity gains might not hold true if the domain is not
sufficiently regular. For instance, P. Grisvard proved in [101, Chapter 4] that in the case
of two and three dimensional polygons there is a maximum regularity we can achieve
depending on the amount of edges and vertices, and the values of the interior angles.

In order then to generalize [21, Theorem 1.1] for cylindrical domains, we need to prove
that these elliptic equations provide enough regularizing properties for their solutions. This
will be done by exploiting the particular geometry of cylindrical domain, together with
classical results on the gain of regularity in smooth domains, and introducing a reflection
method inspired by [34, Lemma 9.2 and Remark 9.3].

3.2.1 Poisson equation in the cylinder

Consider Q¢ satisfying the geometrical Assumption (RH2) and let ¢ € L2(Qf). During this
subsection we study the following Poisson equation

—Au = ¢ inQF
{@—a(w))@num(x)u ~ 0 oo, (3.2.4)

where « is chosen satisfying one of the following conditions:
(P1) either av = 15255,
(P2) or we assume {(£))o- = 0, and we take a = 0.

We consider then the functional spaces
Vii= H'(Q)  and Vo= {ue HY(), (uw)o: =0},

from where we define

Ve Vi if (P1) holds,
71 W, if (P2) holds.

and we will dedicate the rest of this subsection to prove the following well-posedness and
regularity result.
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Theorem 3.2.3. Let Q° be a cylindrical domain as defined in (RH2) and let either (P1)
or (P2) boundary conditions hold. For any & € L*()°) there exists a unique variational
solution w € H?(Q°) NV}, to the Poisson Equation (3.2.4), i.e there holds

a(z) _
o Vw(z) -Vou(zr)dz+ -~ mw(z)v(z) do, = /QE &(x)v(z)de Yo € V. (3.2.5)

Furthermore, there holds
[l g2(0e) < Ce [l 1200,

for some constructive constant C' > 0, independent of €.

Proof. We split the proof into three steps.

Step 1. (Existence and uniqueness of variational solutions) The analysis for this step is
classical and similar to the arguments from the Step 1 of the proof of [21, Theorem 2.2], so
we will only sketch it. We introduce the bilinear form

o(z)

a(u,v) := [ Vu(zr)Vu(zr)dr +

. - mu(:c)v(:c)dax,

and we observe that a is continuous in Vi x Vi. On the other hand, by using the Poincaré-
Wirtinger’s inequality (see for instance [21, Proposition 2.1]) together with classical scaling
arguments, we deduce that

a(u,u) > Cpe?||ullZ2(qe,

for some constructive constant C'p > 0, independent of . This classically implies that a is
coercive, i.e

a(u,u) Z 52”“”%11(96), (3.2.6)

thus this gives, by the application of the Lax-Milgram theorem, the existence and uniqueness
of a variational solution w € V}, for the Poisson Equation (3.2.4) in the sense of (3.2.5).
Furthermore, from the variational formulation (3.2.5) and the previous coercivity estimate
(3.2.6), we further deduce that

wll g oy S € 2lI€l L2 (0e)-

In particular, we classically deduce that there is a trace function W0 € L?(0F) and
there holds

] e l22000) S €72 M€ L2 02
This concludes the well-posedness of Equation (3.2.4).

Step 2. (Domain reflection) We consider now the extended domain Q° := (—2L¢, 2L¢) x Q5
and we define

A= {20} x Q5,  A5:={2L°} x5,  and  A§:=(—2L%,2L°) x 9.

Now for any = € R3, we write it as = (21,Z) € R x R? and for any function ¢ with

~

domain in ¢ we define a new function ¢ with domain in ¢ as follows

R ¢(—x1 +2L5,7)  if 2 € (—2LF, —LF)
o(x) =3 é(x1,7) if 2 € (—L°, LF) (3.2.7)
¢(—xy — 205, %) if 2y € (L5, 2LF).
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It is easy to check that, defined this way, W is a variational solution of the extended Poisson
problem

—-Au = E in QF

{ (2—a(x)0pu+a(z)u = 0 on 90E. (3.2.8)

As a consequence, repeating the arguments of Step 1, we deduce that w satisfies the
following estimates

10l S < 218, and 10 ane S € 21l L2y (3.29)

Step 3. (Regularity) Using the partition of unity (see for instance [34, Lemma 9.3]) we

obtain the existence of a collection of open balls of radius r > 0, (B} )é\le C R3 covering

8(2\5, and a family of functions g; € C*°(R3 R) with j = 0,..., N, such that
(i) 0<p; <1forevery j=0,...,N, and Z;VZOQJ' =1 on R3,

(ii) moreover, supp gy C R3 \ 0QF and for every j = 1,..., N, there holds that ¢; €
Ce(BY).

In particular, we choose 7 > 0 small enough such that the balls B} covering A§ do not
intersect A] or A5, and we call J the sets of such indexes plus 0, i.e

J={je{l,....N}|UBI> A3

BINAS =0 |BInAs=0}u{o}.

Then we classically have, see for instance [34, Theorem 9.26 Steps C; and (3], that for
every j € J there holds @wo; € H*(£2°) and

||A({U\QJ)HH2(§5)§ C’E_QHEHLP(?F)’ (3210)

where C' > 0 is a constant independent of . We deduce then that for every ¢ € CX(R3)
we have

/ VeV = / V- Vo
U @]

jeg BinQe e BINQE
= 2. (/ AV(QQJ)-Vw—/. A@VQJ”V@)
jea BlNQe BlNQe
= > (/J va(@w)-w—/. _ A(wgj)e
jea BlnoQe BlnQe
—/_ A@@VQj-ner/_ Adiv(@ng)go)
BlnoQe BlnQe

where we have used that wp; € H2(09), wVp; € H'(QF) and we have performed an
integration by parts on the third line. We then compute

—~ SOV(@) ‘N 05

—~ ‘PV(QQJ) iz
00

o0Ne

+ ‘/A @V(Qj)-nx@‘
o00NeE

IN

| «a
8§;|90w| ‘2_&@]' +Voj - ng
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where we have used the boundary conditions on the second line. Then by using the
Cauchy-Schwarz inequality we have

_Vu-Vy < 2(m3 A(@ —l -
/UJEJB inqs 4 Ielle ® )j%; (H ||L2 (BINQ?) | ”m(BimQ )

5 H90||L2(R3)5 H‘SH[}(@?)

where we have used (3.2.9) and (3.2.10) to obtain the second inequality. From the previous
result we deduce that @ € H*(Ujes7BJ N Qa) and

”A'IUHL2 U JBJQQE) ~ EiQHf”[ﬂ(ﬁE)v

which implies in particular that w € H?(QF). Moreover, we remark that the above estimate
together with (3.2.9) implies that

lellie) < 101, mongy S & N8 pay S & 2MEl o)

and this concludes the proof. O

3.2.2 Lamé system in the cylinder

Consider Q¢ satisfying Assumption (RH2), and consider = € L?(Q¢). We dedicate this
subsection to study the following Lamé system of elliptic equations

—div(VeU) = 2 inQ°
‘n(z) = 0 ondNF
(2 =5 (x)[VoU - n(z) — (VU : n(z) @ n(z))n(x)] +£(xz)U = 0 on 0F°.
(3.2.11)
We consider the functional space
U (QF) :={U € H'(Q°), U(x) - n(x) =0 on 9N}, (3.2.12)

and we will prove the following well-posedness and regularity result.

Theorem 3.2.4. Let QF be a cylindrical domain as described in (RH2). For any Z € L?()°)
there is a unique variational solution W € % (QF) N H%(Q) to the Lamé system (3.2.11),
i.e for any V € % (Q0F) there holds

1>
VW (x) : VPV (z)dx + _r@) W(z)-V(z)doy = / E(z) - V(z)de. (3.2.13)
Qe o0s 2 — 15(x) c
Furthermore, there holds
IWlz205) < C2|1E] 22(02), (3.2.14)

for some constructive constant C' > 0, independent of €.

3.2.2.1 Preliminary inequalities

Before proving Theorem 3.2.4 we will prove some preliminary results in order to provide
the coercivity for Equation (3.2.11).

One of the main inequalities to study this problem will be Korn’s inequality, and we
refer to [80, Theorem 3.2, Chapter 3], [61] and [72] for more on the history and applications
of this type of inequality.
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Lemma 3.2.5. Consider a vector-field U € H'(QF), the following statements hold.

(L1) (Poincaré’s inequality) If U(x) - n(x) = 0 for almost every x € 092° we have that

U720y S VU720

(L2) (Korn’s inequality) There is a constant C > 0, independent of €, for which there

holds
S LE

Proof. We proof each of the statements separately.

2
L2(99¢)

(L1). Poincaré’s inequality is nothing but a repetition of the compactness arguments used
during the proof of [21, Lemma 2.7], and we further deduce the dependence on ¢ by a
standard scaling argument.

(L2). The proof of the Korn’s inequality follows by using the exact same arguments as
during its proof in [21], except for some details accounted from the fact that the domain is
now irregular, thus we make it explicit. We divide the proof into three steps.

Step 1. We observe first that from [72, Section 5] we have
inf |V(U - R)|I* < VU,
ReER

for some constant depending on §2° and where we recall that R is the space of all infinitesimal
rigid displacement fields. Equivalently, we have

IVUI? S IVU* + [(VeU) (3.2.15)
where we remark that a scaling argument implies that the constant is independent of €. It
is worth remarking that this result is the same as the one stated in [21, Lemma 2.3].
Step 2. Moreover, there holds
2

L€
2—f

(VU S IVUIP + U (3.2.16)

L2(9Q)

We follow the proof of [21, Lemma 2.4]. We argue by contradiction, and following the same
compactness argument as during the proof of [21, Lemma 2.4] we deduce that there exists a
function U € H' () satisfying |(VeU)|? = 1, ||\/£/(2 — LE)U”%Q(ag) =0, and ||[V*U| = 0.
In particular, this implies that U(z) = Az + b on QF, and

Arx+b=0 on AJUAS.

We fix then zg € A5 and we observe that n(xg) = e1. Repeating again the arguments
from the proof of [21, Lemma 2.4] we deduce that there is a constant uy € R such
that U(xz) = ugn(zg) for every x € Qf. This, together with the boundary condition
U(z)-n(x) =0 on A] U A implies that U = 0 which is in contradiction with the fact that
|(VeU)|? = 1. Finally, a scaling argument implies that the previous estimate is uniform in
€.

Step 3. We conclude by putting together the estimates (3.2.15) and (3.2.16) from Steps 1
and 2 respectively. O
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3.2.2.2 Proof of Theorem 3.2.4
We divide the proof into two steps.

Step 1. (Existence and uniqueness of variational solutions) We consider the bilinear
operator A : % (Q°) x % (2°) — R defined as

g
AU, V)= [ V°U(z): VV(x)dz + _r@) U(z) - V(z)doy.
Qs o0 2 — 1°(x)
We observe that A is continuous on % (Q2°) x % (Q°) and it is also coercive, indeed

AU U) = /EVSU(m);VSU(x)cla;jL/aQEQL_s(;”()gg)\U(gc)Pdaz
2

2—L5U

IV*U 12200 +

L2(89F)
2 U - (3.2.17)

where we have applied simultaneously (L1) and (L2) from Lemma 3.2.5 to obtain the last
line. We then may apply the Lax-Milgram theorem and we get that for every = € L?(Qf)
there is a unique variational solution W € % () of the Lamé system (3.2.11). Furthermore,
using (3.2.17) and the weak formulation (3.2.13) we deduce that

IWllgae) < CLe ?||E] 2 (3.2.18)

for some constant C, > 0 independent of ¢.

Step 2. (Domain reflection and regularity) Following the same reflection method as for
the Poisson equation, we extend the | functions component-wise as described in (3.2.7). We
observe that = € L?(Q) and that W is a variational solution of the problem

—div(V*W) = E inQf
W-n(z) = 0 ond¥ (3.2.19)
( —LE)[VSW n—(VSW:n@n)n]+EW = 0 on 005

Moreover, by arguing as in the Step 1 we have that

W =l (3.2.20)

<g
Hl Qe ~ L2 Qs)

Repeating the arguments from [21, Theorem 2.11, Steps 3 and 4] together with (3.2.20),
we deduce that for every small enough open set G C (—3L¢/2,3L?/2) x Qf there holds

HWHHQ(@;OQ)S 5_2H€HL2(§5)'

We then choose a finite family of open sets (gj)j.\le with G; C (=3L7/2,3L%/2) x Qf
and such that UJ 1G; D (=L, LF) x Q. Using then the above estimate we deduce that
W € H?(9¢) and there holds

Wl (0s) < W] e |IE)| < 3e7?)|E 200

<
m2(JL, ;) ~ L2(0°) =

This completes the proof. ]



178 Chapter 3. The Boltzmann equation on smooth and cylindrical domains.

3.2.3 Proof of Theorem 3.2.1

As discussed during Remark 3.2.2, Theorem 3.2.1 under hypothesis (RH1) is nothing but
[21, Theorem 1.1] and [21, Theorem 5.1]. Moreover, the existence of the norm |||, and the
fact that it is equivalent to ||-||3 uniformly in €, is obtained by arguing exactly as during
the proof of [21, Theorem 1.1], but we also refer to [47, Theorem A.1] together with the
comments and references on [47, Appendix A].

Finally, the proof of Theorem 3.2.1 under the assumptions (RH2) is mainly a repetition
of the proof of [21, Theorem 1.1] using instead the regularity results from Theorem 3.2.3
and Theorem 3.2.4. O

3.3 Stretching method for strongly confining weights in
smooth domains

During this section we assume there to hold assumptions (RH1), and we study Equation (3.1.21).
We dedicate this section to prove the following result.

Proposition 3.3.1. Consider Assumption (RH1) to hold, wi € 201 a strongly confining
admissible weight function, G : U — R satisfying (G¢)o= = 0 for every t > 0, and let f
be a solution of Equation (3.1.21). There are constructive constants 1,0 > 0 such that for
every € € (0,e1) there holds

_p.2 24
| fellzes (o) < Ce ‘)Et(ufonm(oew sup | ||Gs|rL;oly_l<os>]) V>0, (33.1)

s€(0,t
for some constant C' = C(e) > 0 such that C(e) — o0 as e — 0.

Remark 3.3.2. The computations leading to the proof of Proposition 3.3.1 use the stretching
method developed in [110].

Remark 3.3.3. The exponential decay obtained in Proposition 3.3.1 is an improvement
of [109, Proposition 4.1]. This is a consequence of a more delicate way of combining
the hypocoercivity exponential decay from Theorem 3.2.1 and the weighted L estimate
obtained by using the stretching method.

3.3.1 Auxiliary problem in finite time and backwards trajectories

Here and below, during this section, we consider an arbitrary T" > 0, we take G as defined
in Subsection 3.1.4, and we study the following evolution equation

of = ZLf+G inU5:=(0,T)x0O°
v f = Byif on I ;7 :=(0,7) x ¥ (3.3.2)
ft=o = fo in O°,

For any fixed (t,z,v) € U}, we recall the backwards trajectories defined in (3.1.25), and
we define the singular set along the backwards trajectory

Sy :={v e R3 It e|0,T], n(X(ty(x,v),t,z,v)) v =0} (3.3.3)

To understand the geometrical meaning of this set we take (to, g, vg) € U as before and
we define the point of collision against the boundary as (t1,x1,v1) as given by (3.1.25).
Then we observe that vy € Sy, if and only if (z1,v1) € X, or in words the point of collision
against the boundary through the backwards trajectory belongs to the singular set Xj.
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3.3.2 Stretching lemma

We have now the following lemma, which is mainly an application of [109, Lemma 4.3].

Lemma 3.3.4. Assume (RH1) to hold. Let (t,z,v) € [0,T] x 0Q° x {|v| < M, |n, -v| > n}
for some M,n > 0 and such that (x,v) € 5. There exists eg = er(n, M,T) S nM—2T~1
such that for every e € (0,er(n, M,T)) there is at most one bounce against the boundary
09). along the backwards trajectory.

Remark 3.3.5. Even though the proof of Lemma 3.3.4 is mainly using the computations
from [109, Lemma 4.3] in a very close way to that of [109, Lemmas 4.4 and 4.5], we
provide a proof in order to emphasize that the arguments are, in a certain sense, local
along trajectories which will allow us to prove, in Section 3.4, a weaker version for certain
trajectories within cylindrical domains.

Proof. We proceed in two steps. In Step 1 we will repeat the proof of [109, Lemma 4.3],
and we will apply this result in Step 2 to conclude the proof.

Step 1. We will prove in this step that there are universal constants Cy,Cy > 0, only
depending on 9§, such that
C1 v-n(z)|

ty(z,v) >
B AT

(3.3.4)
We define (t1,21,v1) as the point of the first collision through the backwards trajectory
starting at (¢,z,v) and given by (3.1.25). We recall that ex,ez; € 9Q and that, under
the Assumption (H1), § € C?(€2). Thus the Taylor expansion at ez; implies that there is
6 € (0,1) such that
g2 95 ~
d(ex1) = d(ex) + e Vyd(ex)-(x1 — x) + 5 (1 —2)-[V56(0ex 4 (1 — 0) ex1)](z1 — ).

Since ez, ex1 € 09, we have that §(ex) = é(ex1) = 0, and since V6 # 0 on 02, we deduce
that

Vyo(ex) € V2§(fex + (1 —0)exr)
W'(Il—m)——§ (r1 —x)- V,5(0) (x1 — x).

Using then the analysis from (3.1.8), and again the fact that § € C*(Q2) and V,6 # 0 on
092, we further deduce that there are constants Cy,Cy > 0 such that

C
[n(e)-(1 —2)| < &g e —af
1

We recall now that due to its very definition 1 = = + t,(x, v)v, thus
w1 — a[= [to(z, v)[ [vo] and |n(z)- (21 — z)|= [tp(2, v)|[n(z) - v].

We conclude (3.3.4) by putting together these previous informations.

Step 2. The conclusion follows by using (3.3.4) and choosing er(n, M,T') := Cin/(CoMT)
so that for any ¢ € (0,er) there holds ty(z,v) > T.

In words, we have proven that any particle (¢, z,v) € [0, T]|x9Q° x {|v| < M, |ng-v| > n},
needs a time larger than the total time T of evolution of the system to collide with the
boundary through the backwards trajectory. O
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3.3.3 Preliminary lemmas

We present now several results which will be useful during the rest of this chapter.

Lemma 3.3.6. Let h: U® — R, we consider w to be an admissible weight function, and
we define ¢(v) = S for ¢ € (0,1/2). The following statements hold.

(K1) For every N > 0 there is m = m(N) > 1 such that
1
SIER©)] < 5 17l e @) + K ([<(0)R(0)])

where Ky, h := /3 Em (v, ve)h(vi)dvs and
R

km(U, ’U*) = Ck1|v*|§m1\v|§m1\v*—v|21/m ("U — ’U*| + ‘U — 'U*’_l) , (335)

for some constructive constant ¢, > 0. It is also worth remarking that k,, < Cpm,
where Cy = 3cy.
(K2) For every vy € (0,1), every (t,z,v) € U5, and every o € [0,t] there holds

V1

w(v)|S7 %o h(t,z,v)| < e sup [eVQSy\hS||LZoU_1(OE)} .

vy — V2 s€0,1]
where we remark that Sg *, h is in the sense of (3.1.23) taking A = Id,

(K3) Let 0 <r <s<t,xcQ, uv. €R>and consider a function X = X(t,s,r,z,u,v,)
such that
|det Vo, X (v,)| > Cols — r?,

for some constant Cy > 0. Then for any mi,ms > 0, and every o > 0 there holds

t s
/ / / e~volt=m) / w(w)|h(r, X, u)| dudrdv.ds
0 J|v«|<mi JO |u|<ma

< D*m3m3ate ™ sup |:€V08HI'LSHLEJO(OE)i|
s€[0,t]

+ Dmi’/ng/2 w(ma) t2a_3/20(;1/2t26_”0t sup {e”OSHhSHLz(@E)} .
s€[0,¢]

where we recall that D > 0 is the volume of the 3—dimensional ball of radius 1.

(K4) For every a > 0 there are M,n > 0 such that

[ nttz )l - w)adu < alll o) + Ih(t, 2, u)|(n - u)du
R3 {lu| <M, |ng-u|>n}

Remark 3.3.7. 1t is worth emphasizing that the results from Lemma 3.3.6 are independent
of the geometry of the domain, so they hold under either Assumption (RH1) or Assumption
(RH2).

Proof of Lemma 3.3.6. We proof each of the statements separately.

Proof of (K1). We divide the proof in three steps
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Step 1. We observe that

= ]2 []?
k(v,m)-k(v,m)exp( 1 + 1 ,

where

~ 1 2 2\2 1
(v, vy) = 2(21) "2 o — v,| L exp (—8w = g’” — v*\2>
_ 1|v ~vex PP+ e
9 * P 4 ’

and from [108, Lemma 3], [99] or [56, Equation (2.17)] we have that there is a constant
¢ > 0 such that N B
k(v,vi) < epk(v, vi), (3.3.6)
with
I P
8 |v—wv,l? 8‘0 vl

B (v 2= w22 1
k(v,v,) = (Jv — vi| + |[v — vs| 7 exp (—M ) .

Furthermore, repeating the exact arguments used during the proof of [108, Lemma 3] we
have that for any ¢ € (0,1/2), the quadratic form

8 v — vyl? 8| o

(e —o)? 1 2 [l?  Jof?
4 4

92 = +C‘Z}‘2—C’U*|2,

is definite negative. Thus there is b > 0 such that

_ ol ol b(lvaf2 = [v[2)? b 2\ s(v) Gi
k N + B T ——— — — Ux 7d*< ) 3‘3‘7
(v, 0.)e ”XP(s oo TR Syt S T 837

R3
for some positive constant C; = Cy(b).

Step 2. The results from Step 1 in particular imply that

oo S 2 50)

kE(v,v.)e” 4 <) = (Jv —vi| + [v — v De? < (Jv—va] + v —ve] V),  (3.3.8)

thus setting A,, = {|v.| < m, |v| <m, |vx —v| > 1/m} for some m > 0 to be chosen later,
we compute

(0, oo 5(0)

COIKR@] < e [ Kw,v)e T S b, )fe(v.)de,
- Ly e g (v)

h| oo / (v, Tt 2 g,

crll ||L< (0#) 4c. (v,v4)e <(vs) v

tou [ (o=l + o = u sl h(o) dv.

cC1
14+m

1
<y Ihllzee(oe) + Km(Is(0)h(v)])

IN
<

<

[Blszeior) + [ (o, 0)s(w) () dos

where we have used (3.3.6) on the first inequality, (3.3.8) to obtain the third, we have
used (3.3.7) and the definition of &, on the fourth inequality, and we have chosen m =
max(NciCh,1) on the last line. This concludes the proof of (K1)
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Proof of (K2): We compute

/Ot Szt —s)h(s,z,v)w(v)ds

t
< / e VW) \h(s x —v(t — s),v)|w(v) ds
0

t
< sup {eugs”thLoo 1(05)]/ V(v)e*”(”)(t*s)*””ds
wr T 0

s€[0,t]

V(’U) —vat V28
——e sup |e hg|| 700 AN
) =7 86[03][ Il (00)]

We then remark that (3.1.6) and the fact that 1 < (v) imply that

This concludes the proof of (K2).
Proof of (K3): We split the integral on the LHS into I; + I3 where

t s
L = / / / evolt=n) w(u)|h(r, X, u)|dudrdv.ds
0 J|ve|<mi Js—a lu|<mg
< DQmi’ mgate_”"t sup [eyongsHLg(os)},
s€[0,t]

and

t s—a
I ::/ / / e*’jo(t”’)/ w(u)lh(r, X, u)| dudrdv.ds.
0 Jvi|<mi JO |u|<mg

To control Iy we perform the change of variables X — x, and we remark that
|detV,, X (vi)| > Cols — 7> > Coa® > 0,

thus we compute

I, < t’w(mg)e ™! sup [el’or (/ / |h(r,2\,’,u)]dudv*>]
0<r<s—a<s<t [vs|<mi J|u|<mq

1/2
< Dm?/2m3/2w(mg)t267”0t sup [e”OT (/ / |h(T,X7U)|2dUdU*> ]
0<r<s—a<s<t [vs|<mi J|u|<me
< Dmi’mmg/zw(mg) t2e ot
1 1/2
X sup e’or / / h(r,z,u)|?————dudz
0<r<s—a<s<t [ ( reNe |u\§m2’ ( )’ |detvv*X(U*)|
< Dm?mmg/zw(mg) tZCo_l/Qa*S/Qe*VOt sup [e”OSHhSHLQ(@E)] .

s€[0,t]

where we have used the Cauchy-Schwarz inequality to obtain the second line. This concludes
the proof of (K3).

Proof of (K4): We fix M,n > 0 to be defined later and we split

{ng-u>0}={lul >M, ny-u>0}U{|lul <M, |ng-ul <n}U{|lul <M, |ng-u| >n}.
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On the one hand, we compute

/ Witz w)lng - uldu < lgil g o W™ () - uldu
{lu|>M, ny-u>0} {lu|>M, nz-u>0}
< hilsion [ o w)luldu
|u|>M
< o(M)[[htllLee (02,

where o(M) — 0 as M — oo. Similarly, on the set {|u| < M, |n(x1) - u| < n} we compute

|h(t, z,u)||ng - u|du

IN

Ml [ @ (wda

/{IUISM, na-ul<n} lul<M

IA

n HhtHLgO(OE)/ du
ful <M

1 MPD|\hy| 120 (0%)-

AN

We take then M > 0 large enough such that o(M) < «/2 and we choose = o/ (2M3D).
This concludes the proof of (K4) and the proof of Lemma 3.3.6. O

Moreover, we also have the following lemma in the spirit of (K3).

Lemma 3.3.8. Let 0 < r < s < t, z € Q°, u,v. € R and consider a function X =
X(t,s,r,x,u,v) such that

det V,, X (vs) = Cols — 7> + C1e,

for some constants Cy,Cq7 > 0. Then for any mi,me > 0, and every a > 0 there is a
constructive ey = ey (a, Cpy, C1) := |Cola3/(2|C1|) > 0 such that for every e € (0,ey) there
holds

t s
/ / / e~volt=r) w(u)|h(r, X, u)| dudrdv.ds
0 J)|ve|<m1 JO lu|<mg

< D*mimiate 0 sup [e”OSHhSHLw(Os)}
s€[0,¢] ¢

+ 21/2Dm§/2m§/2w(m2)t2a73/2\00\*1/2t267”0t sup |:€V05HhSHL2(Os):| .
s€[0,t]

where we recall that D > 0 is the volume of the 3—dimensional ball of radius 1.

Remark 3.3.9. We also notice that Lemma 3.3.8 is independent of either geometrical
Assumption (RH1) or (RH2).

Proof. The proof follows the main ideas of that of (K3). We split the integral on the LHS
into I1 + I where

t s
L = // / e~volt=n) w(u)lh(r, X, u)|dudrdv.ds
0 Jiv«|<my Js—a lu|<mg
< D'mimiate™ sup [egs]l 0]
s€[0,t]

and

t s—a
I ;:/ / / e‘”‘)(t_r)/ w(u)|h(r, X, u)| dudrdv.ds.
0 Jlve|<ma JO u[<ma2
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We now remark that if s —r > « and € € (0,ey), with ey as defined above, there holds

det V,, X (v, 200043—0152@&34- @a?’—Cle >@a3.

To control then Iy we perform the change of variables X — z, and using the above
computations we have that

I, < t*w(mg)e ™! sup [e”or </ / ]h(r,X,u)]dudv,F)]
0<r<s—a<s<t [ve|<mi J|u|<ma

1/2
D3 m3 %w(ms) 2™ sup [ ( / / |h<r,x,u>|2dudv*> ]
0<r<s—a<s<t [vs|<mi J|u|<mg

< Dmi’mmgﬂw(mg) t2e Vot

1 1/2
X su eror / / h(r,z,u)|? —————dudx
0§r§s—£<s§t{ (zeﬁf Iu\§m2| ( ) |detV,, X (vs)] ) ]

< 21/2Dm§/2m§/2W(m2) t2|00’_1/204_3/26_l/0t Sl[lopt] {BVOSHthL?(OE)} .
s€|0,

IN

where we have used the Cauchy-Schwarz inequality to obtain the second line. O

3.3.4 Regularizing effect of K

We will now use the previous lemmas to prove the regularizing character of the interplay
between the free transport semigroup S and the non-local operator K.

Proposition 3.3.10. Consider Assumption (RH1) to hold, w1 € 201 a strongly confining
admissible weight function, and let f be a solution of Equation (3.3.2). For every A >0
there is e9 = e2(\,T') such that for every € € (0,e3) and every vs € (0,v9) we have that for
every (t,x,v) € U5 with v ¢ S, there holds

(0)|S7 0 Kf(tm0)| € A(¢+ e sup [ sl g5 09| + Cte™ | foll 2s o)
s€|0,t

FCEEM sup [ fld + C(1+ B sup [@Gulle 00
SE[O,t] SG[O,t] wiv

for a constant C' = C(X) > 0, and any o € [0,t] such that v — v(t — o) € Q°. Furthermore,
there holds C(A\) S AP for some constant p > 0.

Remark 3.3.11. The techniques are mainly taken from the computations performed during
the proof of [110, Theorem 2.4] and we repeat it in order to later generalize these ideas to
cylindrical domains.

Proof of Proposition 3.5.10. We fix (t,z,v) € U with v ¢ S, we set

J:=w1(v)|S7 *¢ Kf(t,xz,v)] = wi(v) /t Sz (t—s)Kf(s,z,v)ds|,

and we split the proof into four steps.
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Step 1. (A first control on J) By using (K1) we deduce that for every N; > 0 there is
m1(N1) > 0 such that

1 — U vos
T< e s %1 fellzs (09)] + S o Komy (@1 (0)] F(E 2, 0)]) (3.3.9)
s€|0,t

where we recall that K,,, has been defined in (K1). Moreover, for each s € [o,t] we denote
zs 1=y —v(t — s), and for any constant ag > 0 we define kom, = L{jn(z,)-v,|>a0}km, and
the modified non-local operator

Kom, h(v) = / Koy (0,0 h(v,) .. (3.3.10)
R
We then have that S5 %5 K, (w1 (v)|f(t, 2, v)|) = Jo + T where

t
B0 1= [ e [ gy (00001 (02)| 520, v2) s,
o R

and
_ t
J o= / 67”(”)(’575)/ ko, (v, v5)w1 (V)| f (s, 2, vi)|dvsds
0 |U*|§m17‘nzs‘v*|§o¢0
t ao
< Ckml/ e 09| £l oo (0=)ds dvf‘"/ dvt
0 “ —ag vz |<ma
< QCkszllOéotefyot sup [GVOSHfSHLgol(@s)}
s€0,t]
where we have used the change of variables v2*" = [n(zs) - vi|n(zs) and v} = v, — V2" to

obtain the second line together with (3.3.5). The above computations together with (3.3.9)
give that

1
J< ( + 2CkDm‘11ag> te ! sup [e”OSHfSHLgo (@a)} + Jp.
N s€[0,t] !

We remark now that [108, Lemma 17] gives that ¥§ and S,, have Lebesgue measure
zero. Due to this fact, we may rewrite Jo being integrated over the set v, € R3\ S,.. This
implies that, since v ¢ Sy and v, ¢ Sy, we may define (s1,x1,v1), with (z1,v) ¢ X§, as the
point of the first bounce against the boundary through the backwards trajectory starting at
(s, s, vs), and which is given by (3.1.25). In particular, we remark that 1 = x5 —v.(s—s1).

Moreover, it is worth remarking that when s; < 0 we reach the initial time ¢ = 0 along
the backwards trajectory, on the contrary if s; > 0 then along the backwards trajectory we
reach the boundary at the time s — s;. Using the Duhamel formula we deduce then that

S

f(svxsav*) = 1{S1§0}S,7(8)f0($87 U*) + (0 }S?(S - T)Kf(r7 xS7U*)dT
max{0,s1

+ S7(s —1)G(r, w5, v )dr + 15 50357 (s — 51) f(51,71,04), (3.3.11)

max{0,s1 }

where we remark that S (s — s1)f(s1, s, v4) = e V)50 f(s 21, v,). Putting (3.3.11)
into the expression of Jg we have that

Jo < T1+To+ T3+ Ty, (3.3.12)
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where we have defined
t
3 = / o v(t-9) / Ko (0,02) wi(02) [S7(5) fols, v4) | dueds,
o R
t
Jg = /eiu(tis)/ k07m1(vvv*)w1(v*)
o R3
t
J3 = /ef”(tfs)/ ko.m, (v, v4) wi(v4)
R3

Jy = 6_V(t_s)/ ko .my (v, 02) €77 0y (0,) [ £ (51, 21, v.) | dvsds,
R3

g

Sﬂ >krnax(O,sl) Kf(syx57 U*) dv*ds,

Sy *max(o,sl) G(S,I’S,’U*) dU*dS7

> 9

and we will control now each term separately. Using the formula of k,,, defined in (3.3.5)
we first compute

t
3 = e_”ot//Rsk'ml(v,v*)wl(v*ﬂfo(x—(t—s)v—sv*,v*)|dv*ds

CwDmite™""|| fo e (©9)

IN

and using (K2) we deduce that for every v € (0,14) we have

t
J3 < sup |:6V28||G5”Loo _l(oa):|/ e_VO(t_s)e_”Qs/ km, (v, vy )dvsds
Vo — V2 s¢lo,t] wyv o R3
vit _
< CymiD e "2 sup {GVQSHGSHLOO _1(05)}.
Vo — V2 s€[0,1] wiv

Using now (K1) we deduce that for any Ny > 0 there is mga(N2) > 0 such that

t 1
~ —v(v)(t—s) T e, 0S vor
Jo < /U e /R3 k‘o’ml(v,v*) <N2 se "% sup [e 0 ||fr||L3}ol(os)}> dv.ds

rel0,s]
t
+/ oV (v)(t=s) /R3 komy (0, 04) (S7 % Ky (w1 (vs)| f (5, 25, v4)|) dvsds.
= I+ 7%,

and we will deal with each term separately. On the one hand we compute

1 t
~K —vpt VoS
J < —e " sup e’ fsllroo (o¢ // k v, Vy) s dv,ds
! Ny se[ol,)t} [ ” sHLwl(o )} 0 5 O,ml( )

t
< CymiD—e " sup €% fsllnee (09)] »
1 N2 se[O,t] |: 5 ""1( ):|

where we have used again the definition of k,,, given in (3.3.5). On the other hand, to
control JX we first observe that

t s
7K < (Ck)2m1m2/ / / evo(t=7) / wi(u) | f(r,zs — (s — r)u, u)| dudrdv,ds,
0 0
[vs|[<ma lu|<ma
and since

|detV,, (x5 — (s — r)u)| = |[detV,, (z — (t — s)vx — (s —r)u)| = |t — 5|
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we can apply (K3) and it yields that for every oy > 0 there holds
35( < C,%Dzm%mgalte_yot Sl[zp] {GVOstsHLgfi (Os)i|
s€|0,t

0t sup €77 fsllad] -
s€[0,¢]
Altogether we have obtained that

Ckszll

1
J < + 2C,.Dmfag + + CED*mimiay | te™°t sup {e”OSHszLgo (Oe):|
N sefo,1] !

vt

+CkDm%t€_yt||fo||Liﬁ () + CrDmi e sup [eystGs”Liv—l(Oa)]

vy — 12 5€[0,t]

+CEDm; my ™ o (ma)ag % sup (67| ulld + 3
s€(0,t

where there is only left to control the boundary term J4. We remark that

t
Jy = /e_”(”)(t_s)/sko,ml(v,U*)e_”(”*)(s_sl)wl(v*)]f(sl,xl,v*)]d’u*ds
R

oz

¢
< / / efyo(tfsl)kojml(v, v w1 (V)] f (81,21, v4)| dusds,

ag
[vs|<ma, n(as)-vs | >0

where we recall that the expression on the second line is due to the very definition of kg, .
We recall that x5 — (s — s1)v. = 21, and since by definition (x1,v,) € 3, the Maxwell
boundary condition applies and we have that

flst,z1,04) = (1= 5(21) L f(s1,21,00) + 5 (21) D [ (81,21, 04)
= (1= (@) f(s1, 01, Vay ) + 5 (@1) A (04) f (51, 1)
We then have that J4 < J3° + 32, where

"= / / oy (v, v )0 ey (0,) (1= o (1)) |F (51, 21, Vi, 02)| dvd3.3.13)

2 1 (s1, a;l)‘ duv.ds.  (3.3.14)

Step 2. (Control of 35 ) For any small parameter a1 > 0 we define the non-local operator
K1 h(v) = / oty (0,0 h(02) v,
R

where k1 m, (v, V) = L{jn(z1)v.|>a0.1150,m1 (U, 0x), and we also define

t
’Jo = /J /]R3 kl,ml (U,v*)efl/o(tfm)wl(v*) |f(51’$1,vx111*)\ dv.ds.

Proceeding then as during the Step 1 of this proof we have that

jS = g + / / ko,ml (’U, U*)e_m(t_Sl)wl (U*) |f(817 zy, V$1U*)| dv.ds

[n(z1)-v«|<oo,1

S ¢ (t—s1) a0t L

~ — U —S ar

5 +C’km1/ e OV fs [l oo (Os)dS/ do? / dvy,
o ! —ao,1 vy |<my

35 + 20k Dmianate™ sup [**1flz 09
s€(0,t

IN

IN
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where we have used the change of variables v!*" = [n(z1) - viJn(z1) and v} = v, — 02"

together with the definition of k,,, given by (3.3.5) to obtain the second line. We remark
now that
Vv = Joaf,and (@) - Veyvi| = (1) - v,

and we recall that [108, Lemma 17] gives that the singular set S,, has Lebesgue measure
zero. Therefore we deduce that we can integrate the expression of Jg on the set

{|VI1U*| < my, |n($1) : V:rlv*| > O40,1} \ le-

We can then apply Lemma 3.3.4 and that there is €3 = er(a, M, T) such that for every
e € (0,&}) there is only one bounce against the backwards trajectory, hence applying the
Duhamel formula as before we obtain that

(81,21, Vi, vs) = S (s1) fo(z1, Vayvs) + S x K f(s1, 21, Va, 0) + Sz % G(81, 1, Vi, Vs).
(3.3.15)

where
3‘19 = /at /RS k1,m, (v, v*)e_”o(t_sl)wl(v*)|Sg(51)f0(:n1, Vi, Us)|dvsds,
I35 = /gt /R3 k1 m, (v, 0,)e" 05001 (1,)[S 5 % K f(s1, 21, Ve, vs) |dvsds,
I35 = /Ut /RS k1,m, (v, v,)e 03001 (1,)[S 7 % G(s1, 1, Ve, vs)|dvyds,

and we proceed to control each of these terms separately. First we remark that wy(V,,v) =
w1 (v), thus we deduce that

37 < CkDmete_VOtHfoHng (09)5

and using (K1)-(K2) we also deduce that for every vy € (0,19) there holds

t
~ 4! v (t—
75 < sup [e”QSHGSHLoo _1(@5)]// et SVer281fy (v, v,)dv,ds
Vo — V2 s¢lo,t] wiv o JR3
Vlt €_V2t

< Ckszll

o [e=Gle 0]
Vo — V2 s€[0,] w1y

Furthermore, to control J5 we use (K1) so that for every N3 > 0 there is m3(N3) > 0
satisfying

t

~ 4 — ~

J5 < Ck:Dm1ﬁ€ ot sup [e”“s\lfslngo ((’)5)} +350,
3 s€[0,t] !

where we have defined
t
3o = [ [ o (0,002 S5 Koy (1(02)| (51,21, Vi 02)]) v,

To control then 3*; o we first use the expression of k,,, given by (3.3.5) and we have that

t s
3;0 < C’,%mlmg/ / / s eml=n) / w1 (us)| f (21— (Vi v4) (51—7)), us ) |[dusdrdu,ds.
0 0

[vs|<ma [us|[<mg

We then have the following lemma, whose proof will be provided in Appendix 3.9.
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Lemma 3.3.12. Assume |vi|< mq for some m; > 0, and we define X(vy) = x1 —
Vi, Vs(s1 — ). There holds

det V,, (X(v,)) = (s — )2 + O(e).

We then deduce that Lemma 3.3.12 together with Lemma 3.3.8, we deduce that for

every ag > 0 there is €3 = ey(ag) > 0 such that for every ¢ € (0, min(e},e3)) there holds

~ 212, 4 4 -
Jg,o < CiD*mimsazte ™" Sl[lp] {€V°S||fs||Lgol(0€)}
s€(0,t

143/2 _143/2 —3/2,2 _
+ 21/2w1(m3) C? DmlJr / m3+ / a, /242 oot sup [€"°°| fslln] -
s€[0,t]
We conclude this step by putting together the estimates to control the specular reflection
and we obtain that

t
3% < (QCkDmilOéo,1 + CpDmi— + CﬁDzmi‘méaﬂ) e~ sup [eyostsHLSf (OE)}
N3 s€[0,4] 1

Vlt

+CkDmilt€_V0t"f0‘|Lg° (©9) + CkDmil e_Vzt sup |:6V25HGS||LOO 1(@5)]
1 Vo — 12 s€[0,t] wive
+220; (mg) C2my T3P my T2 0, 321270t sup [€40%)) fal ]
s€[0,¢]

for every vy € (0, 1p).

Step 8. (Control of 3P ) From the very definition of J” we first observe the following
elementary inequality

t
32 < [ [ Ko (00 [ (s a)] (nln) ) dusdods

where we have used the fact that .Zw; < 1. We then apply (K4) so that for every A; > 0
there are M7y,n > 0 such that

t
o JR3

X l/\1||fsl||Lg<i(os) + | f (51,1, us)| (R - Us) 4 | dusdvgds

/|u*|<M1, ey -ul>n

< Alc’kDméllte_”Ot Sl[lp] {e”05||fs||Lgol(oa)} + JOD
s€|0,t

where we have defined
t
jOD . / / Ky (v, U*)e_yo(t_sl) [f (51, @1, )| (N - wa) 4 dusdods.
o JR3 [us| <M1, [nay ul>n

Arguing as during the first Duhamel decomposition of this proof we deduce that we may
rewrite the previous integral as being integrated over the set

{’u*‘ < M, ‘nm u*| > 77}\51?17

thus we may apply Lemma 3.3.4 and we deduce that there is €3 = eg(n, My, T) such that
for every £ € (0, min(ed, €2, £3)) there is only one bounce against the backwards trajectory.
Hence applying Duhamel’s principle as in the Step 2 we get that

f(s1,m1,us) = Sz (s1) fo(x1,us) + Sz x K f(s1,21,u) + Sz % G(s1,21,ux).  (3.3.16)
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We then have that
3P <P 43P 490,

with
t
W= [ hee [ S (s ol ) (s, - ) dusdv.ds,
o JR
x| <M, [y -ul>n
t
o= / ke, (v, v, )e0lE=51) / |S7 x Kf(s1,x1,us)| (Ngy - Ux)4dusdv,ds,
o JR3
[us| <M1, |nay -u|>n
t
3D = / /3km1(v,v*)e*l’°(t751) / |S 7 * G(s1,21,us)| (N, - ux)dusdvsds,
o JR

[us | <M1, ‘”zl ul>n
and we will control each of these terms separately. On the one hand, we observe that
~D 2, Anrd, —
Jp7 < CpD*miMjyte VOtHfoHLgol(OEy

and on the other, we have that for every vy € (0, 1) there holds

t
B < [ he)e [ )85 % Gst )] ufdu.du.ds
0 | M iy >
v - t
< A ety [eugsHGsHLoo _1(05)]/ / kml(v,v*)/ |us|dusdu,ds
Vo — 2 5€[0,t] wiv o JR? lux| <M
v1Cp D*mi Mt
S 1VE 171 e_VZt sup |:el’28”GsHLoo 1(05):|
o — 12 s€[0,4] w1y

where we have used that w; > 1 on the first line, (K2) to obtain the second and the
definition of k,,, given by (3.3.5) to obtain the third inequality. To analyze J¥ we use
(K1) so that for every Ny > 0 there is m4(NN4) > 0 for which there holds

t
3D < / /11{3 Ko, (v, vy )e 0 E=51) / w1 (ux) |Sz * Kf(s1, 21, us)| |us]|dusdv.ds

s | <M1, [ -ul>n

t s1
< [ [ Emugenten [ [T et
o JR3 |u*|§M1 0
1
< (I alliz 0+ [ Bl )or 100 = (o1~ 1)), u)ldu’ ) drdu,do.ds
4 1 R3
2D%*m{M{ !
< = Lol gyp |e08 0o (e —I—// ko, (U, 4 / Uy
Ny se[OI,)t]{ HfSHLwl(O )} o JR3 ma (0:04) {Iu*ISMl}‘ |
51
X/ e*VO(t*T)/gkm4(u*7u/)wl<u/)’f(raxl — (51 —r))u*,ul)\du'drdu*dv*ds
0 R
t2C2D?*miM? —y s
< lele ol sup [e 0 HfSHLSO (Os)} +C’,§m1m4M1 jgo
4 s€[0,t] !

where we have used the fact that w; > 1 in the first inequality, (K3) to obtain the second
inequality, (3.3.5) to obtain the third and fourth inequalities and we have defined

t 51
7P, :/ / / / e_”o(t_r)/ w )| f(r, x1—us(s1—7),u')|du'drdusdv,.ds.
' o J|v«|<mi J|ux|<Mq JO [u/|<my
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Furthermore, we remark that
|det Vi, (21 — us (51 — 7)) = |51 — 73,

thus using (K3) we have that for every a4 > 0 there holds

’JzD’O < D? m‘z’ Ml?’ mi aste 7 sup [€VOS||szLgo (Oe)]
s€[0,t] !
+ DPmd My P wn (ma) o £ 70 sup (€] fill]
s€[0,t]
jD

Putting together the above estimates controlling the diffusion term we have that

t*CED*mi M}

~D 4
J° < [ MCrDmit
S < 10 UMy + N4

+ C,?D?’m‘fomﬁa4t> e~ vot s1[1p] {eyostsHLgol (Oe)jl
s€(0,t

2, 4714

1/10 D m M t _

k 17717 —vat sup 6V2S||Gs||L°° L(09)
7/0 - I/2 SE[O,t] wivT

+CEDmimy My (mayar e sup (60 ol
s€(0,t

+CkD2mf‘Mft€_”0tHf0||Lg°1 09+

for every 15 € (0,1p).

Step 4. (Choice of the parameters) Putting together the estimates from Steps 1, 2 and 3
we get that for every vy € (0,19) there holds

~ 2\ —uvot —vot
1<Cy <t+t )e o ssel[lopﬂ [GVOSHfSHL?fi(OS)} + Cote™0 HfoHLgol(@s)

+Cst?e™ sup ["0°|| fillz] + Cate™" sup |”*||Gall= (0],
wlv

s€[0,t] s€[0,t]
where
1 CrpDmf 1
C1 = — +20,Dmi(ap+ ag1) + bl R CED*mimsoq + Cr.Dm{—
N No N3
02D2 4M4
+ORD mimias + MO, Dmt + % + C2D3mAMAmiay,
4
Cy = CkDmil + CkDmil -+ CkDZmzllM{l,
Cy = 90;3Dm}+3/2m$+3/2w1(mg)al_3/2 i 23/2w1(m3)0£m1+3/2m§+3/2a2_3/2
+C’,§D2milmi+3/2M11+3/2w1 (m4)a23/2,
v
o o= _1V2 (ckDm;1 + C,Dm? + C’kDQm‘lle‘) .
We then set
o Ni =9X"! and this fixes my, o as = \N9CED*mimi)~,
o ag+ap1 = AN18C,Dm})~1, e A\ = \(9C,Dm})~! fixing My,
o Ny =9C,DmiA~! fixing mo, o Ny = 902D*mi{MiA~" and this fixes
my,

o a1 = A9CED?*mim3)~t,

e N3 = 9C, DA~ and this fixes ms » a1 = MG D mimiM;) ™,
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This implies that C7 < A\, we then define C' = max(Cs, C3,Cy) and we observe that,
since the constants that define C' come from (K1), (K3) and (K4), there is a constant p > 0
such that C' < A7P and we conclude by setting o = min(ed, €2, £3). O

3.3.5 Pointwise estimate on the trajectories

We now use the regularization estimate given by Proposition 3.3.10 to obtain a point-wise
control on the solutions of Equation (3.3.2).

Proposition 3.3.13. Consider Assumption (RH1) to hold, w1 € 201 a strongly confining
weight function, and let f be a solution of Equation (3.3.2). For every A\ > 0 there is a
constructive €3 = e3(\,T) > 0 such that for every € € (0,e3), every t € [0,T], and every
va € (0,10), we have that for every (z,v) € O°, v ¢ Sy (v) there holds

()| f(t2,0)| < [T =10+ AL+t +12)] et up (€11 fsll2s (09) | +C (1) fol s o)
se|0,

+ 0P sup [0 £l + O+ 0 sup [ Gl 00,
SE[O,t] SG[O,t] wyv

for some constant C' = C(X) > 0. Moreover, there is p > 0 such that C S A7P.

Proof. We split the proof into four steps.

Step 1. (Duhamel decomposition) We denote the point (¢1,z1,v1) as the first collision
through the backwards trajectory as defined in (3.1.25), and we remark that we have
x1 = x —v(t —t1). We observe that if ¢t; < 0, then along the backwards trajectory we
reach the initial time ¢ = 0, on the contrary if £; > 0 then along the backward trajectory
we reach the boundary at the time ¢ — t1. Using Duhamel’s formula we then have that

t
f(t’ I', ’U) = ]_{tlgo}sy(t)fo(:l},’l)) + / {Ot } Sy(t - S)Kf(s, x7v)d8
max{0,t1
t
+ 0 S7(t—s)G(s,x,v)ds + 1y, 50y S7(t — t1) f(t1,z,v), (3.3.17)
max{0,t1

where we remark that Sz (t — t1)f(t1, z,v) = e V1) f(#) 21, v). We multiply both
sides of (3.3.17) by w; and we get that

w1 () f(t,z,0) < ey ()| folz, v)|+wi (v)[S7 %0 K f(t,x,0)] + w1 (v)|S7 *4 G(t, z,v)|
eV O g ()| f(ty, 21, 0)]
= j1+<ﬂ2+‘ﬂ3+j4’

where we have defined 0 = max(0, ;) and we will control each of these terms separately.
We first bound

A1 = e (0) | folw, 0)|< e foll s (0
and by using (K2) we have that for every vy € (0, 1) there holds

4!

t
7 :/ S (t — 8)G(s,x,v)ds <

e vat sup eVQSHGSHLoo (09| -
Vo — 12 s€[0,t] wiv

Furthermore, using Proposition 3.3.10 we have that for every A\; > 0 there is e} :=

e2(A1,T) > 0 such that for every e € (0,e3) and every vy € (0,1p) there is a constant
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Cy = C1(A1) > 0 such that
]3 = wl(’l))’Sy *o Kf(t,x,v)|

< M(t+t%)e ™" sup [GVOSHfSHLOO (06)] + Crte ™| foll Lo (02)
s€[0,¢] “1 “1

O sup [ 5 + Co(L+ e sup Gl on)]
s€[0,t] s€(0,¢] “r

furthermore there are c¢1, p1 > 0 such that Cq < cl)\fp . To control now the boundary term
J4 we have that (z1,v) € X¢, thus the Maxwell boundary condition gives that

flti,z1,v) = (1 —5(x1) L f(t1, z1,v) + (1) D f(t1, 21, 0)

= (1= (20)) f(t1, 21, Vay v) 4 05 (1) (v) f (11, 21),
and we have that
Ty < (1= 10)e @00 (0)| f(t1, 21, Vi, v)| + eV 0)0E—1)

< (1— 1) sup [e”os\lszng(OE)} +.77,
s€[0,t]

f(tl,l‘l)‘

where we have used that wy .Z < 1 and we have defined .#P := ¢~ »(®)(t—t1)

f(tl,xl)’.

Step 2. (Control of the diffusive reflection) To control the diffusive boundary condition we
first use (K4) so that for every Ay > 0 there are M,n > 0 such that

IV < dae sup [l 0n)] + 4
s€(0,t]

where we have used that w; > 1 and we have defined
R CICA / w1 (@) (t, 21, w)| (n(21) - w)du
lul <M, [n(z1)-u|>n

Arguing as during the Step 3 of the proof of Proposition 3.3.10 we have that S;, has zero
Lebesgue measure, thus % can be integrated on the set

{lul <M, [n(x1) - ul =0} \ S, -

We apply then Lemma 3.3.4, thus there is 6% := er(n, M, T) such that for every e €
(0, min(e},€2)) there is no more bounce against the boundary through the backwards
trajectory. We use then the Duhamel formula once again and we have that

f(t1,z1,u) = Sz(t1) fo(wr,u) + Sz * Kf(t1,z1,u) + Sz * G(t1, 21, u).

Hence
jOD < )\ze—uot sup |:€V08Hf8||LE;O (OE)} + le + f2D + f?)D,
s€(0,t] !
where
gP = et w1 (w)[Sz (t1) fo(z1, u)|(ng - u)du,
[ul <M, [n(z1)-ul>n
IP = eIt wi(u)|Sz * K f(t1, 21, )| (ne, - w)du,
[u| <M, [n(z1)-u|>n
IP = e wi(u)|Sz * G(t1, z1,u)|(nay - u)du,

[ul <M, [n(z1)-ul>n



194 Chapter 3. The Boltzmann equation on smooth and cylindrical domains.

and we will control each of these terms separately. We observe first that

I < DM fol| 1 09, (3.3.18)
and using (K2) we have that for every v, € (0,19) there holds
FP = erl-t) wi1(u)|Sz * G(t1, z1,u)|(ng, - u)du

ul <M, [n(z1)-ul>n

< I G om0t [

V1 — V0 se(0,t] wir=! {lu.| <M}
< DMt o [ Gl on)].
V1= s€[0,1] wiv—t

To control the remaining term J3D we apply Proposition 3.3.10 and we have that for
every A3 > 0 there is €3 := e3(\3, T) such that for every ¢ € (0, min(ei, 2, 3)) there holds
that for every vy € (0,1p) there is a constant C3(A3) > 0 such that

IP < DM*Xs(t + t%)e ! i [SVOSHszLgol (@E)} + DM Cyte™"|| fol| ex (o)
s€|0,t

+ DMACst2 et sup [€"0%|| fs|ln] + DMAC3(1 + t)e ™2t sup |:€V2S||GS||LOO 9| 5
s€[0,t] s€(0,t] wir!

(3.3.19)
furthermore there are c3,p > 0 such that C' < c3A5”.
Step 3. (Choice of the parameters) We deduce from Steps 2 and 3 that for every ¢ €

(0, min(e}, €3, 3)) there holds

S € (L=t do)e™ sup [ 1 fslligs 00)| + A + 5 + 7P
s€(0,t

(=0 (a4 DI ) (1 04 3] 7 sup [ 00

+ (DM4 + DM403) (1+t)e ™| foll oo (02) + DM*Cst*e™ 0! i CEHIFAN
se€|0,t

+ (DM4 V_l + DM4C3) (1+t)e 2" sup {el’?SHGSHLoo _1(05)] .
v — 1 s€(0,4] wrv

IN

Altogether we have that

aEf 0l <€ (1) s [ filliz 00)] + 1+ D Mol 0n
s€(0,t

+ ( AL+ Ao+ DM4/\3) (1+t+t%)e " sup |:€V08Hf5”L$o (@E)}
s€[0,t] !

3 sup [0l + Ta(1+ e sup [Gulz 00
SE[O,t] SE[O,t] wiv

with the constants
J,=14Ci + DM*+ DM*Cs, J9 = Cy + DM*C5,
and

141
by — 12

Iy = (1 T DM4) + Oy + DM*Cs.

We choose then A\; = Ao = \/3, A3 = \/(3DM*), we take e3 = min(ed, €%, £3), we define
C'(A) = max (J1,J2,T3) thus C(\) < AP, for some p > 0. This concludes the proof. [
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3.3.6 Weighted L> control for solutions of Equation (3.3.2)

In this subsection we use the estimate given by Proposition 3.3.13 to deduce a weighted
L control on the solutions of Equation (3.3.2).

Proposition 3.3.14. Consider Assumption (RH1) to hold, w1 € 21 a strongly confining
admissible weight function, and let f be a solution of Equation (3.3.2). There is 4 =
e4(T) > 0 such that for every € € (0,e4) there holds

el res (02) < CAFT)(A+T+T*)Pe™ | foll s (05 +C (LHT+T?)PT?e ™! s [€70° ] £sl2]
se|0,

+C(L+T+T?P(1+T)e ™! . e Gsllzee 0] -
s€(0,t “rv

for every t € [0,T], and some universal constants C,p > 0.

Proof. We consider (t,z,v) € U5 such that v ¢ S, then Proposition 3.3.13 implies that
for every \ > 0 there is g4 := e3(\, T') such that for every € € (0,e4) and every vy € (0, )
there holds

w1 (v)|f(t, z,v)| < [1 — 10+ A1+t +t2)} e Vot Sel[l()pt] [eyostsHqu (OE)}"H:(LH) " foll g (00
s 5

+ete sup [l + e(1+ 9 sup [2Gullze 0n)]
SG[O,t} SG[O,t] wv

for every ¢t € [0,7] and some constant ¢ > 0 such that ¢ < CoA™? for some constants
Co,p > 0.

We recall [108, Lemma 17] implies that S, has Lebesgue measure zero. Therefore we
may take the L°°(R?) norm first and then the L () norm on the above estimate and we
have that

||ftHL5°1 (09) < [1 — g + )\(1 +t+ tQ)} sup |:€V08”fs||Loo Oe }—i—c 1—|—t VOtHfOHLEfl (09)

se[o t]

—{—Ct2€_yot sup [euost H’H] —|—C(1—|—t —vat sup |:6V25||G HLOO _1(0%) |
s€[0.4] s€[0,t]

for every t € [0,7]. We then choose A = 19(2(1 + T + T?))~!, we absorb the small
contributions, and we conclude by setting C' = 2Cy(2 — 19) ™!, and using the fact that
c < CoA7P. O

3.3.7 Proof of Proposition 3.3.1

We split the proof into two steps.
Step 1. (Choice of parameters and L? estimate) We choose T' > 0 large enough such that

C1(1+T)(1 +T +T?Pe /2 <1,

where C; > 0 is given by Proposition 3.3.14, and we set e} = min(e4(T),1/2, /10 /K*),
where e4(T") > 0 is given by Proposition 3.3.14 and we recall that x* > 0 is given by
Theorem 3.2.1.

We remark that since wy € 20y, then wy(v) = e¢I** with ¢ € (1/4,1/2), and a direct
computation implies that L>° ,(O%) C H.

wiv—l
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We recall the hypocoercivity norm |[|-|| given by Theorem 3.2.1 and the equivalency
relation (3.2.2). We now denote by S the semigroup generated by the solutions of
Equation (3.1.13), which is given by Theorem 3.6.8 and Remark 3.6.9, and using the
Duhamel formula we have that

ftzsf(t)fo-l-/oth(t—s)Gsds Vvt > 0.

Using the fact that (Gi)o- = 0 for every t > 0, the decay estimate (3.2.3), and the
equivalency relation (3.2.2), we then have that

t t

_x 2 exo2(4
Ifell < e= =l foll +t/ VG ds,

e EEIG | ds < e fol + et
0

e
0

where the constant ¢ > 0 is given by Theorem 3.2.1. Using now the fact that L7 ,(0°) C
H, we remark that

1/2
Gl s ([ de)  1Gls, o Se P16l o (3320
thus we deduce that there is a constant C5 > 0 such that

*e2 _ k2 * .2
I£) < e foll + Cat? e/ e e sep, e Gl 09| (3.3.21)
s€[0,t w1y

where k* > 0 is given by Theorem 3.2.1. Putting together the estimate given by
Proposition 3.3.14 and (3.3.21) we have that for every ¢ € (0,¢]), every vy € (0,19),
and ko € (0, k*) there holds

1fillg ) < Crl+ DA+ T +T%)Pe™|follLg 00y + CLT* (A +T + T2 fo]

+C1(1+T+ T2)p(1 + T)e_Vzt 51[10p} [eustGS”Lool l(os)]
s€[0,t w1y

+CLO TH (L + T + TP e3/% o™t o FEOSQSIIGSHL@ 1(05)] ,
s€(0,t wiv

where we have used the fact that vy — x*(£)2 > 0 due to our choice of 1.

We then set § = min(vg, £*)/8, vo = €20 and kg = 0. We remark that these choices are
possible due to the fact that ¢ < 1/2 and 6 < vg/2, thus €20 € (0,1) and to the fact that
0 € (0,K%).

Putting everything together we have that

—20, 2 —20, 2
1f7llrgs o) < € 25 foll g 09y + Cre” =l fol

+873/2CT67052T sup |:€9628HGSHLOO 1(@5):|, (3322)
s€[0,T] w1y

and

—20, 2 —20 2
1fell s 0y < Cre™ I folles (o) + Cre™= "l foll

+e32Cre % sup |:69€28HG5HL00 1(@5)}, (3.3.23)
s€[0,t] w1y

for some constant Cp > 0 and where (3.3.23) holds for all ¢ € [0, T].
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Step 2. (Decay estimate) We now set

2 2 2
Xi =" fll oo @), Yii= NSl and @y, = sup [0 Gulle (0] -
“1 SG[to,tﬂ w1v

Translating (3.3.21) with ¢ = T, and (3.3.22) into this new notations we observe that
Yr < 679€2T}/0 + Cy 32 D 7, and Xp < 679€2TX() + CT(B*@EQTYE) + 873/2CT(I)0,T.

We define £; = min(el, (§T) 1 log2) so that ¢?**7 — 1 < 1, and we introduce a constant
B > 0 defined by
0e2T
= 1
=g (7 -1),

so that, due to our choice of £1, there holds 5Cr < 1/2 and simultaneously

1 (1 + 6_652T> <1, Ve>D0.

0= e T (14 BCr) = 5

We then have that
Zp =Y+ BXp < (14 BCr)e T (Yy+ BXo) + e *2(BCr + CoT)®o.1
0Z 4 e3/2 (2 + CQT) D7, (3.3.24)

IA

where we have used the fact that SC7 < 1/2 due to the choice of . On the other hand,
using (3.3.23) and again our choice of 5 we have that

3
Z < e e 0" 7y + 732 (2 + 02T> ®o; V0,7 (3.3.25)

Then for any ¢ € R there is n € N such that ¢ € [nT, (n + 1)T) and iterating first (3.3.24)
we have

IN

Zi

n—1
I Zi_ 1 —|—5_3/2< +02T> Qi (Z 19k>

k=0
n—1

< —19”Z +5‘3/2< +02T> (Z ﬂk) Doz
k=0

where we have used (3.3.25) on the second line. Using the previous estimate we deduce
that

2 3 2
B N il 00y £ 21 < 520+ C e { o SIIGSIILEN(@E)] vt > 0,
S

where
e (o) (o) e (Liog) o = (Lo
—e Pt eT )\ L = (3t OT) = e (1 T
Finally, we observe that (3.2.2) and (3.3.20) imply together that
Zo 5 |l follegs (o) + [l folln S & 3/2||f0||L3°1((’)5)>
Altogether, using the definition of 8 and ¢ we have that

—3/20/ 8—3/20/

92t 92
00 < Wil o gy 1 e 2, [ Gl c00)

for some constant C’ > 0 independent of €. So we conclude by taking
5—3/20/
(97T — 1) (1 — ¢ 0°T)’
and remarking that C(e) — oo as ¢ — 0. O

C(e) =
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3.4 Stretching method for strongly confining weights in
cylindrical domains

Throughout this section we assume Assumption (RH2) to hold and we will prove the same
result as in Proposition 3.3.1 within this framework.

Proposition 3.4.1. Consider Assumption (RH2) to hold, wi € 201 a strongly confining
weight function, and let f be a solution of Equation (3.1.21). There are constructive
constants €5,0 > 0 such that for every € € (0,e5) there holds

_pe2 2
1l 00y < Ce th(nfoumew sup |t HGsuLgolu_lws)D Vi >0, (3.4.)

s€[0,¢]
for some constant C' = C(e) > 0 such that C(e) — o0 as e — 0.

We remark that the ideas developed during Section 3.3 do not immediately apply to
cylindrical domains due to the presence of irregularities at the boundary. However, we can
still provide a weighted L* control for the solutions of Equation (3.1.21) by using a more
delicate control on the trajectories of particles within the cylinder.

To do this we will exploit the geometrical properties of the domain described in
Assumption (RH2), which will be expressed through a series of preliminary lemmas in
the next subsection. Furthermore, we remark that the rest of this section is structured as
Section 3.3.

3.4.1 Preliminary lemmas

We present now the coordinates of multiple consecutive collisions along the boundary set
presenting specular reflections, A§. To be more precise, we consider (tg, zo,v9) € U and we
define the sequence (ty,xn,vN), as long as it makes sense, of specular collisions following
the backwards trajectories as follows

ty(rn—1,VNn-1) = inf{s >0; X(—s,0,zn_1,0n-1) & Q°},
tn(tv—1,zN-1,9n-1) = ty_1—t(zN_1,UN-1), (3.4.2)
eN(IN-1,ZN-1,UN-1) = TN-1—UN-1(tN=1 —IN), o
UN(N-1,ZN-1,UN-1) = Vap(vn-1).

It is worth remarking that, when we say that we define (ty,xnx,vyN) as long as it makes
sense, we mean that for every j € [1, N], there holds z; € A§.

In the sequel, we will be denoting the points z € R? as z = (2!, 22, 23) and we define
Z = (2%, 2%). We then remark that, in particular, if z € Q° then Z € Q, the 2—dimensional
ball of radius e 'R, and z! € (—e"!L,e71L). Moreover, we remark that if z € A§ then

1
Ng = ﬁ(O,xQ,x:)’) = el (0,22, 7).

Similarly, we explicitly have that the normal on the surface 9Q§ C R?, at the point 7 € 9
is given by n := eR~12

We also define the set of non-smooth points of the boundary

& = (K N X5 U (K N A5)

3.4.3
= {a: = (z1,2%,2%) € R3, 2! = £L°, and (22)? + (23)2 = 5_29‘{2} , ( )
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and the set of singular velocities across multiple specular reflections through the backwards
trajectories

Wi := {v € R% such that starting at (¢, r,v) there is N € N with ((¢;, J:j,vj))é-vzl
as defined in (3.4.2), with ¢; > 0 and x; € A§ for every j € [1, NJ,
and such that if (tx41,ZN+1,vn+1) is the first collision against

the backwards trajectory starting at (tn,zn,vn),
given by (3.1.25) is such that txy4+1 > 0 and x4+ € &}, (3.4.4)

In words, for any fixed ¢,z we have that v € W; ,, when starting from the point (¢, z,v)
there are a certain number of consecutive purely specular collisions against A5 followed by
a collision against the singular set &.

We now prove a first result on the number of possible consecutive collisions through
the specular reflection on A§.

Lemma 3.4.2. For any fived M,T > 0 and any point (t,x,v) € [0,T] x (Q° U A3) x {|v| <
M} there is a constant = N(T,z, M) such that there are not more than N consecutive
specular collisions against the boundary through the backwards trajectory starting from
(t,z,v), given by (3.4.2).

This result is an inmediate consequence of the following geometrical lemma.

Lemma 3.4.3. Consider a point (to, zo,vo) € (0,T)xA§x{|v| < M} such that n(zo)-v =1
for some constants n, M > 0. Assume the two points of collision against the boundary
through the backwards trajectories are (t1,w1,v1) € (0,T) x A§ x R3 and (ta,z2,v2) €
(0,T) x A5 x R3. Thent—t; =t; —ty > T for some T = T(M,n) >0, |vo|= |v1|= |va],
and

Ngy * V1 = Ny - V2 = Ngy - Vo = 1). (3.4.5)

Proof. We first observe that we elementary have that
|v3]= [Vasv2|= |va|= [Vayv1]= [Vay vol= [vol-

Moreover, there also holds

~

|03]= | V5, 02| = [02]= [V5,01= V5, Tol= [0l (3.4.6)
where we have defined 172@ = — (Nz- W)W, for any z € 9QF and w € R3.

We now denote A; the line perpendicular to ?ng passing through the point z;. We also
denote a := Z(Zp,vp) € (0,7/2) and we remark that o # 7/2 due to the fact that there
are collisions through the backwards trajectories, and o = 7/2 would imply that v is a
tangent velocity to the circumference in Zy.

We then observe that, from the tangent theorem for the circle, the arc ?035\1 =
my — a =: 5. Moreover, and using the same argument we have that Z(A4;,v9) = £,
thus Z(vg,x1) = o + w/2. We now bserve that from the very definition of the specular
boundary conditions there holds z1 - v9 = —z1 - v1. This together with (3.4.6) implies
that 7 — Z(v1,x1) = Z(vo, z1). We deduce then that Z(vy,z1) = a, and in particular that

7122 = 8. The fact that Z(vg,xg) = Z(v1,21) and (3.4.6) imply (3.4.5). Moreover, the

fact that ?0_57 = gl_f; imply that the ZgZ1 = Z1Z2. This information together with
(3.4.6) and the very definition of the trajectories imply that ¢ —¢; = ¢; — t. This concludes
the proof. O
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We present now some results regarding the singular sets in the framework of cylindrical
domains.

Lemma 3.4.4. Let x € Q° U A§, the set Sy, that we recall was defined in (3.3.3), has
Lebesgue measure zero.

Proof. We consider first x € ° and assume there is v € R and ¢ > 0 such that z; =
r —tv € A§ with ng, - v = 0. However, we recall that n,, = (0,2%,23)/|71], therefore
ng, -v = r3v* + 2303 has to be equal to zero. This then implies that 7i~ L 9, and if we now
try to go back to the initial position we observe that T; +tv ¢ 0§ which is in contradiction
with the fact that z € Q°. We thus deduce that S, = () for any x € Q°.

Taking then x € A§, we immediately observe that

S, ={veR? v-ny =0} =R x {(a,b) € R, az® + ba® = 0},
which has codimension 1, thus Lebesgue measure zero. n

Lemma 3.4.5. Consider some arbitrary M, T > 0 and a point (t,x) € [0,T] x (QUAS),
the set Wy N {v € R3, [v|< M} \ S, has Lebesgue measure zero in R3.

Proof. This result is classical in the study of the ergodic properties of dynamical billiards,
i.e particles moving by the dynamics (3.1.24) and colliding against the boundary following
specular (also called elastic in the framework of billiards) reflections. We refer the interest
reader towards [37, 59, 60, 160, 162] and the references therein for more information in
this kind of systems and the current known results. However, even if it is a well accepted
result within this field, we weren’t able to find explicit references regarding the measure
preservation of this flow, except in some two dimensional cases (see for instance in the
previous references). Therefore, for the sake of completeness, we provide now a sketch of a
proof.

We define the Hamiltonian energy function H(v) := |v]?/2 and the flow ®' generated

by the system

OH . OH
v) = —v V= —
ox

_%( ) )

complemented with the specular boundary reflection, that we recall is given by

T =

(v) =0, (3.4.7)

(z,v) = (z,Vyv) for every z € A5, and v € R3 such that n(z) - v > 0. (3.4.8)

We will then prove that the flow ®'! defined this way is measure preserving, that is for
every Borel set A C (¢ U A§) x R? there holds

pr(@'(A)) = pr(A) = pr((@)71(4)), (3.4.9)

for every t > 0, and where uy, is the Lebesgue measure in phase space dxdv.

To do this, we remark first that during free flight, i.e between collisions with the
boundary, the flow ®* corresponds to a Hamiltonian flow, therefore Liouville’s theorem
[11, Part II, Chapter 3, Theorem 16.1] implies that this map is measure preserving with
respect to . We prove then that the specular reflection map given by (3.4.8) is a measure
preserving map.

To prove this we observe that

a map ) is measure preserving iff F(z,v)dzdv = / Foy(z,v)dzdv, (3.4.10)
A§xR3 A§xR3
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for every integrable function F' € L'(A§ x R?). Indeed, on the one hand, the left direction
of the equivalency is evident by taking indicator functions. On the other hand, let ¢ be a
measure preserving map in the sense of (3.4.9), when F' := 14, for a Borel set A € Ag x R3,
we have that

/ [F(2,v)|dzdv = pi,(A) = pr(¥7(A)) = /
A5 xR3 A x

|F o ¢(x,v)|dzdo,
R3
and we obtain the validity of (3.4.10) by using standard measure theory arguments.
In particular, we remark that if ¢(x,v) = Vv, then (3.4.10) holds by using the change
of variables v — V,v.
We have then proved that the flow ®¢ is measure preserving and the conclusion follows

by using this and the fact that uz (&) = 0. O

We provide now a control on the angle of reflections against the normal on A3 after
a diffusive collision. To do this, we introduce the vector field n : R3 — R3 defined as
n(z) = (0,22,2%)/|2|, and we remark that n(z) = n, for every z € A§.

Lemma 3.4.6. Assumet >0, z € A{UAS, v € R3, such that (z,v) € £, and |n(z)-v|> no
for some ng > 0. Consider (t1,x1,v1) the point of collision against the boundary through
the backwards trajectory starting at (t,x,v) given by (3.1.25), and assume x1 € A§.

For every n > 0 there is a constructive constant A > 0 such that if [n(z) - v|> 7 then
In(x1) - v1|> A, uniformly in x.

Proof. This result is a consequence of elementary geometrical properties of the circumference,
therefore we will only sketch it.

We place our framework in Qg, the circle of radious e 'R, and we assume without loss
of generality that z = (0, z¢) for some xg > 0. Moreover, we assume that v = (v%,v3) with
v?,v3 <0, otherwise the proof follows similarly.

In particular, this implies that 1 = (2%, 23) with 22, 23 > 0. We denote r( the line
parallel to the z-axis passing through = and r; the line passing through ¥ and with v as
the vector indicating its direction.

We now remark that the condition |n(x)-v|> n implies that there is v € (0,7/2), which
is the angle formed by the intersection between the lines rg and 71, thus also the angle of
intersection between r; and the x-axis.

We denote A; = (¢719R,0), Ay the intersection of 1o with 9Qf in the first quadrant, A3
the intersection of r1 with 0€)j in the first quadrant, A4 the intersection of ro with 0€f in
the second quadrant, As the second intersection of r1 with 905, Ag = (—e !R,0), and A7
the intersection of 1 with the z-axis.

Furthermore, for any two point P, Dy in 0€)5, we denote TDE as the arc in counter
clockwise sense with endpoints P; and Ps.
We now remark that, to conclude, we want to prove that there is a lower bound (only

depending on «) for the arc § := A3As .
We then have that, on the one hand, if |A7|< 'R then we obviously have that

n > /2. On the other hand, we denote 51 = m , Bo = m , and if v is such that
|A7|> 1R, then there holds
B1— Ba

B+pBL+pP2=m and ~v= 5

This implies that 8 = 7+ 2y — 21, and we conclude the proof by remarking that 51 < 7/2,
thus 5 > 2. O
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Finally, we present the following stretching lemmas for the cylindrical framework.

Lemma 3.4.7. Assume (RH2) to hold, and take (t,x,v) € [0, T|xA§x{|v] < M, |n(z1)-v| >
n} for some M,T,n > 0, and where (x,v) € 5. There exists eg = eg(n, M,T) =
2RM 2T~y such that for every e € (0,eg) there is no more specular reflection along the
backwards trajectory.

Proof. We consider the point (¢1,x1,v1) as the point of collision against the boundary
through the backwards trajectory starting from (¢, x,v) and which is given by (3.1.25). If
we assume that z € A§, that means that 7; € 905 and x1 € (—e~'L,e"'L). In particular,
we remark that this means that the time of the trajectory from z towards x1, t — t1, is
equal to the time of the backwards trajectory from Z towards z; with velocity v, within €.

We call now d := |Z — Z1], the length of the chord formed by the points Z and Z; within
Q5. We call then & the center point of the circumference 92, and we observe that the
angle

L(x0%) =71 — 24(n,0),

where we remark that the first one is interpreted as the angle between the segments z¢&
and 071, and the second is interpreted as the angle between the two vectors n~ and v.
Using then the law of cosines we elementary deduce that

d? = 2R%7(1 —cos (4(2,0,%1))) = 2% 2 (1 — cos (1 — 24 (A3, D)))
2
2_—2 - 2_—2 = =12 2_—217
= 2R% % (14 cos (24 (13, 0))) = 4R% 2 |cos (£ (05, 0))|” > 4R%e el
Therefore & |
r—n -1 M
t—t1 = —— > 2R —
R ST
and we conclude by remarking that if € € (0,eg), then t — ¢; > T which is a contradiction
with the fact that, from its very definition 0 > ¢ —¢; < T. O

Lemma 3.4.8. Assume (RH2) to hold, and (t,z,v) € [0,T] x (A UA3) x {|v| < M,|n(z) -
v| > n} for some M,T,n > 0, and where (x,v) € ¥5. There exists ep = ep(M,T) :=
2LM YT such that for every e € (0,ep) there is no more diffussive reflection along the
backwards trajectory.

Proof. We will follow the same ideas as those exposed during Lemma 3.4.7. We assume,
without loss of generality that z € A§, i.e 2! = —Le™ 1.

We denote (t1,x1,v1) as the point of collision against the boundary through the
backwards trajectory starting from (¢, x,v) and which is given by (3.1.25).

We recall now that for every z € A§ and w € R? there holds that |V, w|= |w| and
(V,w)! = w!. Therefore, and because |n(z) - v| > 1, we deduce that if there is a diffusive
reflection through the backwards trajectory it has to be because the particle eventually
arrives at A5, even after several possible specular reflections against A§ of the form (3.4.2).
Moreover, we also observe in an elementary way that the trajectory that minimizes the
time to arrive to A§ is when x{ = Le™ !

Due to this analysis, if we assume that 1 = Le~! and we have that this collision cannot
happen in the time interval [0, 7] then this will conclude the proof. Finally, we just need
to observe that, for every € € (0,ep), there holds

which concludes the proof. ]
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3.4.2 Regularizing effect of K

We extend in this subsection the regularizing effect generated by the interplay between the
free transport semigroup and the non-local operator K to the cylindrical framework.

Proposition 3.4.9. Consider Assumption (RH2) to hold, wi € 201 a strongly confining
admissible weight function and let f be a solution of Equation (3.3.2). For every A > 0
there is e¢ = e6(\, T') such that for every € € (0,e6) and every va € (0,vy) we have that for
every point (t,x,v) € Uy with v ¢ Sy U W, there holds

(OIS 0 K f ()] SN+ L) sup [l 00)] + Cte Mol o9
se|0,

+Ct2e™ sup [e"°[| fsln] + C(1+ t)e 2" sup {e%SHGsIILw (09 ]
s€[0,t] s€[0,1] wiv

for a constant C' = C()\) > 0 and any o € [0,T] such that x — v(t — s) € Q°. Furthermore,
there holds C(\) S AP for some constant p > 0.

Proof. We define

J:=wi(v)|S7 *; K f(t,x,v)] = wi(v) /t S7(t—s)Kf(s,z,v)ds|,

and arguing as during the Step 1 of the proof of Proposition 3.3.10 we have that by using
(K1) we deduce that for every Ny > 0 there is m;(/N1) > 0 such that

1 — U VoS
TS e s (€| fullzes (09)| + S %o Komy (r1()|f(E2,0)]), (3.4.11)
se|0,t

where we recall that

57 %0 Ko, (0000 = [

o

o) (t—s) /RS e, (0, 0)w1 (V)| £ (£, s, v, )| dvydss

with zs = x — v(t — s), and we remark that |v| < m; from the very definition of k,,, as
given by (3.3.5).

Using then Lemma 3.4.4 and Lemma 3.4.5 we deduce that we can take the previous
integral over the set R3 \ (Sy, UW;_s.4,), therefore we can define (s1,z1,v1) as the point
of the first bounce against the boundary through the backwards trajectory starting at
(s,2s,v4), with (z1,v1) € ¥4, 1 ¢ S, and whose formulas are given by (3.1.25). In
particular, we remark that

r1 = x5 — (8 — 81)0s.

For any ag > 0 we define now kom; = 1{jn(z1)-v.|>a0}Fmi, and the operator Ko, as in
(3.3.10). Repeating again the arguments from the Step 1 of the proof of Proposition 3.3.10
we have that

1
J< ( + QCkDmilag> te™ " sup [e”OSHfSHLgo (OE):| + Jo,
N s€[0,¢] !

t
B0 = S0 Koum (1(0)| (62, 0)) = [

g

oV ()(t—3) /R Koy (0, v w1 (0| £ (5,5, v.) [ dv,ds.
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Using the Duhamel formula we then have that

S

f(s,ms,05) = 1{51§0}S<7(3)f0($57 Vi) + (0,61} Sz(s = 1)K [f(r,zs,v)dr
+/ { }Sy(s —1)G(r, Ts, v:)dr + 1 50357 (5 — 51) f (51, s, v4), (3.4.12)
max{0,s1

and repeating one more time the arguments from the Step 1 of the proof of the Proposition 3.3.10,
we further deduce that for every No,as > 0 there is mo(N2) > 0 such that for every
vy € (0,19) there holds

Cr,Dmi}

1
J < (N + 2C,Dmfag + + C’,%D2m‘11m‘21a1> te=" sup [eyostsHng (Oe):|
1

2 s€[0,t]

+CpDmite™"| foll e (02

l/17f _

—"_Ck'Dmil e vat sup |:€V28‘|GS||L00 1(@5):|
Vg — 9 SG[O,t] wqv

+C2D 1+3/2 1+3/2 3/242 - ot sup [€"°°| fslln] + Ta,

s€[0,¢]

wi1(ma)ay

where

t
Jy = /e_”(” (= S/ ko,my (v, v )wr (V)| f (51, 21, 04)| dvsds

o
t

e

/ ko,my (v, v )wr (vs) | f (51, 21, v4)| dvsds,
o [v«|<ma, In(z1)ve[ >0

and we recall that the expression on the second line is due to the very definition of kg, .
Using the Maxwell boundary conditions we have that

f(s1,21,v4) = (1—Ls(a:l))yf(sl,xl,v*)+L5(x1)9f(31,a:~1,v*)
= (1= (x1)) f(s1, 21, Vay vs) + 5 (1) A (01) f (51, 71),

thus we deduce that J; < 3% + 3P where 3% and J7 are given by (3.3.13), (3.3.14)
respectively.

Step 1. (Control of the diffusive term JP ) We observe first that, since .#w; < 1, there
holds

t
32 < [ [ Ko (000 [ (s w)] (nlan) ) dusdods,

Using then (K4) we have that for every A; > 0 there are My,n > 0 such that

t
// k()’ml(vvv*)eiyo(tisl)
o JR3

X l/\l\lfSIHLg;; (05) + [ (s1, 21, wa) [ (n(21) - we) - dus | dvids

~/|U*§M17 [naq -ul>n

< Alckszllte_”Ot 51[1p] {el’o Il fs HLOO (09) } + JOD
s€(0,t

where we have used the properties of k,,, as exposed in (K1), and we have defined

t
= [ [ Fms vy mge e Fstsmr, )] (n(21) - 1)1 dudo,ds.
o JR3 [ws | <My, |2 -ux | >0
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Arguing now as during the Step 1 we deduce that we may rewrite the previous integral as
being integrated over the set

{lusl < My, [n(21) - uel >0t \ (Szy U Wiy 1)

Using then Lemma 3.4.8 there is ¢} = ep(n, M1, T) such that for every ¢ € (0,&}) there
is no more collision against the diffusive boundary through the backwards trajectory
starting at (s1,21,us). We then denote (s2,x2,u2) as the point of collision against the
boundary through the backwards trajectory starting at (s1, 1, u.), moreover we remark
that (z2,u.) € £ and due to the previous choice of € we also have that

To = T1 — ux(s1 — s2) € AS.

Then, for any 7; > 0 small, we define 21 = {|u.| < My, |ng, - us| > n, n(x1) - use|< m b,
Uz = {|us| < My, |ng, - us| >0, [n(x1) - ue|> m}, and we have that 37 < IP + 39 with

t
= / / Ko, (v, 0, )e 05D / |f (51,21, us)| (n(21) - us) 4 dusduo,ds,
o JR3 U
t
3D = / /3km1(v,v*)6_"°(t_51)/ |f(s1, 21, us)| (n(z1) - ux) 4+ dusdvgds.
o JR "N
In order to control 3% we perform the change of variable u}”" = (n(z1) - us)n(x1) and its

perpendicular direction ui = u, — ub® such that u, = u?*" + v, and we obtain that

t m
3P < Mie ! sup [e”°s||fs||Lgo (@s)}/ / kml(v,v*)/ dut duP* dv,ds
s€[0,1] ! o JR3 Just |[<M -

< 2 tMPD2Cymie ! sup [e"OSHszLoo (Os):| ,
s€[0,] “1
where we have used the bounds on k,,, as exposed during (K1).

Step 1.1. Using then the Duhamel decomposition we have that

S1

f(s1,m1,us) = Lyg,<0yS7(51) fo(1, us) + © }Sy(sl —r)K f(r,x1,us)dr
max{0,s9
51

+ Sg(s1—1)G(r, w1, ue)dr + 1ig,500S7(s1 — s2) f(S2, 71, U ),

max{0,s2}

and we remark that, since x5 € A3, then
S (s1—82) f(s2,1,0.) = e U172 o w9 Vyyu).

By arguing now as during the Step 3 of Proposition 3.3.10 and we deduce that for every
N3, a3 > 0 there is mgz(N3) > 0 such that there holds

202D M

3 < (AlckDm%t + ~
3

2P A st 4 2m tMEDQCkmﬁ)

xe ! Sl[lop] {eyostsHng(OS)} + CpDPmiMite™ " fol| Les (00
s€|0,t

efllzt

11 CypD*miMMt
+ 141 sup BVQS”GSHLOO _,(09)
vy — V2 s€[0,t] wyv

+C;3D2’mi‘mi+3/2M11+3/2w(mg)ag?’/Qth_”Ot Sl[lp] [eVOSHfSHH] + 3?
s€|0,t
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for every vy € (0,19), and where we have defined

t
jS = / /3 km1 (vvv*)eilj()(ti&)/ ‘f(327x27vx2u*)‘ (n(xl) : u*)+du*dv*ds.
o JR U>

Using then Lemma 3.4.6, we deduce that there is a constructive constant A1 = A1(n) >0
such that [n(z2) - Vi, |> A1 uniformly in z. Applying now Lemma 3.4.7 we have that there
is €2 = e5(A1, M1, T), such that for every e € (0, min(g},2)) there is no more bounce
against the specular reflection. Therefore the Duhamel formula gives

f(527 X2, VCCQU*) - SQ(SQ)fO(.TQ,VxQU*) + Sy * Kf(SQ,ZEQ, VJJQU*) + Sy * G(SQ,.’EQ, ngu*)

We then have that
~D _ ~D ~D ~D
Jg <Jg1+J52+Js3,
with

b ¢

Js1 = /
o

~D _

Jso = /
(o

Js3 =

3

Em, (v v*)e_”o(t_‘”)/ |S7(s2) fo(z2, Vasus)| (n(21) - us)+, dusdu,ds,
WUa

3

Em, (v v*)e_”‘)(t_”)/ |S7 * K f(s2,x2, Vi, us)| (n(z1) - us) 4, dusdvsds,
WUa

+

%\%\“%\

3

km, (v U*)e_l’o(t_”)/ |S7 * G(s2, 2, Ve, us)| (n(x1) - us)+, dusdv,ds,
Uo

[

and we will control each of these terms separately. We first compute in a similar way as
during the Step 3 of the proof of Proposition 3.3.10,

jg,l < CkDQW%MlA‘te_VOtHfOHqu (0%),

and we also have that, for every vs € (0,19), there holds

=

igle]
w
IN

/ / km1 v, U* 7V0(t 5 / |w1(vzc2u*)59*G(San%szu*N \u*]du*dv*ds
U

< V1wt sup [eustG ”Loo L (09) ]/ / ko, (v U*)/ |us|drdusdv.ds
vy — 2 5€[0,1] {lux|<M1}

2,454

nCpD2>mi Mt

k 1441 e vat sup 6V2SHG3HL°° 09|
Vo — 12 5€[0,1] wyr !

<

where we have used that w; > 1 on the first inequality, (K2) in the second, and the very
definition of k,, given by (3.3.5) on the third.

To analyze jg o we use (K1) so that for every Ny > 0 there is m4(N4) > 0 for which
there holds

t
jSD',2 < / /R3 km1 (’U, U*)e_yo(t_SI) /% w |Sy * Kf(SQa x2, VI2U’*)| (n:h : u*)+du*dv*ds
o 2

S /t kml(vjv*)e_yo(t—sl)/ |U*|/52 eyo(sg—r)

o JR3 {lux| <M1} 0

1

< (o + [ TVt (0

2D*miM{} _, Vos
< e s [ il o)

s€[0,t]
+// b (00) [l [T [, (Vg e () ()
{lus|<M1}

2C2D2mA ML N

< L sup ey 0] + CRmumadi 985,

Ny s€[0,t]
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where we have used the fact that w; > 1 and s; > s in the first inequality, (K1) on the
second inequality, (3.3.5) on the third and fourth inequalities, and we have defined

Boo= [ [ [Tt [ s = Vi sr = 1)
v <ma J{ux | <M1} |u/[<my

Arguing then exactly as during the proof of Lemma 3.3.12 and using Lemma 3.3.8 we have

that for every ay > 0 there is e} = ey(a4) > 0 such that for every ¢ € (0, min(g}, €2, £3))

there holds

t
Bap < Dmd s | [ [ [ )l = Vel =), )
[oa|<my [V J{|ux| <M1} ’|<m4

< DPmiMmjayte™ sup [e—”05||fsuLgol<oe>]
s€l0,t

+ D22 2md MY P wy (ma) a2 42 et sup, [0 fsll2d] -
se€(0,t

Putting together the above estimates controlling the diffusion term we have that

t*CED*mi M}

N, + CED3miMimiast + 2 tMED?Cm3

jD S <)\1C’kDmilt+

t2C2D*mi M} _
e + CEDPmiMymjaut | e sup A
4 s€[0,t] !
—u lekD2m4M4t —u v
+2C, D*miMite™"| foll s (0°) + 2 e sup | e|Gsl e (o)
Vo — 12 s€[0,t] “1v
+CFDPmitmy P M P (mg) g P 2! sup, (60|l
s€(0,t

+CED22Y 2mitm PR M i (ma) a2t sup, (61
se(0,t

for every vy € (0, ).

Step 2. (Control of the specular term J°) We recall now J° defined in (3.3.13) and we
recall that z; € A5. Using then the fact that

Vvl = Joil, [n(@1) - Ve o] = |n(z) - ol

and that we integrate on the velocity set {|vi| < my, [n(x1) - vi| > ap} we deduce that it
is equivalent to integrate on the set

{’V$1U*| < my, |n($1) ’ Vw1v*| > aO} N {Vxlv* ¢ Sﬂ&l} N {Vxlv* ¢ Wt17551}'

where we have used again that the sets S;, and Wy, 5, N {|vi|< mq}\ Sy, have Lebesgue
measure zero, due to Lemmas 3.4.4 and 3.4.5. We denote (sg,z2,v2) the first bounce
against the boundary through the backwards trajectory starting at (s, z1, Vi, vx) given by
(3.1.25) and we remark that

o =1 — Vi, 0x(51 —52) € 6 and (22, Vyve) € 5.
We define the sets

ds = {v*¢€ ]1{37 |vi] < my, |n(zs) - v4| > o and x2 € A},
dp = {v* €R? |u| <my, n(zs) - vi| > ap and 25 € AT UAS},
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so we have that J° < ’Jg + J%, where

t
Iy = /Oe*”(“)(tfs) /M koml(v,v*)e*”(”)(‘g*sl)wl(v*)(l—Lg(arl)) |f (51,21, Vi vs)| dusds,
S
t
3 = [ [ o (0,0 O i (0)(1 = 1)) o110, Ve 0) s,
Ip

and we study each one separately.

By repeating the analysis performed on the Step 2 of the proof of the Proposition 3.3.10,
using Lemma 3.4.7 instead of Lemma 3.3.4, we deduce that there is e > 0 such that for
every ¢ € (0, min(e},e2,¢3,4)) and every Ng, ag > 0 there is mg(Ng) > 0 such that there
holds

t
33 < (CkDmil + ngDQmilmé%t) e sup [CVOSHfSHLOO (OE)]
N se[0,] “1

vit _
e V2t sup |:6V28||GS||L00 _,(09)
Vo — V2 s€[0,4] wiv

+2120) (mg) DOFmy T Pmg P M 2ot sup, [e”%] fslln]
s€l0,t

+CpDmite™"| foll Les 02y + CkDmy

for every v € (0,19). On the other hand, to control J%, we use again the Duhamel formula
and we have that

S1

F(s1,21, Vay vs) = Lig,<01S7(51) fo(@1, Vi, v4) +/ Sa(s1—r)Kf(r,z1, Ve vse)dr

max{0,s2}

51
+ / S7(s1 —1)G(r, 21, Vi, ve)dr + 15,5005 7 (51 — 82) f (82, 72, Vi, V).

max{0,s2}

We have then that I3, < 39, + 3D, + 3 5 + 3P, with

t
3 = [ Ko (o m)e 0 (0) 87 (51) fo(wn, Vayv.) | dosds,
0 Jap
t S1
3%,2 = / k:o,ml(v,v*)e_’jo(t_sl)wl(v*) / Sa(s1 —r)K f(r,z1, Vg ve)dr| dv.ds,
0 Jap max{0,s2}
t S1
3%,3 = / Koy (U, 02 )e 7050 (1)) / Sz (s1 —r)G(r,z1, Vg, v )dr| duds,
0 Jap max{0,s2}

t
3%4 - /0 /@% ko’ml (U7U*)6_V0(t_81)w1(v*) "59(81 - SQ)f(SQa x2, lev*)| dv.ds.
4D

We observe then that the first three terms can be controlled by repeating the same
computations as during the Step 1 of the proof of the Proposition 3.3.10, using Lemma 3.4.7
instead of Lemma 3.3.4. Therefore, there is €§ > 0 such that for every ¢ € (0, min(ef, €2, €3, €3, €2
and every Ng, ag > 0 there is mg(Ng) > 0 such that there holds

t
77, < (Ck.Dmil + C,%DQméllméaﬁt> e " sup {e”OSHfSHLgo (Oe):|
Ng s€[0,¢] 1

l/lt — ot

+CkDm411te*vot||f0HLg<i (0e) + C']CDWL‘l1 e sup {GUZS‘GSHLZiV—l(OE)

vy — 12 5€[0,1]

+2%/201 (mg) DCEmy im0 ¥ 2 2e ot sup [e"ullad) + 35,
s€(0,t
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We proceed then to control the remaining term J5 D.4» and using the boundary conditions of
Equation (3.3.2) we first have that

t
IDa S/ / ko,ml(v,v*)e*”o(t*‘“)/ |f(s2, 2, u)| (n(x2) - )4 du/dv.ds.
’ 0 Jap R3

Repeating then exactly the same computations performed during the Step 1 of this proof we
deduce that there are €8, e > 0 such that for every ¢ € (0, min(e}, €2, 3, €3, €3, €8, €f)), there
holds that for every g, 72, N7, Ng, a7, ag > 0, there are constants mg(Ng), m7(N7) > 0
such that

2C2D?mi M

i + C2D3mi Mimiaqt + 2no t M D?*Chomi
7

P4 < (AQCkDm%t +
| P00 i}

Ng s€(0,t]

1 CLD2mA Mt
1Yk 141 efzzgt sup elfgsHGSHLoo I(OE)
Vo — 12 s€[0,t] wive

+ C%DSm%Mfm§a8t> e " sup [ewsﬂszLgol (OE)}

+20,D*miMite™" | fol| 1oe (0e) + 2

(Z wi(mj)m 1+3/2 ]—3/2) 21/2D2M11+3/2C,3m}+3/2t2e_”°t sup [7°°| sl ,
s€[0,t]

for every v € (0,19). We then conclude this step by putting together the previous
informations and we have obtained that

Ult —uot

3% < Cfe ! sup {e”ostsHLgol (oe)}—FQC’kDm‘ll(H—DMf)

e sup |e"?%|| Gl oo
s€[0,t] wyv

vy — V2 5€[0,4]

+ 20, Dmi{ (1 + DM )t | foll Loe (0e) + C5 17" e [ fsln]
s€(0,t

with
cY = C’kDm1 Ne + C2D*mimiagt + CkDml N + C2D*mimgagt + Ao Cr Dmit

+t20,3D2m31M1
N7

t2C2D*mi M

+CED3mi Mimiaqt-+2ny t M7 D?Crm3+ N,
8

+CED3mi Mimgast,

and
025 = 21/2D0§mi+3/2 [(Z wi(m 1+3/2 3/2) (Z wi(my)m 1+3/2a]3/2> DM11+3/2] ‘

Step 3. (Choice of the parameters) Putting together the estimates obtained from Steps 1,
2 we get that for every ¢ € (0, min(el, e2,¢3, 8,3, ¢8,€f)) and vo € (0,10) there holds

3O (t+12) e sup [ full s (0] + Cote™ | follgs 00)

s€[0,t]

+ C3t2e™ sup [€70%|| fs||#] + Cate 2" sup |€”2%||Gs|| oo 09|
WlV

s€[0,t] s€[0,¢]
with
1 CpDm{ t2CED*m{ M
C: = + 20, Dmiag + —kT + C2D*mimiar + M CpDmit + P T
M Ny N3
t2C2D2 4M4
+C2D3mi Mimiast + i L it WY C2D3*miMtmiast + CF,

Ny

~1(0%)
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and
Cy = 3C,Dmt+2C,Dmi(1+ DM}),  C3=C9+C5,

¢y = 2Y2DCm T

=3
c = A (3CkDmi +4C,D*miM{) .

Vo — 2

We then set the constants in a similar way as in the Step 4 of the proof of the Proposition 3.3.10
so that C7 < A\. We define C' = max(Cs, C3,Cy) and we observe that, since the constants
that define C' come from (K1), (K3) and (K4), there is a constant p > 0 such that C' < A™7P.

We conclude by setting e = min(e}, €2, &3, ¢3, €2, €8, €7). t

3.4.3 Estimate on the trajectories

In this subsection we use then the regularization property given by Proposition 3.4.9 to
proof a L™ estimate of the solutions of the equation following a similar argument as during
the proof of Proposition 3.3.13.

Proposition 3.4.10. Consider Assumption (RH2) to hold, w1 € 21 a strongly confining
admissible weight function, and let f be a solution to Equation (3.3.2). For every t € [0, T
and every X > 0 there is e7 = e7(A\,T) > 0 such that for every ¢ € (0,e7) and every
vy € (0,19), we have that for every (x,v) € OF, with |v| < M for any arbitrary M > 0,
and v ¢ Sy UW;, there holds

@It 0)] S AL+ + e sup [0 fellizg 00| + O+ D™ ol iz, 00
se|0,

+ € sup [l + O+ 9 sup [*]Gullize 0n)]
sef0.] sef0.] o

uniformly in M. Moreover, C = C(X) > 0 and there is p > 0 such that C < A7P.

Proof. Starting from (¢, z,v), and since |v|< 9t then Lemma 3.4.2 implies that there are
only two possible scenarios to consider:

e (Case 1. There are only specular reflections through the backwards trajectories. In
particular, there is 9t = (7T, z, M) < oo, given by Lemma 3.4.2, such that there are no
more than 91 consecutive specular reflections through the backwards trajectories.

e (Case 2. There is a reflection against the diffusive boundary subsets before 91 specular
reflections.

We treat now each case separately.

Case 1. (Purely specular reflection) We recall that there are at most 9t collisions against
the boundary through the specular reflection boundary condition starting at (¢, x,v), where
I is given by Lemma 3.4.2. Then the iterated Duhamel formula gives

t N
ft,@,v) = eV W) £, vm)+/0 1i<s<t; 1(8)S7(ti—1—8)K f(s,2j-1,vj-1)ds
j=1

t N
+/0 1, <s<t; 1 (8)S7(tj—1 — s)G(s,25-1,v;-1)ds,
=1

2 4
(Z wl(mj)m}+3/2aj3/2) +DM11+3/2 (Z W1(mj)m;+3/20[;3/2
j=1

I
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where we have set (to,zo,v0) = (t,2,v) and we have defined (¢;,2;,v;) as in (3.4.2) for
Je[1,M].

We then define (¢,z,v) as the point of collision with the boundary set A§ through the
backwards trajectory starting at (tg, o, vy). From the fact that there have already been
M specular reflections we remark that ¢ < 0, and using one more time the Duhamel formula
we obtain

flt,z,0) = e /OIS o (1) fo(zm, vm) + Sz * K f (to, T, vm) + Sz % G (b, oo, v)
t N+1

+/0 Z 1y, <s<t;_1(8)S7(tj—1 — s)Kf(s,7j-1,vj-1)ds
j=1

t N
+/0 Z 1, <s<t; 1 (8)S7(tj—1 — 8)G(s,zj-1,vj-1)ds,
j=1

where we have denoted ¢ty = 0. Using now the fact that (K2) and Proposition 3.4.9 are
uniform in (¢t,z,v) € U7, v ¢ S; U Wy, and the fact that

t N+1

/ Z 1tj§s§tj,1(3) dS = t,
0 j=1

we deduce that, by arguing as during the proof of Proposition 3.3.13, there is 1 = eg(\, T),
where g6(\, T) is given by Proposition 3.4.9, such that for every e € (0,e3) there holds

(Ot o) X+ ) sup [ fell 5 09)] + Cs L+ e foll s 0
s€|0,t

+Ct?e™ sup [ fld + Co(1+ 9 sup [@*]Gullx 0n)]
SG[O,t] SG[O,t] wlv

for some constant Cis < A™P with p > 0. We conclude this case by emphasizing that 1
and the constant Cg, are independent of 9t and 9t due to the above arguments.

Case 2. (Possible diffussive reflection) We assume without loss of generality that the
diffusive collision against the diffusive boundary through the backwards trajectory happens
at the first collision. Otherwise, we just repeat the Duhamel formulation through the
specular reflections like performed on the Step 1, until the diffusive reflection happens and
then we proceed as follows.

We denote (t1,21,v1) the first collision through the backwards trajectory as given by
(3.1.25), and we remark that 1 = x — v(t —t1). Using then the Duhamel formula we obtain

t

ft,z,0) = 14, <3S (t) foz,v) + 00} Szt —s)Kf(s,x,v)ds
max{0,t1
t
+ / St — )G (s,z,v)ds + e VO £(1y 0y v).
max{0,t1 }

We multiply the above expression by w; to get

jwi(v) f(t,z,v)] < wi(v)Sz(t) (|fo(z,v)]) +wi(v)[S7 * Kf(t,z,v)] +wi(v)[S7 * G(t, z,v)]
Fe W)y ()| £(t1, 21, 0))]
= <ﬂ1‘|‘<ﬂ2+‘]3+’]4’
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and we proceed as during the proof of Proposition 3.3.13. On the one hand, we bound
S = Sz (t) (wi(v)lfolz, v)]) < e fol g (09),

and on the other hand, by using (K2) we have that for every vy € (0, 1) there holds

141

Sy = w1(0)|S7 % Gt 2,0)]| < et sup [ewnGsan L©9
w11/

Vo — 12 s€0,t]

Moreover, using now Proposition 3.4.9 we have that for every A\; > 0 there is €2 =
e6(A1,T) > 0 and a constant C; = C1(A1) > 0 such that for every e € (0,£2) and every
va € (0,10) there holds

Ty < M(t+ t2)e ! e [eyosllfsllm(os)] + Cite ™| foll Les (02
s€(0,t

+C1t2e ™! sup [e0°) fllg] + C1(1+ t)e ™2 sup ||| Gullre (0]
s€[0,¢] s€[0,t] wre

furthermore, there are c¢1,p; > 0 such that Cp < A\,

We then control the boundary term %, and since we have assumed the reflection at
the boundary to be diffusive, then using (K4) we have that for every Ay > 0 there are
M,n > 0 such that

j4 S efy(U)(tftl) ‘/3 |f(t1’ T, u)|(nx1 . u)+du
R

< doe ™ sup [ fillugs 00)| + A
s€[0,t] !

where we have used that wi.# < 1, and we have defined

SP = e ) [F(t1,21,u)] (n(e1) - w) s du.
{lu[<M, [n(z1)ul[>n}

We then use Lemma 3.4.8 and we obtain that there is €3 = ep(n, M,T) = 2L(MT)~!
such that for every ¢ € (0, min(e2,£3)) there are no more diffusion collisions through the
backwards trajectory.

For any 7, > 0, we define now the sets 24 = {|u«| < M, |ngy - us| > 1, [n(x1) - us| < m },
Uy = {|us| < M, |ng, - us| > n,|n(x1) - us|> m}, and we have that P = #P1  gP:2
with

O /@ £tz w)| (n(z1) - u) 4 du,

P2 = e (2, 0)] (n(2) - )4 du
U
By arguing then as during the Step 1 of the proof of Proposition 3.4.9, we perform the
change of variable uP* = (n(z1) - u)n(z1) and its perpendicular direction u*
such that u = uP? + ut, and we obtain that

= u — upar

D,1 —vpt VoS 1 n par
54 < Me sup |€”%|| fsl| Lo (o) du du
s€[0,4] ! lut|<M -

2 M3De™ sup [0 £l s (00)] -
s€[0,¢]

IN
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We denote then (t2, 2, v2) as the first collision against the boundary starting at (¢1, 21, u)
through the backwards trajectory as defined in (3.1.25). We emphasize that due to the
previous choice of €3, we have that x5 € A§.

Moreover, from the fact that |n(xy) - u|> 11, Lemma 3.3.8 implies that there is A; > 0
independent from x; such that

n(22) - Vayul= [n(22) - ul> Ay

Using Lemma 3.4.7 there is e2 = eg(A1, M, T) such that for every ¢ € (0, min(e2,£3, %))
there is no more collision against the specular boundary condition through the specular
reflection. In particular, this means that, in the time interval [0, 7] there are no more
collision against the boundary through the backwards trajectory after the collision in s,
with velocity Vi, us, with |us| < M, |ng, - ud| >, n(z1) - us|> 1.

Using then the Duhamel formula we have that

t1
f(tl, X, ’LL) = 1{t2§0}59(t1)f0($1a ’LL) + 102} Sy(tl - S)Kf(s, X1, u)ds
max{0,tz
t
+ 1 Sz (t1 — s)G(s,x1,u)ds + e_”(”)(tl_tQ)f(tg, To, Vy,u).

max{0,t2}

Therefore P2 < 7P + 7P + 7P + 7P with
g = €_V(U)(t_t1)/ Sz (t1) fo(z1, w)| (n(21) - w)4du,
WUs
t
P = e_y(v)(t_tl)/ / LISt — K f (s, 21, w)|ds (n(z1) - u) 1 du,
s Jmax{0,t2}

t
P = e*”(”)(t*tl)/ /1 |S7(t1 — s)G (s, z1,u)|ds (n(x1) - u)+du,
U maX{O,tQ}

gpP = evi—t) %e*”<v><trt2>yf(t2,x2,vx2u)|(n(xl)-u)+du.
2

On the one hand, we bound
JP <M'D e_VOtHfOHng(OE)a

and on the other hand, by using (K2) we have that for every v, € (0,19) there holds

AP <MD [5G o]
(/Jll/

vy — 12 5€[0,t]

Moreover, using Proposition 3.4.9 we have that for every A3 > 0 there is E? =¢e6(A3,T) >0
and a constant C3 = C3(\3) > 0, such that for every ¢ € (0, min(e2, 3, e3,£2)) and every
ve € (0,10) there holds

fQD < )\3M4D(t + t2)€_yot Sl[lp] [eVOSHfSHLE]ol (@s):| + 03M4D te_yotHf()HLgol (09)
s€(0,t

+ CsM*D t?e™" sup [€"°|| fsll3] + CsM*D(1 4 t)e ™" sup {eV?SIIGSIILOO (0]
sel0.g selo.d) o1

furthermore, there are c3, ps > 0 such that C3 < cgA3"*.
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To control the boundary term % we use the boundary conditions of Equation (3.3.2),
the Duhamel formula again, and we recall that there is no more collision through the
boundary trajectory. We have then that

t2
flte, xo, Vo, u) = So(t2) fo(xe, Ve, u) —1—/0 Sq(ta — s)K f(s,x2, Vy,u)ds

1)

+ A Sa(ta — )G (s, 2, Vy,u)ds,
thus 7P < #7° + 2% + 7% with
A = A TS (1) o, Ve (1) - )+
gD /% o volt—t2) /O 2 S (s — 8)K f(5, 22, Vo) ds (n(z1) - ) s s,
)

l2
DS / ¢~voli=t2) / 1S5 (t2 — 8)G(s, w3, Vayu)|ds (n(z1) - u) 1 du.
Uo 0
Proceeding as above we have that
D,S -
I <MD e foll res (09
and using (K2) we have that for every v, € (0,19) there holds

v

j3D’S < M4D _1 671121‘/ sup |:€V28||GS||LOO INCOIE
Vo — V2 s€[0,4] wiv

Moreover, using Proposition 3.4.9 we have that for every Ay > 0 there is €8 = g6(A\y, T) > 0

and a constant Cy = Cy()\4) > 0, such that for every e € (0, min(e2,e3,e%,¢3, %)) and

every vz € (0,19) there holds

I <MDt + t%)e ™! i (%11 fslles (09) | + CaM* D te™| fol| zs o)
s€(0,t

+ CyM*D t2e 0 sup [€70%| follg] + CaM*D(1 + t)e 2! sup {eZ’QSHGSHLm _1(05):| ,
SG[O,t] SG[O,t] wqv

furthermore, there are c4, ps > 0 such that Cy < 04)\Zp *. Altogether we have obtained that

wi|f(t, z,v)| < ()\1 + Ao+ 201 M3D + AsM*D + )\4M4D> (t+t2)e "ot SL(IOpt] {GVOSHszLgol ((’)6)]
se(0,

+ (1 +Cy+ M*D + CsM*D + M*D + C4M4D) L+ )™l foll s ()

+ (C1+ CsM'D + CyM' D) 2e7" sup [e0%]| | |]
s€[0,t]
141

767V2t sup |:€V23”GSHL°° _1(05):| .
Vo — 12 s€[0,t] wiv

+(14C1+ M'D +CsM'D + M'D + C,M'D) (1+¢)
We take then Ay = Ao = A\/5, m1 = A\/(10M3D) and A3 = Ay = \/(5M*D), we define
Cp=1+Ci+ M*D+ CsM*D + M*D + C,M*D,

thus there is p’ > 0 such that Cp < AP,
We set e7 = min(s%, 5%, 5‘;, f—:‘%, €3, 5?) and we conclude the proof by putting together the
estimates from both of the possible scenarios. O
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3.4.4 Weighted L> control for solutions of Equation (3.3.2)

In this subsection we use the estimate obtained in Proposition 3.4.10 to deduce a weighted
L control on the solutions of Equation (3.3.2).

Proposition 3.4.11. Consider Assumption (RH2) to hold, w1 € 21 a strongly confining
admissible weight function, and let f be a solution of Equation (3.3.2). There is e7 =
e7(T) > 0 such that for every € € (0,e7) there holds

el £es (02) < CAFT)(AHTHT*)Pe™ | foll s (02 +C (LHT+T)PT e ™! P [0 fsl24]
se|0,

+C(1L+T+T?P(1+T)e ! sup, e Gsllze 0]
sc ,t wiv

for every t € [0,T), and some universal constants C,p > 0.

Proof. We follow the proof of Proposition 3.3.14. Let 2t > 0 and consider a point
(t,z,v) € (0,T) x QF x {v e R?, |v| <M}

such that v ¢ S, UW,; ,. Applying then Proposition 3.4.10 we have that for every A > 0
there is e7 = g¢(\, T') such that for every ¢ € (0,27) and every vy € (0, 1) there holds

Ol (b2, 0] S AL+ e+ ) sup [ £l zes 0] + CQL+ D™ foll s, (00)
se|0,

+CtPe ™ sup [e"0°]|fs|lu] + C(1 + t)e™™*" sup {e%SHGsIILw 09|
s€[0,t] s€[0,t] wiv
for some constant C' > 0 such that C' < A™P for some p > 0.

Using now Lemmas 3.4.4 and 3.4.5 we have that the sets S, and W; , have Lebesgue
measure zero, therefore we may take the L3°(Bgy) norm in the previous inequality followed
by the supremum in 9 due to the fact that ey and the constants given by Proposition 3.4.10
do not depend on M, and finally taking the L3°(€2°) norm on the above estimate we obtain

il o) < ML+ E+ £ sup. (%11 fsllas (09| + C1+ D)™ foll s o)
se|0,

ORI sup [+ CO1 D sup [ Gl 0]
s€[0,1] s€[0,1] wirl

We conclude by choosing A = (2(1 +t + %))~ and following the ideas from the proof of

Proposition 3.3.14. O

3.4.5 Proof of Proposition 3.4.1

The proof follows exactly the proof of Proposition 3.3.1 by using Proposition 3.4.11 in the
place of Proposition 3.3.14. O

3.5 A priori estimates for weakly confining weights

We consider the function G : U* — R, and during this section we study the following
evolution equation
O f1 = JH+AsfLr+G  inlU°
v-fh = &y h on I'® (3.5.1)
fit=0 = fo in 0°,
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where we recall that 7 is given by (3.1.20) and A; is defined in (3.1.26). We dedicate this
section to prove the following result.

Proposition 3.5.1. Consider either Assumption (RH1) or (RH2) to hold, wy € Wy a
weakly confining admissible weight function, and let f1 be a solution of Equation (3.5.1).
There are constructive constants €g,dp > 0 such that for every e € (0,e3) and every

d € (0,00) there holds

_ o
1 fLellnee 02y < Ce 2" (I follpee 02y + sup |2 *|Gsllp (00 vt >0, (3.5.2)
¢ 0 s€[0,t] wor 1

for some universal constant C' > 0, independent of €.

Remark 3.5.2. The proof of Proposition 3.5.1 follows the arguments developed during
Sections 3.3 and 3.4. We pay particular attention to polynomial weights in order to
determine the validity of the lower bounds ¢ on their degree.

3.5.1 Preliminary lemmas

We present in this subsection [102, Lemma 4.12] providing dissipative estimates on the
operator Ag.

Lemma 3.5.3. Let w be either a polynomial or a stretched exponential admissible weight
function. Assume furthermore that h € L}, ,(OF) for any r € [1,00]. There holds

[ Ashll Ly 05y < @swllhllir, 00 (3.5.3)
for a constructive constant ws,, > 0 where

o wWsw — 0 asd — 0, when w is a stretched exponential admissible weight function,

4 1/r 4 1-1/r
. Wiy — (+2> (1) <1 asd— 0, when w(v) = (V)7 for ¢ > ¢ and
q q—
where qf := (3 + /49 — 48/r) /2. Furthermore, we use the convention 1/00 = 0.

3.5.2 Weighted L™ estimate in smooth domains

We prove the following long-time behavior result under Assumption (RH1).

Proposition 3.5.4. We consider Assumption (RH1) to hold, wy € Wy a weakly confining
admissible weight function, and let fi be a solution to Equation (3.5.1). There are
constructive constants €9 > 0 and 61 > 0 such that for every ¢ € (0,e9) and every
0 € (0,61) there holds

_v v
el roo (0e) <€ 2° <||f0!Lgo )+ C sup |e2 %Gl (OS)D vt >0,
0 0 1
s€[0,t] “ov
or some constant C > 0, independent €.
J ; P

Proof. We define G=As fi1 + G, we take an arbitrary T' > 0 to be defined later, and we
proceed in several steps by following the ideas of Proposition 3.3.13, Proposition 3.3.14
and Proposition 3.3.1.
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Step 1. Let (t,x,v) € U7 such that v ¢ S;(v), we denote (t1,z1,v1) the first collision
through the backwards trajectory starting at (¢, z,v) as defined in (3.1.25). The Duhamel
formula then gives

t ~
filt,z,v) = 1, <1 Sz (t) fo(x, v)+ o S (t—8)Gs ds+1g, sy O £ (1), 21, 0).
max{0,t1

We multiply both sides of the previous equality by wy = wp(v), we define o = max(0,¢1)
and we get that

wol fr(t, z,0)] < wolSa(t) fol,v)| +wo|S7 o G(t, z,0)]| + wole YWET) £ (11, 21, v)|
= N+ I+ I3,

and we will control each term separately. We first have that
H1 = wo(v)|S7 () folz,v)] < eI foll L (o),
and using (K2) we further deduce that

~ V1

Iy = wo(v)|S7 %o G(t,z,v)| < e "' sup €V25HésHL:V71(OE) ;

vy — 12 5€[0,t]

for every v € (0,19). To control then the boundary term .#3 we remark that (z1,v) € X<,
and z1 ¢ &, thus the Maxwell boundary condition holds and

filt,x,0) = (1= 05(21)) fi(tr, 21, 0) + 5 (21) D f1(t1, 21, 0)
(1= (@) fi(t, @1, Vo, v) + (1) A (0) fr(tr, 21).
Using then that wg.Z < & for some constant €y > 0, there holds
A3 (1 — 1,0) efy(v)(titl)wO(vﬂf(tl, x1, lev)| + eiy(v)(titl)Q:o ’fl(tl, :L’l)‘

(1—mkﬂ“s%nkmﬂﬁdh%wq]+%fﬂ
se€|0,t

<
<

where we have defined 2 := e W=t F (¢1, 21)].

Step 2. We use now (K4) on the diffusive reflection term .#” and we have that for every
A > 0 there are M,n > 0 such that

fD < )\e—yot sup [EVOSHfl,sHLZOO(OE)}
s€(0,1]

+ et | ity 21, u)|(n(z1) - w)pdu. (3.5.4)
[ul <M, [n(21)-ul>n
Furthermore, by arguing as during the Step 2 of Proposition 3.3.13 we deduce that we may
apply Lemma 3.3.4 and there is ¢§ = eg(n, M, T) such that for every e € (0,&]) there is no
bounce against the boundary through the backwards trajectory starting at (¢1,z1,u), and
given by (3.1.25). Therefore the Duhamel formula gives that

f1 (tl, X1, u) = Sy(tl)fo(.xl, u) + So *t G(%l, u) (3.5.5)

Combining (3.5.4) and (3.5.5) we have that

st&”ﬂwg&anum@J+ﬂ?+fﬁ
s€|0,t
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with

JP = efy(v)(tftl)/ 1S (t1) fo(w1, u)|(ng - u) 1 du,
[u| <M, |n(x1)-ul>n

gL = 67”(”)(““)/ |SB *t, G(x1,u)|(ng, - u)+du.
[ul <M, |n(z1)-ul>n
On the one hand, using the fact that wg > 1 we have that
le < e_VOtHfOHLS,%(OE)/ luldu < DM4e_V0tHfOHLE,° (0)-
[u| <M 0

On the other hand, to control .#3 we use (K2) so that for every vo € (0, 1) there holds

y ~
AP < P sup (Gl 00 e [ g wlulda,
V1 — V0 selo, wov |us | <M

and we will provide a precise control on the last integral.
First, when wq is an admissible polynomial weight function as considered in Subsection
3.1.2, then wp(v) = (v)? and we compute

2 pm oM 3

Mop(1472-1) M r
= 47T/0 (1_'_1”2)(1/2617'5477/0 Wdr
4 omna—g/2]M 4T
< - a/2|" <« 20
< q—4[ (1+7) }0 -

where we have used the spherical change of variables on the first line and we have used
that ¢ > ¢ > 5 on the last line.

Second, when wqg is a weakly confining admissible weight function, which is not a
polynome, we easily deduce that there is a constant C,, > 1 such that

/| o wy () |uldu < Cuy, .

We then have obtained that for any weakly confining admissible weight function wq there
is a constant C, > 0 such that

V ~
IP < Cu ( - ) e sup [eVQSHGs’LOO 1(os)} )
vy — 1 s€[0,1] wov

where C,, = 47/(¢ — 4) when wp(v) = (v)9, an polynomial admissible weight function.
Altogether we have obtained that for every € € (0,¢}) there holds

F3 < (1 =19+ CoA)e ™! Sl[lp} [€V°S||f1,s|\Lg<g)(05)] +CoI + €7
s€|0,t

< (I—wo+A)e™™! Sl[?t] {elIOSHfLSHLg%(OE)} + D€0M4€7V0t||f0”L3%(OE)
se|0,

V1

+Cuy %o e vat sup |:6VQSHC~¥SHLZO()V1(OE):| ,

vy — 12 5€[0,t]

for every 15 € (0,1p).
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Step 3. Putting together all the previous estimates we have that ¢ € (0,&) there holds

wo()[ itz 0)] < S+ I+ I

(1— 10+ CoA)e™! e {eyo‘s”fl,sHLz%(Of)} + (L4 DM foll g (o)
se|0,

14 ¢€,C,, ) e "% su |:€V286 o s}.
Vo — 12 ( 0Clun) sE[OI,)t] | sHLWofl(O )

IN

4!

+

We choose then g9 = Eé and vy = 19 /2, therefore we obtain that

WO(’U)’fl(t,m,U)‘ < j1+j2+j3

< (1 =10+ CoA)e ™ Sl[lp] {GVOS”fLSHLE%(OE)} +(1+ QODM4)€_V°t\|f0||Lg°O(OS)
s€|0,t
1% v 2 ~
+222 (14 €4Cyy) e 2t sup {GSSHGSHLN 1(@5)} ,
I/O SE[O,t] wov

We observe then that, since S;(v) is a set of zero Lebesgue measure as discussed on
Proposition 3.3.13, we can take the L>(O¢) norm on both sides of the estimate above and
we deduce that

[l f1,e

g0 < (110 +€Ne ™ sup [ fisligs (00)| + (1 + CDMY)e™" | fol s (o)
0 s€[0,1] 0 0

1%
+2 (

] o} =~
L+ €Clg) e 2" sup {WHGSHLw 1«95)}'
Yo s€[0,t] wov

Step 4. Using that G= As f1 + G on the estimate obtained on the Step 3 of this proof we
have that

Ifrelles 05) < (1= 10+ CoA)e ™" s %11 f1sllz2s (09)] + (1 4+ €DMYe™| foll 5, (02
se|0,

1% _¥ Yo
+2—1 (1+¢&Cy,)e 2 t sup |:e 2 SHA(;fLSHLoo 1(@5):|
Yo s€[0,t] wov
%1 _¥ Yo
+2— (1 +€oCy) e 2" sup [6 27|Gsll oo 1(OE)} ;
Yo s€[0,t] wov

and we proceed to use the dissipative properties of As and to fix the constants for each
type of weight function.

o Weak inverse gaussian weights: If wy(v) = eq”'Q, with ¢ € (0,1/4], we recall that
Asfi = K((1 — xs)f) as defined in (3.1.26), therefore arguing as during the proof of (K1)
we deduce that for every N > 0 there is §{ = m(N)~!, where m(N) is given by the Step 2

of the proof of (K1) in Lemma 3.3.6, such that for every § € (0, 61) there holds

1
M frsllzgg (09 = w7l frsllzgg ©09)-

We then choose y
N=8—1(1+¢C.,), A=10/(4¢),
Volo
and we deduce that
Yo

_ _k Yo
I f1tllzee (0 < Ce ™| follpee (05) + Ce™ 2 sup |e2%(|Gsllze (09| -
0 0 s€[0,] wor ™!
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for some constant C' > 0.

« Stretched exponential weights: If wy(v) = )" with s € (0,2) and ¢ > 0, we
observe that Lemma 3.5.3 implies that

HAJfLSHL;’J‘(’W_l(OE) < Do o [ 1.5l Lgg (09) (3.5.6)

and we further have that we may choose 67 > 0 such that for every ¢ € (0,5%) there holds
v L

271 (1 + Q:OCwo) W§,wo < ZO,

Yo

and choosing A\ = 1/ (4€y) we deduce that

| f1,e

_ _n v

1es (02) < Ce™™ | foll g (05) + Ce™ 2" sup |e2°[|Gsllp=  (o0r)
s€[0,t] wov

for some constant C > 0.

o Polynomial weights: If wg = (v)9, with ¢ > ¢* as defined in (3.1.7), using again
Lemma 3.5.3, we obtain (3.5.6) with s, — 4/(¢ — 1) as § — 0. We observe then that

since ¢ > ¢, there holds
22 (14 Te) 5 <
0 =4 "/ q

We may choose then d7 > 0 small enough such that for every ¢ € (0,43) there holds

1 41
2— (1 -+ Cwo q_4) TI§,wo < alp,

Yo

for some o € (0,1). Taking then A = (1 — «)1p/2 we deduce again that

_ _bo Yo
11l ree 02) < Ce™ | follree (o) + Ce™ 2t sup |2 ®(|Gsllp (09|
0 0 SG[Ot] wov 1

for some constant C' > 0.

We then have obtained that

Hfl,t”Lg%(oa) <C (e’/otHfOHLg%(OE) —|—e*70t sup} [6203”G5HL3<;V1((95)]> vt € 0,71,

s€[0,¢

when choosing d; = 4} in the case of weak inverse gaussian weight functions, d; = 6% in
the case of stretched exponential weight functions, and 6; = 63 in the case of polynomial
weight functions.

Yo

Step 5. We conclude the proof by taking T > 0 such that Ce~2 7 < 1/2 and extending the
result for all time by repeating the analysis from the Step 3 of the proof of Proposition 3.3.1
(in a much simpler setting). O

3.5.3 Weighted L™ estimate in cylindrical domains

We will now prove a similar long-time behavior result to the one on the previous section
under Assumption (RH2).
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Proposition 3.5.5. Consider Assumption (RH2) to hold, wy € Wy a weakly confining
admissible weight function, and let fi be a solution to Equation (3.5.1). There are
constructive constants €19 > 0 and do > 0 such that for every e € (0,e19) and every
d € (0,02) there holds

[f1ellge (o) < e (HfO”LOO o=y + C sup GQOSHGS”LZ%V—NOE)D vt > 0,

s€0,t]
for some constant C > 0, independent of ¢.

Proof. The proof is a repetition of the proof of Proposition 3.5.4, by using the stretching
method argument for cylindrical domains as during the proof of Proposition 3.4.10,
Proposition 3.4.11 and Proposition 3.4.1.

Step 1. (Pointwise estimate) We define G = A; f1+G, and we fix (¢, z,v) € [0,T] x Q° x R3,
such that v ¢ Sg, v ¢ Wy, and |v|< 9 for some arbitrary T, 9t > 0. We remark then that
Lemma 3.4.2 implies that there are two possible scenarios to consider.

e (Case 1. There are only specular reflections through the backwards trajectories within
the time interval [0, T]. In particular, there is 91 = M(T, z, M) < oo, given by Lemma 3.4.2,
such that there are no more than 91 consecutive specular reflections through the backwards
trajectories.

e (Case 2. There is at least one reflection against the diffusive boundary subsets before
completing 91 specular reflections.

We treat now each case separately.

Case 1. (Purely specular reflection) We recall that there are at most 9t collisions against
the boundary through the specular reflection boundary condition starting at (¢, x,v), where
I is given by Lemma 3.4.2. Then the iterated Duhamel formula gives

Ft,2,0) = e £ty mm, vy +/ th <s<t;_1(8)S7(t; — 5)G(s,mj—1,vj-1)ds

where we have set (to,zo,v0) = (t,z,v) and we have defined (¢;,z;,v;) as in (3.4.2) for
Je1,M].

Using that there are no more collision against the boundary, we use again the Duhamel
formula and we obtain

f(t,af,v) V(U)(t tm)Sy(tm)fo a?m,’l)m +/ th]<s<t] ) Sy( j—1—S§ )G(s,xj_l,vj_l)ds.

Arguing now as during the proof of (K2), and using that Z;-nzl 1y, <s<t;_1(8) = Loy, We
deduce that

_ 151 _ ~
w1 (V)| f(t, x,v)| < e v0! 0o (0e) + T e 2! sup {eyzs G|l .
1) f(t, 2, v)] < 1follzgs (02) p— Sup, | sHwail(O )

We conclude this case by emphasizing that the above estimate is independent of the choices
of T'> 0 and 91 > 0.

Case 2. (Diffussive reflection) We assume without loss of generality that the diffusive
collision against the diffusive boundary through the backwards trajectory happens at the
first collision. Otherwise, we just repeat the Duhamel formulation through the specular
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reflections like performed on the Step 1, until the diffusive reflection happens and then we
proceed as follows.

We denote (t1,21,v1) the first collision through the backwards trajectory as given by
(3.1.25), and we remark that 1 = x —v(t —t1) € AJUAS. Using then the Duhamel formula
we obtain

¢ ~
f(t7 L, U) = 1{t1<0}S,7(t)f0(1"’ ’U) +/ S?(t - S)G(87 x, U)dS + eiy(v)(titl)f(tlu Z1, /U)‘
- max{0,¢1}
We multiply the above expression by w; to get
wi(0)f(tz,0)] < wi(©)Sz() (Ifolw,v)]) + wi(v)|Sz * G(t,z,v)| + ey (v) | f (t1, 21, v)
= S+ S+ Hs,

and we proceed to control each of these terms separately. On the one hand, we bound
S = Sz (t) (wi(v)lfolz, v)]) < e follreg (09),

and on the other hand, by using (K2) we have that for every v, € (0,19) there holds

141

Sy = w1(0)[S7 % Gt 2,0)]| < et sup [€V2S||és||L°° 9]
w11/

Vo — 12 s€[0,t]

We then control the boundary term .#3, and since we have assumed the reflection at
the boundary to be diffusive, then using (K4) we have that for every A\; > 0 there are
M,n > 0 such that

j3 S e*V(U)(tftl)Q:O /3‘f(t17 x1, u)’(nml . u)+du
R

A Coe 70t sup [euosﬂszLgo (OE)} + QOJOD,
s€[0,t] !

IN

where we have used that wi.# < €, for some constant €y > 0, and we have defined
TP = et | (1,21, 0)] (n(a1) - ) du.
{lul<M, |n(z1)-ul>n}

We then use Lemma 3.4.8 and we obtain that there is e}, = ep(n, M, T) = 2L(MT)™!
such that for every e € (0,e},) there are no more diffusion collisions through the backwards
trajectory.

For any 71 > 0, we define now the sets 21 = {|u«| < M, |ng, - us| > n, [n(z1) - ue|< M1},
Us = {|us| < M, |ngy - ue| >0, |n(z1) - ue|> m}, and we have that FP = #D1 4 gD:2
with

oD = e [y, w) (nfan) ) du,
1

g = ef'j(v)(titl)é/ [f (1, 21, w)| (n(21) - w) 4 du.
2

By arguing as during the Step 1 of the proof of Proposition 3.4.9, we perform the change
of variable uP¥" = (n(z1) - u)n(z1) and its perpendicular direction u* = u — uP?" such that
u = uP¥ 4+ ut, and we obtain that

D1 —vpt VoS 1 n par
54 < Me sup |€”%|| fsl| Lo (o) du du
s€[0,4] ! lut|<M -

IN

2 M3De™ sup [ £l s (00)] -
s€[0,¢]



3.5. A priori estimates for weakly confining weights 223

We denote then (t2, 2, v2) as the first collision against the boundary starting at (¢1, 21, u)
through the backwards trajectory as defined in (3.1.25). We emphasize that due to the
previous choice of €}y, we have that zy € A§.

Moreover, from the fact that [n(x1) - u|> 71, Lemma 3.3.8 implies that there is A; >0
independent from x; such that

[n(x2) - Vayul= |n(22) - u|> Ay

Using Lemma 3.4.7 there is €3, = e5(A1, M, T) such that for every ¢ € (0, min(ely,€%,))
there is no more collision against the specular boundary condition through the specular
reflection. In particular, we have that there are no more collision against the boundary
through the backwards trajectory after the collision in xs.

Using the Duhamel formula we have that

t1 ~

f(t1,21,u) = 1y, <3Sz (t1) fo(wr,u) + o }Sy(h —5)G(s,r1,u)ds
max{0,to
+ 67V(v)(t17t2)f(t2, T2, Vm u)

Therefore .# P2 < 7P + 7P + 7P with

oD = O [ 185 (1) folan, )| (n(an) - ) du
Ua

t
IP = et / / L 18t — $)C(s, 21, w)|ds (n(z1) - u)1du,
U Jmax{0,t2}
gP = e / e VW) £(4y 2o V)| (n(y) - u) ydu.
U>

On the one hand, we bound
P < M*'D eI foll g (),

and on the other hand, by arguing as during the Step 2 of the proof of Proposition 3.5.4
we have that for every vs € (0,19) there holds

141

gL <c,,

e~ vat sup €V2SHGSHLOO (09| -
Vo — 12 s€[0,t] wiv

for some constant C,, > 0, where Cy,, = 47 /(q —4), when wo(v) = (v)9, is a polynomial
admissible weight function.

To control the boundary term % we use the boundary conditions of Equation (3.3.2),
the Duhamel formula again, and we recall that there is no more collision through the
boundary trajectory. We have then that

to -~
fte, xo, Vo, u) = So(t2) fo(xe, Ve, u) + ; Sz (ta — s)G(s,x2, Vy,u)ds,
thus #P < 7% + 7% with

IS = [ S 5 (1) fora, Vi) () - )
2

t ~
fQDyS - / e volt=t2) / Q‘Sﬁ(@ — 8)G(s, 2, Vy,u)|ds (n(z1) - u)1du.
U> 0
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Proceeding as above we have that
D,S -
I < MAD ™| foll res (09,

and for every 15 € (0,10) there holds

D,S 131
j3 < CWO

e sup [l on)]-
Vo — V2 se0,] wv

Altogether we have obtained that

wol F(t,2,0) < (M€ +2m MPD) et p. (€%l fsll2s 09|+ (1 + 2€0 M2 D) ™| fol| s o)
se(0,

V1

+ (1 + 2Q:OCWO) e_V2t sup |:6V28||és||Lzolul(Oe):| .

vy — 12 s€[0,t]

Step 2. (Choice of the parameters) We put together now both estimates from each of
the cases treated as during the Step 1 and proceding exactly as during the proof of
Proposition 3.4.11 we obtain that

| fellzgs, 02y < (M€ +2mMPD) e sup €%\ f,||as (09) |+ (2 + 2€0M*D) ™| fol 25 0v)
0 s€ (0.4 ' '

vy

+ (24 2¢0Cyy) €™ sup {eyQSHéSHL‘X’ 1(05)} '
Vo — 2 s€[0,] Wi

Choosing vo = 1/2 and recalling that G = A f1 + G, the above estimate transforms
into

[l o) < (Mo + 2m M D)e "0 Sl[lop] [GVOSHJCLSHLg%(OE)} +2(1+ QODM4)€7VOtHf0||Lg%(OE)
se|0,t

v L) 2 o
—1—4;; (1+¢&Cy,)e 2 b sup [e 2| As frsllz 1(05)}
wov

s€[0,t]
%1 _¥ Yo
+4— (14 €oCyy) e 2" sup [6 27 G|l oo 1(OE)} ;
Yo s€[0,t] wov

and we proceed to use the dissipative properties of As and to fix the parameters for each
type of weight function as during the proof of Proposition 3.5.4.

o Weak inverse gaussian weights: If wy(v) = eS| with ¢ € (0,1/4], we recall that
Asfi = K((1 — xs)f) as defined in (3.1.26), therefore arguing as during the proof of (K1)
we deduce that for every N > 0 there is 63 = m(N)~!, where m(N) is given by the Step 2
of the proof of (K1) in Lemma 3.3.6, such that for every § € (0, 63) there holds

1
A5 f15l g (0°) < NHfl,sHLg%(os)-
We then choose
N = 16? (1+CoCuy), A =1/(4€), m = L(SM3D),
0

and we deduce that

_ _bo Yo
I f1ellzee 05y < Ce | foll e 05y + Ce™ 2" sup |e2°||Gsllze (0] -
0 0 Se[ot] wov 1
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for some constant C' > 0.

« Stretched exponential weights: If wy(v) = ¢ with s € (0,2) and ¢ > 0, we
observe that Lemma 3.5.3 implies that

||«46f1,s\|Lz°0V_1(os) < Do o [ 1.5l Lgg (09) (3.5.7)

and we further have that we may choose 62 > 0 such that for every § € (0,63) there holds
11 1
4;0 (1+ Q:(]Cwo) Wowo < 1

and choosing \; = 1/(4€p), and 1, = 1/(8M3D) we deduce that

| f1,e

_ _n 20
Lo (09) < Ce™ | foll s (o) + Ce™ 2" sup |e2 |Gyl (00| -
0 0 se[O,t] wov
for some constant C' > 0.

» Polynomial weights: If wy = (v)9, with ¢ > ¢ as defined in (3.1.7), we recall that we
have C,, = 4m/(q¢—4). Using again Lemma 3.5.3, we obtain (3.5.7) with ws., = 4/(¢—1)
as 0 — 0. We observe then that since g > ¢, there holds

4 4
4”1(1+ 7Teto)<1.
) q—4 qg—1

We may choose then d5 > 0 small enough such that for every ¢ € (0,3) there holds

4
2ﬂ (1 + & il )wé,m) < a,
) q—4

for some a € (0,1). Taking then A = (1 — a)/(4€p) and 7 = (1 — a)/(8M3D) we deduce
again that

_ _bo Yo
I f1tllzee (0 < Ce ™ follpee (05) + Ce™ 2  sup |e2®|Gsllze (0] -
0 0 s€(0,t] wor 1

for some constant C' > 0.

We have then obtained that

| f1,e

255,09 SC<€_y0t\|f0||Lg%(os)+€_§t s Gl _lwe)]) vt € (0,71,
s€lo, wo Vv

when choosing d, = 63 in the case of weak inverse gaussian weight functions, dy = 05 in
the case of stretched exponential weight functions, and do = 03 in the case of polynomial
weight functions.

Yo

Step 5. We conclude the proof by taking 7' > 0 such that Ce~2 7 < 1/2 and extending the
result for all time by repeating the analysis from the Step 3 of the proof of Proposition 3.3.1
(in a much simpler setting). O

3.5.4 Proof of Proposition 3.5.1

We conclude Proposition 3.5.1 by choosing eg = €9 and §y = §1, where €9, 1 > 0 are given
by Proposition 3.5.4, if Assumption (RH1) holds, or eg = €19 and &g = 2, where €19, d2 > 0
are given by Proposition 3.5.5, under Assumption (RH2). O
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3.6 Well-posedness of transport equations with Maxwell
boundary conditions

Before studying well-posedness results for transport equations, we summarize the results
obtained during Section 3.3 and Section 3.4 for the solutions of Equation (3.1.21).

Proposition 3.6.1. Consider either Assumption (RH1) or (RH2) to hold, w1 € 21 a
strongly confining admissible weight function, G : U* — R satisfying (G¢)o= = 0 for every
t >0, and let f be a solution of Equation (3.1.21). There are constructive constants
11,0 > 0 such that for every € € (0,e11) there holds

_ 02 2
I fillzos 02y < Ce ™ I follzos 02y + sup | €% %(|G| oo 1((96)} vt >0,
! ! s€[0,t] wiv
or some constan > , 1N epen ent of €.
tant C > 0, ind dent

Proof. The proof is immediate from Proposition 3.3.1 and Proposition 3.4.1. We remark
that we take e11 = &1 if Assumption (RH1)holds, where ¢; is given by Proposition 3.3.1,
and 11 = g5 if Assumption (RH2)holds, where ¢5 is given by Proposition 3.4.1. O

We dedicate then this section to prove the two following well-posedness results.

Theorem 3.6.2. Assume either Assumption (RH1) or (RH2) to hold, consider wi € 201 a
strongly confining admissible weight function, let fo € L (O%), and G € L2, (U?).

wiv—1
For every € € (0,e11), where we recall that 11 > 0 is given by Proposition 3.6.1, there

is f € Lg;, (U7), with a trace function vf € L, (), unique solution to Equation (3.1.21)
in the distributional sense, i.e for any ¢ € D(U®) there holds

t
/ f(t, ) e(t, ) dedo —/ / FEK*o+ f(Owp—v-Vep —ve)+ Gedrduds
€ 0 08
t
= [ fo0)e )dedv+ [ afp (0, v)dosde, (3.6.)
€ 0 EE
for every t > 0, and where we have defined the formal adjoint operator

K*p(v) := o k(vi,v) o(vy) dos. (3.6.2)

Moreover, there holds the representation formula

t
f(ta Z, U) = e_y(v)th(xa ’U) 1t1§0 + / e—y(v)(t—s) Kf(S, L, U) ds
max(0,t1)
) 1
+ e VW) G(s,z,0) ds + e VW £ 2y 0) 14,50, (3.6.3)
max(0,t1)

pointwise for every t > 0, almost every (z,v) € O°, and where t; = t1(t,xz,v) and 1 =
x1(t, z,v) are given by (3.1.25). Furthermore, there holds the results from Proposition 3.6.1.

Theorem 3.6.3. Assume either Assumption (RH1) or (RH2) to hold, consider wy € Wy a
weakly confining admissible weight function, let fo € Lgy (O°), and G € L (UF).

worv—1
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For every € € (0,e3) and every § € (0,00), where we recall that g,d9 > 0 are given
by Proposition 3.5.1, there is f1 € Lgy (U®), with a trace function vf1 € Lg; (), unique
solution to Equation (3.5.1) in the distributional sense, i.e for any ¢ € D(U) there holds

o fi(t, ) p(t, ) dzdo — /Ot /(96 iAo+ f(Op —v-Vaep —ve)+ Gededuds
= J,,. fo0)e(0,)dzdv + /0 t /Z ¢ (ng - v)dogdo, (3.6.4)
for every t > 0, and where we have defined the formal adjoint operator
A5 o(v) = (1= x5(v)) /Rg k(vs, v) (vi) dos, (3.6.5)

where we recall that x5 is defined in Subsection 3.1.4. Moreover, there holds the representation
formula

t
filt,z,0) = e W fo(z,0) 14, <0 + / o) e VNS A5 [ (s, 2, ) ds
max(0,t1
t
" (0,t1) e /=) G(s,m,v) ds + eI (8, 21,0) 150, (3.6.6)
max(0,t1

pointwise for every t > 0, almost every (z,v) € OF, and where t1 = t1(t,x,v) and 1 =
z1(t,x,v) are given by (3.1.25), Furthermore, there holds the result from Proposition 3.5.1.

We structure this section as follows: In Subsection 3.6.1 we provide extra a priori
estimates we will need in order to proof the previous theorems. In Subsection 3.6.2 we
obtain the well-posedness of Equation (3.1.13) in a weighted L? framework in order to
provide the validity of the hypocoercivity estimates of Section 3.2, and using this we proceed
in Subsection 3.6.3 to prove Theorem 3.6.2. We complete this section with Subsection 3.6.4
where we prove Theorem 3.6.3.

3.6.1 Extra a priori estimates

We provide now extra a priori estimates needed for the well-posedness results of this section.

Proposition 3.6.4. There is k € R such that for every f solution of Equation (3.1.13)
there holds

1 fellze < €[ follae, (3.6.7)

for every t > 0.

Proof. We first observe that [56, Theorem 7.2.4] implies that
| KRl < Crellhll#, (3.6.8)

for some constant C'x > 0. Arguing then at a formal level we have that if f is a solution
of Equation (3.1.13) there holds

1d

5%/(%‘70152-/\471 = /Osft(—v~vxft+Kft—yft)M*1

< <5 [ oM (G v [ ML (369)
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where we have used the Cauchy-Schwarz inequality and (3.6.8) to obtain the second line.
We now observe that

_/ VIE (g - 0) MTH = _/ VIt (g - v) M7 +/ VIt (g - v)- M7,
ze ne e
and using the Maxwell boundary conditions (3.1.9), we further have that

LM o) = [ (=) f D) M (o)

EE

< [ (a-OFrnp?een ('7+f)2) M (n - v)-

< [0 MT )t [ EnM(5S) )

+

where we have used a convexity inequality with the function = + |z|? to obtain the second
inequality. Moreover, we have used the change of variables v — V,v in the integral with
the specular boundary conditions, together with the fact that .# = v/2rM to obtain the
third inequality. We now remark that

/Eiba(gﬂ)/\/l(ﬁ“f)?(nx-y) /(meb\ﬁ(/ M (ng - v) )(/ Y+ f(ng - v) )

= F(/ Y4+ f(u)(ng - U)+)

0Qe

< /Ef(/ Y PM (g - 0) ></R3\/§M(nx-v)+>

< /25 La’Y—i—fQ(nm'U)—&-,

+

where we have used the fact that .# = 1 and the Cauchy-Schwarz inequality. Altogether
we have obtained that

—/ YfEM ™ (ng -v) <0. (3.6.10)
We conclude by putting together (3.6.9) with (3.6.10), using the Gronwall lemma and
setting Kk = Cxg — 19 € R. ]

Moreover, we have now the following lemmas on the a priori estimates for the trace.

For a set S € {A§ U A3, A5, G°}, where we recall that &° has been defined in (3.4.3),
we define ds as a smooth C? function coinciding, in a small neighborhood of S, with the
distance function to the compact set S. We remark that regularity of ds is justified since
C is always a smooth compact submanifold (or the disjoint union of compact submanifolds)
of R? making the distance function to such set a smooth function in a small neighborhood
around it, see for instance [92, 95, 121].

We define the function
1 if Assumption (RH1) holds

CS(ﬂj) = (55($))2
1+ (0s(z))?

We observe that (s € C1(QF) for any S € {AjUA3, A5, &°}, and we have then the following
extra a priori estimate for the boundary term.

if Assumption (RH2) holds.



3.6. Well-posedness of transport equations with Maxwell boundary conditions 229

Proposition 3.6.5. Assume there to hold either Assumption (RH1) or Assumption (RH2).
There is k € R such that for every f solution of Equation (3.1.13) there holds

/ot /E (7£5)? (n - v)* Goe (@) (0) > M~  dvdowds < e[l follae,  VEZ 0. (3.6.11)

Remark 3.6.6. We note that on cylindrical domains (i.e under Assumption (RH2)) the
estimates for the boundary are more degenerate than for smooth domains. The extra term
(se, making at all possible the control of the trace, serves to—in a sense—smooth out the
normal vector when approaching the singular set G°.

Proof of Proposition 3.6.5. We divide the proof in two steps. First we obtain (3.6.11) for
smooth domains, and after we repeat and adapt those computations for the setting of the
cylinder.

Case 1. (Smooth domains—Assumption (RH1)) We recall that (g = 1 under Assumption (RH1),
and that in this setting the normal vector is a C? vector field of R3. We then compute

%% /og(ft)z/\/l_1<v)_2(nx ‘v) = /og fo(=v-Vofi+ Kfy —vfi) M (0) " (ng - v)
1

=3/, Va(fEIM™ (g - 0){0) 72 + Cll fellF,
(3.6.12)
for some constant C' > 0, and we remark that we have used that |[(v)~2(n, - v) |< 1, the
Cauchy-Schwarz inequality, and (3.6.8) to obtain the second line. This was in the same
spirit as in the obtention of (3.6.9) during the proof of Proposition 3.6.4.
Using integration by parts we now have that

= [ v VeIM - ) (0) v
/ fAM (ng - v) <v>_2dvdaw+/ FAM™Y (v - Vo(ng - v)) (v) 2dvdz
Oe
<= [ M s 0)20)Pdudo + Ol

for some constant C' > 0, and we remark that we have used the regularity of the normal
vector to deduce the last line. Integrating in time in (3.6.12) we deduce that

t
[ [ 50 o odonds 5 ol [ 15,

and we conclude (3.6.11) by using (3.6.7).

Case 2. (Cylindrical domains—Assumption (RH2)) During this proof we write any element
x € R3 by its components as x = (1, z2,23). We consider the vector fields ny, ny : R? — R3
defined respectively by

(xlv 07 0)
e 1L

(07 €2, $3)

and  ng(x1,x9,23) 1= iy

ni(z1, x, x3) 1=
We then observe that each of them is smooth and we remark that n;(z) = n(z) for every
x € A5 U A5 and na(z) = n(z) for every z € A5. Moreover, from their very definition there
holds
Ini(z)|[<1  VreQr,
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for any i € {1,2}. We then compute

3 o PMEH 2 Cag ) (a0) ) o

= /08 fi (v Vofi + Kfy —vf) M~ Hw) ™2 Cag () (n1(z) - v) dvda (3.6.13)

1

=5 | ValHMT )2 Cag @) (@) - v) duda + C il

for some constant C' > 0, and we remark that we have used that |(v)~2(n;(z) - v) |[< 1,
that (5 is uniformly bounded from its very definition, the Cauchy-Schwarz inequality, and
(3.6.8) to obtain the last line.

We then recall that by its very definition (¢ (x) = 0 for every x € A5. We then have
that

= [ v VelIM T )2 60 @) (@) - ) dud
:—/ JEM ™0, (@) (ng - v)? (v) ™ 2dvdaz+/ fEMTE (v - V(na(z) - v)) (v) " 2doda
ASUAS
[ M) (0 Vi 1)) (1 (@) - v) dod

< [ BMT (@) (g -0 0) P dedo, + Cl il
ASUAS
where we have simultaneously used the regularity and boundedness properties of ¢ AS and

ni, and the fact that ny(z) = n(x) for every Af U A5, and (3(z) = 0 for every = € AS.
We now observe that

Crs(7) = Ce=(z) Vo € ATUAS,

and integrating in time and arguing as during the Case 1 of this proof we deduce that
there is a constant x > 0 such that

t
L[ M e (@) a0 0) P dudoyds e ol
0 JAsUAS

Repeating this exact arguments but using (asuag (@) (n2(z) - v) instead of (as(z) (n1(x) - v)
n (3.6.13) we obtain that

A o FEM7 @) (e 07 ) odads S e olfy

We conclude this case by putting together the two last estimates. O

We define now certain notions before passing to the proof of the main of this section.
First, we introduce the boundary measures

d¢) := M Y(ng, -v)dvdo,, and  d& = M (ng - v)? Cee () (v) "2 dvdo,.

Secondly, we define the space of renormalizing functions pr .(R) as the space of C!
piecewise functions with finite limits at +o0, and such that s — (s)f’(s) is bounded in R.
Furthermore, we provide a priori estimates for the solutions of Equation (3.1.21) in

weighted L spaces, when (G))p- # 0.
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Proposition 3.6.7. Consider either Assumption (RH1) or (RH2) to hold, wa € 2
a strongly confining admissible weight function, G : U5 — R, and let f be a solution
of Equation (3.1.21). For every € € (0,e11), where we recall that €11 > 0 is given by
Proposition 3.6.1, there holds

[fellzgs (05) < C <6952t\f0||Lgol(os) + HG”ngu_l(UE)) vt >0, (3.6.14)

for some constant C > 0, independent of .

Proof. We emphasize that the only difference between Proposition 3.6.7 and Proposition

3.6.1 is the fact that G does not have total mass zero for all time. This implies that during

the proof we will not be able to apply the hypocoercivity decay (3.2.1) to G, and in its

place we will use Proposition 3.6.4. We then put the extra exponential growth in time

given by (3.6.7) with the constants outside and shifting our estimate to control instead

|G| o _, (=), the proof of Proposition 3.6.7 follows exactly that of Proposition 3.6.1,
Wi

thus we skip it. ]

3.6.2 Well-posedness of Equation (3.1.13) in a weighted L? framework

We define now the boundary measures
d¢) := M Y(ng -v)dvdo,, and  d& = M (ng - v)? Cee () (v) "2 dvdoy,

and we define the space of renormalizing functions C pw .(R) as the space of C'! piecewise
functions with finite limits at +oo, and such that s — (s)3'(s) is bounded in R.

We then prove the following well-posedness of Equation (3.1.13) in H in order to justify
the computations from Section 3.2.

Theorem 3.6.8. Assume there to hold either Assumption (RH1) or Assumption (RH2)
and consider fo € H. There is f € C(Ry,H) with an associated trace function vf €
L2(T%; déadt), unique global solution to Equation (3.1.13) in the distributional sense (see
for instance (3.6.1)).

Remark 3.6.9. In particular, Theorem 3.6.8 implies the existence of a strongly continuous
semigroup S : H — H associated to the solutions of Equation (3.1.13).

Remark 3.6.10. We observe that, in the case of cylindrical domains (i.e under Assumption (RH2)),
the functional space where the trace function is well defined is more singular than in the case
of smooth domains. This is in particular reminiscent of our comments from Remark 3.6.6

The problem of well-posedness for transport equations with non-local terms presenting
boundary conditions has been deeply addressed in the literature, see for instance [16, 17,
54, 77, 134, 138, 139, 158]. However, due to the lack of a precise reference, we provide a
proof for Theorem 3.6.8.

Proof of Theorem 3.6.8. We divide the proof into three steps.

Step 1. (Auziliary problem with inflow boundary conditions) We consider a function
f € L3(T%;dtd&;), and we study the following evolution equation

atf = .,S/ﬂf in U
v~f = f on I'® (3.6.15)
fi=o = fo InO°
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A direct application of [158, Proposition 8.16] gives the existence of f € C(R4,H), with a
trace vf € L?(T'%; d§1_dt), unique renormalized solution to Equation (3.6.15), i.e for every
test function ¢ € D(U®) there holds

L8t et) = [ [ 800K +807) (@i — v Vai) B (S
0= 0 Jos
_/0 /Zi’wﬁ(f)so(nx-vh :/OE 5(f0)(-)¢(0,.)_/0 /Eﬁ(f)w(nx-v), (3.6.16)

for every t > 0, and every renormalizing function 5 € C’;m*(R). Furthermore, there is a
constant x > 0 for which there holds the enegy estimate

t t
5B+ [ e el aeyds < e ol + [ €0l agee g s (3:6.17)

for every t > 0.

Step 2. (Banach fized point for modified Mazwell boundary conditions) We take an arbitrary
T > 0 to be fixed later, a constant « € (0, 1), and we consider a function h € C(Ry,H),
with a trace vh € L?(I'?;d€;dt), unique solution of Equation (3.6.15) given by Step 1. We
study now the following kinetic equation

of = —v-Vuf+Kf—vf inlUf,
v—f = aPRvyih onI'5 _, (3.6.18)
fi=o = fo in O°.

We recall that during the computations performed on Step 1, we have proved that
| Zy+hl L2 (se ae) < ||'7+h||L2(Zi_,d£1)-

Moreover, Step 1 also implies that there is f € C(Ry,H), with a trace v f € L?(I'*;d&dt),
unique renormalized solution of Equation (3.6.18). Furthermore, (3.6.17) and the above
boundary estimate give that

t t
[RAER +/0 €2H(t_s)H’Y+fs||%z(zg+;d&)ds < e* foll3 + a/o ™) |y hs T2 e saer) s,
(3.6.19)
for every ¢t € [0,7]. This implies that the mapping h — f is a-Lipschitz for the norm
defined by ,
sup L1lfe ™+ [ 1ol ey s}
t€[0,T] 0 +

The application of the Banach fixed point theorem implies then that there is f € C'(R4, H),
with a trace function v f € L?(I'%;dé;dt), unique renormalized solution of the following
evolution equation

Ohf = —v-Vof+Kf—-vf inlUy
vf = aZy+f on 'y
fi=o = fo in O°,

in the sense that for every ¢ € D(U?), and every 3 € C;w,* there holds

SN~ [ [ BUIGKS + B B —v- Vasp) ~ v (1)
0= 0 JOs
—// 7+5(f)<ﬂ(nx‘v)+=/ B(fo)()¢(0,-), (3.6.20)
0 € O
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for every t € [0, T].

Step 3. For a sequence oy, € (0, 1) such that a1, we consider the sequence ( fi) obtained
by using the Step 2 as the solution to the modified Maxwell reflection boundary condition
problem

Ofr = —v-Vuofy+Zfr mUf
Y[ = o By+fr on X7 _ (3.6.21)
Jri=0 = fo in OF.

From the fact that % : L*(25;d& ) — L?(3°;d¢;) with norm less than 1 as established in
Step 2 and the energy estimate (3.6.19), we deduce that fj satisfies

t
[ futllae + (1 — ak)/o €2ﬁ(t_s)H'Y+fks||%2(25r;d§1) < e follu (3.6.22)

for any ¢ € [0,7] and any k > 1.

Now, for any constant M > 0 we take 3(s) = Bar(s) = M A s?, and as tests functions ¢
we take the ones considered during the proof of Proposition 3.6.5. From the renormalized
formulation (3.6.20) with these choices, arguing as during the proof of Proposition 3.6.5,
and using the integral version of the Grénwall lemma we additionally have that

[ (fagar < 1 folfe”.
T

From the above estimates, we deduce that, up to the extraction of a subsequence, there
exist f € L2(0,T;H) N L®(0,T;H) and f1 € L*( 7.4 d&2dt) such that

fi — f weakly in L%(0,T;H) N L>®(0,T;H), ~+fr — f+ weakly in L*( 743 déadt).

Since (v)M € L}(R3), we have that L?(I'%;déadt) € LY(T5; (s (2) (ng - v)dvdo,dt).
Moreover, from the very definition of the rescaled Maxwell boundary condition (3.1.9), we
have that as a map

B LNE%; (s () (ng - v)dvdoy) — LY (22 ; (ee (2) (g - v)dvdoy),

there holds
||'@||L1(ZE; (ee (z) (ng-v)dvdoy) <1

Altogether this implies that Z (v, fi) — Z(f1) weakly in L'(T'_; (g= (7) (ny - v)dvday).
Furthermore, from [158, Proposition 8.10], we have that v fx — v f weakly in L2 _(T'5; d€adt).

loc

Using both convergences in the boundary condition v_ fi = Z(v+fx), we obtain y_ f =
Z(v+f)-

We may thus pass to the limit in the weak formulation of Equation (3.6.21), obtained
from the Step 2, and we obtain that f € C(]0,T]; H) is a weak solution to Equation (3.1.13).
Moreover, passing to the limit in (3.6.22), we also have that (3.6.7) holds. This and the
linearity give the uniqueness of the solution to Equation (3.1.13), and repeating this
argument in the time intervals [nT, (n + 1)T] for every n € N we conclude the existence
and uniqueness of a weak global solution. O

3.6.3 Proof of Theorem 3.6.2

We provide now the well-posedness of Equation (3.1.21) in a weighted L* framework. This
is necessary because in order to provide the well-posedness of the non-linear Boltzmann
equation, we need to work in the algebraic structure given by weighted L*° Lebesgue
spaces.
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Proof of Theorem 3.6.2. We split the proof into four steps.

Step 1. (Classical solutions to the transport equation with smooth coefficients ) We consider
now Hy, Ha, $ € CHUF), hg € CH(O?) and we study the following transport evolution
equation

oh = Jh+Hy+Hy inlU®
v-h = 9 on A% (3.6.23)
ht:() = ho in OE.

We classically have (see for instance the proof of [158, Lemma 8.12] and the references
therein) that a solution to Equation (3.6.23) is given by the representation formula

t
h(t,z,v) = e_”(”)tho(x, v) 14,<0 + / e v (V)(t=s) (Hy + Hs)(s,z,v)ds

max(0,t1)
+ e WGt 21,0) 150, (3.6.24)

and, in a smooth framework, we further have that h also satisfies the weak formulation

/Oghtso(t,-)—/ot Osh(v.vxso—u(v)gow/t/s b (n - v)s

= hOSO +/ 5380 Ng -V ++/ / H1+H2 . (3625)
e €

for every ¢ € D(UF) and t € R
Moreover, multiplying (3.6.24) by wi, taking the L% (O¢) norm, and using (K2) with
v = 19/2, we deduce the energy estimates

V1
hllzgs @) < hollzes ©2) + 19y 02y + 11 llrgg @ey + 2~ Hellpe | @e),  (3.6.26)
0 Wll/

Step 2. (Solutions to the transport equation with L> coefficients) We assume now H; €
L3 (U°), Hy € LY (UF), H € L, (I'2) and hg € LZ; (O°). We take then the sequence of
smooth functions H', HY € CLUF), H™ € CH(I'?) and h§ € CH(O?) such that, as n — oo,
there holds

HY — Hy strongly in L (U°), HY — Hy strongly in L™ _,(U°),

: wiv (3.6.27)
H*—=H strongly in L (I'2), hg — go strongly in L (O°).

From the analysis performed during the Step 1, there is A" unique solution to Equation (3.6.23)
associated with H* for ¢« = 1,2, ", and hj. Moreover, there holds the representation
formula (3.6.24), the weak formulation (3.6.25), and the energy estimate (3.6.26).

In particular, defining the trace using the representation formula (3.6.24) as detailed in
[158, Definition 8.1], we deduce from (3.6.26), the linearity of Equation (3.6.23), and the
convergences from (3.6.27) that h™ and yh" are Cauchy sequences in L (U4°) and Ly, (I')
respectively. Therefore, there are functions h € L (U°) and vh € L (FE ) such that, as
n — 0o, there holds

h"™ — h  strongly in L (O°) and ~h"™ — vh  strongly in L (I'C).

Moreover, passing to the limit in the weak formulation of Equation (3.6.23) associated
with H}* for i = 1,2, §", and h{j, we deduce that h, with the trace function vh, is a weak
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solution of Equation (3.6.23) associated with H; for i = 1,2, $), and hy, satisfying the
energy estimate

HhHLEJOl (us) + prhHLaol(F‘f) S HhOHLi;OI(OE) + HﬁHLf;ol(Fi)
141
+ HHlHLgol ) + QV—OHHQHLZoIV we)- (3.6.28)

—1
In particular, (3.6.28) and the linearity of Equation (3.6.23) imply the uniqueness of this
solution.
Furthermore, we may pass to the limit in (3.6.24) a.e in (x,v) € OF such that h satisfies
the Duhamel formulation (3.6.24).

Step 3. We now set ° = 0, ¢g € L (O°), a € (0,1), we recall that G € Ly, -1 (U) and

we consider the recurrent sequence of solutions given by the following evolution equation

at¢k+1 — cywlﬁl 4 Kwk + G in U
721/)1’““ = aRy Yk on I'® (3.6.29)
ar S in O

Indeed, we remark that if we assume that, for a certain k, % € L (), then (K1) implies
that Ky* € L (UF). Therefore Step 2 implies the existence of Prtl e L (Uf), with a
trace yy*t!l € L (I'9), unique weak solution of Equation (3.6.29) in the sense provided by
the Step 2.

We take now A > 0 to be fixed later and, inspired by the recent series of papers
[45, 48, 49], we define the modified weight functions

wi' = wit(v) = A (V) + (1 — Ea(v))wr,

where £4(v) = &(|v|/A), for a function ¢ € C?(Ry,R), such that 11 <& < 1pg-
Moreover, we remark that there is a constant c4 > 0 such that

cylwr < wil < caw. (3.6.30)

Using now the representation formula given by the Step 2 for the solutions of Equation (3.6.29)
we have that

t
wk—H(t, T, U) — e—u(v)t¢0($’ U) 1/,<0 + / e—z/(v)(t—s) Kd}k‘(s? z, U) ds
- max(0,t1)
¢
+ / e VW) G(s, 2, v) ds + e VO 0y P (1), 21, 0) 14,50, (3.6.31)
max(0,t1)
Multiplying (3.6.31) by w!, using (K1) together with (3.6.30), and arguing as during the

(
proof of (K2) with vo = /2, we deduce that there is a constant Cp > 0 satisfying

‘wk—’_l(t, T, U)‘Wf‘ — e-uot"¢0"LmA (0°) +t COHka”LooA (0¢)
wy w

+Col|Gllie,  (00) + awi (v) [Zy9* (81, 21,0)]. (3.6.32)
Wl v
To bound the boundary term from (3.6.32) we remark that

Bt < (L= O, o0 + el M] [ 0 b0 (- ) du
“1

IN

(1= WMz, 00 + 10 s, ottt [ (-0 ()
“1 “1
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On the one hand, we observe that from the very definition of w4 there holds
Wil = €44+ (1 — Q) < 1.

On the other hand, we have that
1< / (ne - w)ywit(w) Ydu= | () (ng-u)y (Ea+ (1 —E)wt) Hdu =04 — 1,
R3 R3 A—o0

where we have used the fact that €4 + (1 — £4)w# — 1 as A — oo and .4 = 1.
Using then that « € (0,1) and ©4 — 1 as A — 0o, we can choose A > 0 large enough
such that © 4 < 1/a, this implies that

a(l—04+04)=a(1+:5(04—1)) <aBy <1,

where we have used the fact that ©4 > 1 for every A > 0 and *(z) < 1 for almost every
x € 0.
Using then the linearity of Equation (3.6.29) and the previous analysis we have that

19"+ = 9¥|| Lo, 02y < (ECo + aOa) [[* — " 7|1, (00,
“1 “1
and following exactly the same argument we further obtain that

Iy * ! = 4P| oo 00y < (8Co + a©a) 97 — | Loo (0e).
Wl w

1

These informations imply that, for a small time Ty > 0, ¥* and ~9* are Cauchy sequences in
the the Banach spaces LZOIA (UF,) and Lzof; (I'7,). Therefore there are functions ) € Lzof Uz,)

and vy € L> (I'Z, ) such that, as k — oo, there holds
1
YF — 4 strongly inLZ‘iA (Uz,) and ypF — 1) strongly inLZ‘%( T

Moreover, using (3.6.30) and passing to the limit in the weak formulation associated with
Equation (3.6.29) we deduce that 1 solves the evolution equation

oYy = TY+Ky+G inUf
vy = aRyi) on I'® (3.6.33)
Y=o = o in O°,

in the time interval [0, Tp]. Repeating this argument in every time interval [nTp, (n + 1)Tp]
for every n € N we deduce the existence of a global solution ¢. Furthermore, from
the representation formula associated with Equation (3.6.29), and the previous strong
convergence result we have that

t
U(t,z,v) = e_”(”)t@bo(x, v) 14<0 + / e (W)(t—s) Ki(s,x,v)ds
- max(0,t1)
t
+ e VW) Qs 2, v) ds + e VO (b 21, 0) 14,50, (3.6.34)
max(0,t1)

for every ¢ > 0 and for almost every (z,v) € O°.

We can then use the well-posedness from the Step 3 of the proof of Theorem 3.6.8 and
Remark 3.6.9 to justify the repetition of the hypocoercivity result from Theorem 3.2.1
applied to Equation (3.6.33). We may thus repeat the computations leading to the
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conclusion of Proposition 3.6.7. Therefore, there are £11,6 > 0, given by Proposition 3.6.1,
such that for every € € (0,e11), there holds the following energy estimate

_pe2
191l s 02y + [Vbell gy (me) < Ce bt <H¢0’Lgol(o~e) + SSGI[B%]’GHLEVI(ME)) , (3.6.35)

for every ¢ > 0, and where C' > 0 is an universal constant independent of €. Finally, it is
worth remarking that (3.6.35) is uniform in « from the fact that this estimate comes from
Proposition 3.6.7.

Step 4. We now take a sequence oy, 1, with k € N, and we consider the sequence (f;)ren
obtained in Step 3 as the solution to the modified Maxwell reflection boundary condition
problem
Of = THh+Kf+G inlU*
V- = ar BVt fi on I'® (3.6.36)
fri=0o = fo in OF.

Moreover, it is worth remarking that there holds the representation formula (3.6.34) for fj.

Using then the energy estimate (3.6.35) we obtain that f* and ~f* are bounded
sequences in L (U°) and Ly, (I'°), therefore there is f € L (U°) and vf € Ly, (I'®) such
that, as kK — oo, there holds

f*¥ — f weakly-* in Lg, (U7)  and v ¥ = 4 f weakly-+ in Lo (T9).

We can thus pass the limit in the weak formulation associated to Equation (3.6.36) and we
deduce that f, with its associated trace v f, solves Equation (3.1.21) in the sense of (3.6.1).

Furthermore, we remark that by taking the representation formula (3.6.34) for f*,
multiplying it by any arbitrary function g € L,ln1 (U°¢), where m; = wy ! we may pass
to the limit as & — oo and by density we deduce that f also satisfies the representation
formula (3.6.34).

Finally, we conclude by remarking that the conclusion of Proposition 3.6.1 holds from
the fact that we have access to a Duhamel-type formulation and using Remark 3.6.9. O

3.6.4 Proof of Theorem 3.6.3

The proof of Theorem 3.6.3 follows by exactly the same arguments used for the proof
of Theorem 3.6.2, with the only difference being using the a priori estimates from
Proposition 3.5.1 in the place of those from Proposition 3.6.7. O

3.7 Proof of Theorem 3.1.3 for strongly confining weights

We dedicate this section to prove a first part of Theorem 3.1.3.

Theorem 3.7.1. Consider either Assumption (RH1) or (RH2) to hold, and let w; € ;1 a
strongly confining admissible weight function. For every e € (0,e11), where we recall that
e11 > 0 is given by Proposition 3.6.1, there is nj(¢) € (0,1) satisfying ni(e) — 0 as € — 0,
such that if fo € Lg, (O°) satisfies

1 ollzes (02) < (mo(€))?,

there is a function f € L, (U°) with an associated trace vf € L (I'°), unique solution

to the linearized rescaled Boltzmann Equation (3.1.5)-(3.1.9)-(3.1.10) in the distributional
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sense, i.e for every test function o € D(UF) there holds

t
L et dvda— [ f @0 Vo + Ko=)+ O f) dudads
e 0
+/ / vf o (ng-v)dvdo, = / foe(0,-)dvdx, (3.7.1)
for every t > 0, and we recall that K* is defined in (3.6.2). Furthermore, there holds

—pe?
el Les ) < e Pmple)  vE=o0. (3.7.2)

3.7.1 Estimate on the bilinear Boltzmann collision operator

Before studying the non-linear Boltzmann equation we state the following control on the
bilinear Boltzmann collision operator.

Lemma 3.7.2. Let w be an admissible weight function, and let g,h € L(O°). There
holds

1909, ML= _, (0°) < CallgllLg o)Al L (09)-
for some constant Cg = Cg(w) > 0.
Remark 3.7.3. This type of estimate is classical in the study of the Boltzmann equation,
see for instance [56, 83, 102, 108]. Moreover, we point out that Lemma 3.7.2 is nothing but

[102, Lemma 5.16] for polynomial and stretched exponential weight functions. Therefore
we will only prove this result for inverse gaussian weight functions.

Proof. We recall that, due to Remark 3.7.3, we assume w(v) = eS? ) with ¢ € (0,1/2).
We also recall the Boltzmann collision operator

A9, S 1L L= -olgwndodo. + [ [ 0= v.)- olhel)g(w)dodv,
—/RS §ﬂy(va*)-o'Ig(v’)h(v)f(v*)dadv*f/RS [0 v2)- olh(v)g(0)f (0. )dodo,
= g(er+ei-or-9;).
where

vV'=v—((v—uv4)-0)o, v, = v + (v —vs) - 0)o.

In particular, we observe that
WL 12+ |02 = u]® + |v|?,  therefore w(v)w(vy) = w(v)w(vl). (3.7.3)

We then compute

w@) el < lolusoalhlizow@r) [ [ v)’dadu*
< gllzge (o9l e (0 v / S2| (v —vy) - a| (v,) tdodo,

S gl lflzzio @ ([ lon] @) v+ fof [ (o) av.)

< gllpesoo) 1l Lo (0syv(v) ),
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where we have used (3.7.3) to obtain the second line and we have used the convexity type
inequality 1+ |v| < v/2(v) to obtain the fourth. We remark that, from (3.1.6) we have that
v(v)~Hv) < yyt, therefore there holds

w)r(0) Q| S N19llLee 09 1l Les (0%)-

We conclude the proof by repeating these same steps for the remaining operators Qy , Q7
and Q, . O

3.7.2 Proof of Theorem 3.7.1

We define the norm

fe?s
= sup |e sl oo (0 |
(£ Se[O,P)[ 1fsllzeg 0 )}

where we recall that 8 > 0 is given by Proposition 3.6.1. We consider a A > 0 to be fixed
later, and we define the Banach space

Z = {g € Lffi(“ﬂ? [[QHI < )‘}7

equipped with the strong topology in Lg; (i¢), which makes Z; a bounded, convex, closed
subset of LY (U°).
We denote ¥y as the map that to g € Z; assigns f the solution of

of = Zf+Q(g,9) inU
v_f = Rvif, on I'® (3.7.4)
Jt=o = fo, in O°,

which is given by Theorem 3.6.2. Indeed, we observe that Theorem 3.6.2 holds by using
Lemma 3.7.2 and the fact that g € Z;. We remark then that Proposition 3.6.1 implies that
for every € € (0,e11) there is Cy = Cp(e) > 0 satisfying Cy(g) — oo as € — 0, such that

(11l < Coll foll s (0% + Co sup_ | *[Q(gs, 95l (00)
s€[0,t] “1v (3.7.5)

< Coll follzes (0) + CoCallglli

where we have used Lemma 3.7.2 to obtain the second line and the constant Cgo = Cgo(w1) >
0 is given by Lemma 3.7.2.
We then choose nj(g) = A(¢) and

. 1 1
A= Ae) i=min (co(g)a + Co)’ 1Co(5)Ca’ 1) ey

In particular, this choice of A together with (3.7.5) implies that f € Z;, thus ¥y : 21 — Z;.
Furthermore, if we take g1, g2 € 21 and denoting f; = ¥y(g;) for ¢ = 1,2, we have that
¥ = f1 — fo is the weak solution of the evolution equation

o0y = LYv+Qg+g2,91—g2) inlU°
voh = Ry on I'®.
thO — 0 in OE,

in the sense of Theorem 3.6.2. Using then Proposition 3.6.1 and Lemma 3.7.2 as before we
have that

[lg1 — g2]]1-

| =

[[¥]]1 < CoCollgr + g2llillor — g2ll1 < 2CoCoA[[g1 — g2]]1 <
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This implies that ¥y is a contraction in Z1, thus there is a unique fixed point f € Z; for
this map. We deduce that f is a weak solution of the nonlinear Boltzmann Equation (3.1.5)-
(3.1.9)-(3.1.10) in the sense of (3.7.1). Furthermore, (3.7.2) comes from the very fact that
f ez ]

3.8 Proof of Theorem 3.1.3 for weakly confining weights

We dedicate this section to prove the remaining part of Theorem 3.1.3 on the well-posedness
of the Boltzmann equation for weakly confining admissible weight functions.

Theorem 3.8.1. Consider either Assumption (RH1) or (RH2) to hold, and let wy € Wy a
weakly confining admissible weight function. Define furthermore €19 := min(eg, £11), where
we recall that eg > 0 is given by Proposition 3.5.1 and €11 > 0 is given by Proposition 3.6.1.

For every ¢ € (0,e12) there is n3(e) € (0,1) such that nJ(c) — 0 as € — 0, such that
for every fo € L2 (OF) satisfying

wo
1 follzes (02) < (16(€))?,

there is f € Ly (U°) with an associated trace v f € Lgy (I'°), unique solution to the linearized

rescaled Boltzmann Equation (3.1.5)-(3.1.9)-(3.1.10) in the distribution sense, i.e for every
test function ¢ € D(U®) there holds

Jt)eltJdvdr = /t/ F (O +v-Vap + Ko —vp) + ¢ Qf, f) dvdads
os 0 Jos=
¢
+/0 /Ef ')’f‘P (’I’Lm . ’U)dUdO’x = /OE fO 30(07 ‘)dUdl’, (381)

for every t > 0, and we recall that K* is defined in (3.6.2). Furthermore, there is 6 > 0
such that there holds
.2
1fell e o) < €™ Fmie) Ve, (3.8.2)

Remark 3.8.2. The proof follows the main ideas of [36, Section 6].

3.8.1 Dissipative equation

Let h : U* — R, we study the following equation

ofi = Th+Asfii+Q(fi+h fi+h) inUs
v-fi = Rvih on I'®. (3.8.3)
fitz=0o = fo in O°.

We dedicate this subsection to prove the following well-posedness result.

Proposition 3.8.3. Consider either Assumption (RH1) or (RH2) to hold, let wy € Wy a
weakly confining admissible weight function, and let fo € LY (O°) and such that

1follgg (05) < 1

some m1 > 0 small enough. Assume furthermore that for every e € (0,eg) and § € (0,00)
there holds

2
sup {eea sHhSHLSJ%(OE)} <, (3.8.4)

$€[0,00)
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where £g, 59 > 0 are given by Proposition 3.5.1, and 6 € (0,v0/2) is given by Proposition 3.6.1.
For every € € (0,e3) and § € (0,6) there is f1 € Lg% (UT) with an associated trace
vf1 € Ly (I¢), unique solution to Equation (3.8.3) in the weak sense, i.e for any ¢ € D(U)
there holds

¢
" fi(t, ) o(t, ) dedv — /0 /(9 fiA5 o+ f(Op+v-Vep —v) deduds

t t
- / / Qi +h, f1 +h) pdaduds + / / v (ng-v)dogdv = [ fo(-)p(0, )dado,
0 JOs 0 Jxe e (385)

for every t > 0, and where we recall that A5 has been defined in (3.6.5). Furthermore,
there holds

—9e2 2 2
| frellzgs (o) < Ce™ (HfoHLg%(oe) + sup [ Ryl g 0| ) V>0, (3.8.6)
s€(0,00

for some constant C > 0, independent of €.

Proof. The proof is mainly a repetition of the arguments from the proof of Theorem 3.7.1.

We define the norm

2
[lgl)o == Sup [695 SllgsllL%(os)} , (3.8.7)

we consider a A > 0 to be fixed later, and we define the Banach space
2o :={g € Ly, (U), [[gllo < A}, (3.8.8)

equipped with the strong topology in L. (U®), which makes Zj a bounded, convex, closed
subset of LZP (U°).
Moreover, we denote ¥ as the map that to g € Zy assigns f1 the solution of

ofi = Th+Ash+Qg+hg+h) inUs
-h = Zy+fi, on 't
fiz=0 = fo, in O°,

which is given by Theorem 3.6.3. Indeed, we observe that Theorem 3.6.3 holds by using
Lemma 3.7.2, (3.8.4), and the fact that g € 2.

We recall now that Proposition 3.5.1 implies that there is Cy > 0 such that for every
e € (0,eg) and every § € (0,dp), where 5,09 > 0 are given by Proposition 3.5.1, there holds

[[Alle < Collfoll g 02) + Co Sl[?t] %% Q(gs + hs, g +hs>HL°<:) _L(09)
selo, wov
< Collfollzeg (0¢) + CoCallg + Al
<

Coll follzgg (02) + 2CoCol[glls + 2CoCollR]]3,

where we have used Lemma 3.7.2 to obtain the second line, we remark that Cg = Cg(wp) >
0 is given by Lemma 3.7.2, and we have used the Young inequality to obtain the last line.
We then choose 17; = A? and

A\ . ( 1 1 )
= min
Co(1 —1—409)’ 8CyCo ’
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and we observe that, in particular, this implies that f; € Zy, thus Vg : Zy — 2.
Furthermore, we consider g1, g2 € Zp and f1; = Wg(g;) for i = 1,2, and we have that
Y = fi1.1 — fi,2 is the weak solution of the evolution equation

oy = LY+ Qg1 +g2+2h,g1 —g2) inlU*
VY = By, on I'®
1[)15:0 =0 in Oa,

in the sense of Theorem 3.6.2. Using again Proposition 3.5.1 and Lemma 3.7.2 we have
that

—_

[¥llo = CoCollgr + g2 + 2hJo[lgr — g2llo = 4CoCA[lg1 — g2llo < Sll91 — g2llo-

This implies that W is a contraction in Zj, thus using the Banach fixed point theorem we
deduce that there is a unique fixed point f; € Zy for this map. Moreover, from the very
definition of the map ¥y we deduce that f is a weak solution of Equation (3.8.3) in the
sense of (3.8.5). Furthermore, (3.8.6) comes from using Proposition 3.5.1 and Lemma 3.7.2,
the fact that f; € Zp, and the very definition of A > 0. O
3.8.2 Functional inequality on K

We recall the definition of ICs given by (3.1.26) and we have the following result.

Lemma 3.8.4. Let w be an admissible weight function. For every § > 0 there holds

1Ks fllzee(02) < Csll fll o< (02, (3.8.9)
for some constructive constant Cs > 0.

Proof. We note first that
{lu| <267 6 <|v—wy| <2671} C{v]| <267, e <4671, 6 <|v—w,| <2071} =T

and there holds

¢(v) \ 17(v, vk (v, vy )dve < 0.
R

This concludes the proof. ]

3.8.3 Residual linear equation

We consider g : U* — R, and we study the following linear evolution equation
Orfo = ZLfo+Ksg inUE

V-f2 = Ry f on I'® (3.8.10)
fou=0 = 0 in O°,

where we recall that Kj is defined in (3.1.26). We define the projection operator

Pf(t,x,v) = M(v) o f(t, z,u)du,

and we dedicate this subsection to prove the following well-posedness and long-time behavior
result
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Proposition 3.8.5. Consider either Assumption (RH1) or (RH2) to be satisfied, let
g € Ly (UF), for some weakly confining admissible weight function wy € 2W.

For every strongly confining admissible weight function wi € Wy, every d > 0, and every
€ € (0,e12), where we recall that e12 > 0 is given in Theorem 3.8.1, there is fo € Ly, (U)
unique weak solution of Equation (3.8.10) in the sense of the Theorem 3.6.2.

Moreover, if Z(f2+ g) =0, and for every e € (0,e12) there holds

196l 25 07) < Coe™™ Ve =0, (3.8.11)

for some constant Cy > 0, and where 0 > 0 is given by Proposition 3.6.1, then there is a
constant C = C(e) > 0 satisfying C(e) — o0 as € — 0, such that

_pn=2
1 F2.tll s (0e) < CCoe™", (3.8.12)
for every t > 0.

Remark 3.8.6. The proof of the above proposition follows the main ideas of [36, Proposition
6.8].

Proof. The existence of fo € L (U°) is immediate by using Lemma 3.8.4 and Theorem 3.6.2.
Moreover, from the fact that Z(f2 + ¢g) = 0 we deduce that there is C; > 0 such that

12 fotll Les, (07) = 1 PKs9tll 1z (07) < Ca Cye %t Wt >0, (3.8.13)
where we have used, the very definition of &7, Lemma 3.8.4 and (3.8.11) to obtain the final
inequality.

On the other hand, we define 2+ := Id — 22, we observe that (2 (Ksg:))o- = 0 for
all t > 0, and there holds
0P for = L fa+ PH(Ksgr) = L(P* far) + P (Ksgr)-

Therefore there holds in the distributional sense

W PLfoy) = L(PLfoy)+ PH(Ksg) nlUe
V(P for) = By (P fay) on I'"
PLfrr0 = 0 in O°,

and Proposition 3.6.1 implies then that

|2+ fou

125 (07) < Coe i P 2 (Ksga)llp (00 VE>0, (3.8.14)
s€(0,t wiv

for some constant Cy = Cs(e) > 0 satisfying Ca(e) — oo as e — 0. Using then (3.8.14)

together with Lemma 3.8.4 and (3.8.11) we deduce that there is a constant Cs = C3(g) > 0
satisfying C3(e) — oo as € — 0, such that

|2+ foillLes (05) < C3 Cye ™t Wt >0, (3.8.15)

We conclude by putting together (3.8.13) and (3.8.15). O
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3.8.4 Proof of Theorem 3.8.1

We consider h € L2 (O°) such that that for every € € (0,e12) and § € (0,dp) there holds

2
sup {eea SHthL%(OE)} <, (3.8.16)
$€[0,00)

where dp > 0 is given by Proposition 3.5.1, 6 € (0,19/2) is given by Proposition 3.6.1,
and 71 > 0 is given by Proposition 3.8.3. We define f; € L (U°) as the solution of the
evolution equation

ofi = Th+Asfi+Q(fi+h fi+h) inU°
v_fi Ry f1, on I'®. (3.8.17)
fit=o = fo, in OF,

which is given by Proposition 3.8.3. Moreover, we fix w; € 27 a strongly confining
admissible weight function, and we define f> € LZ;, (U°) as the solution of the evolution
equation
Ofa = ZLfo+Ksfi inlU°
v_fo = Byifo on I'® (3.8.18)
fag=0 = 0 in O%,

which is given by Proposition 3.8.5. We emphasize that, defined this way, fo depends of h.
We recall the norm [[-]]o defined in (3.8.7) and, for A € (0,7;) to be fixed later, we
define the Banach space

Zo = {g € L5, U7), [lgllo < A},

as in (3.8.8), equipped with the strong topology in Ly (%), which makes Zy a bounded,
convex, closed subset of LZ? (U®). Furthermore, we denote ¥ as the map that to h € 2
assigns fy as defined above.

We remark that fi; + fo solves Equation (3.1.21) with G = Q(f1 + h, fi + h), which
together with (3.1.15) implies that Z(f1 + f2) = 0. We set then the constant C,, > 0
such that

HQHLg%(UE) < Cw1||9||Lg°1(us),

and using (3.8.16), (3.8.12) and (3.8.6) we obtain that

(1110 < €1 (Ifollzes o) + [1115) < Co ((6)” +X°) . and [[fallo < Cuy CoCh (1) + X°)

where C; > 0 is given by (3.8.6) in Proposition 3.8.3, and Cy = Ca(e) > 0, satisfying
Cy(e) — o0 as € — 0, is given by (3.8.12) in Proposition 3.8.5.
We define 1) = X and

) 1 1 1 1 m
A= Ae) = 21) —
(£) := min <80w10102(5)’ 6C1" 8CoC3 160500 2 ) =00

where C'g > 0 is given by Lemma 3.7.2 and C'5 > 0 is the constant given by Proposition 3.5.1.
This choices of parameters implies in particular that [[f1]] < A and [[f2]]o < A, thus
f1, f2 € Zy, therefore ¥ : Zy — Z.

Furthermore, we consider hi,hy € Zy and we define fi,g1 € Zy as the solutions of
Equation (3.8.17) associated with h; and hg respectively. We also define fo = ¥(h;) and
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g2 = U(hsg), i.e the solutions of Equation (3.8.18) associated with f; and g; respectively.
We denote ¢ = f1 — g1, ¥ := fo — g2, and we observe that ¢ and ¢ are the weak solutions of

atgf) = 9¢+A5¢+Q(fl+gl+h1+h2,¢—|—h1—hg) in U

V-9 = £+, on I'.
=0 = 0, in O%,
and
oYy = LY+ Ksp inlU°
V=Y = B+ on I'®
Y=o = 0 in 087

respectively. On the one hand using Proposition 3.5.1 and Lemma 3.7.2 we have that

[[#]lo < C3Co[[f1 + g1 + ha + hallo[[¢ + k1 — ho]lo < %[[(pno +4XC5Cq[[h1 — ha]]o (3.8.19)

where we have used the triangular inequality and the definition of A to obtain the last
inequality. In particular, (3.8.19) and our very definition of A implies that

9110 < 8ACsColhn — hallo < 31 — el

This implies that ¥ is a contraction in Zy, thus using the Banach fixed point theorem
we deduce that there is a unique fixed point fo € Zj for this map. Moreover, from the very
definition of the map ¥ we deduce that f; is a weak solution of Equation (3.8.18), and
Proposition 3.8.3 further gives the uniqueness of f;, weak solution of Equation (3.8.17)
with h = fo.

Putting together the aforementioned weak formulations we deduce that f = f; + fo is
a weak solution of the Boltzmann equation (3.1.5)-(3.1.9)-(3.1.10) in the sense of (3.8.1).
Finally, (3.8.2) comes from the very fact that f = f1 + fo with f1, fo € Zy. This concludes
the proof. O

3.9 Appendix. Control of the Jacobian for the specular
reflection

In this section we prove Lemma 3.3.12. This is a fundamental result in order to control the
gain of regularity of the term S4 * K after specular collisions. The computations follow
the ideas leading to [110, Equations (2.141) and (2.142)], but we will repeat them for two
main reasons.

On the one hand, the lack of a better reference to give, thus in the interest of making
the chapter as self contained as possible

On the other hand, during the proof we will emphasize the local character of the
arguments which will justify their use for the computations performed during the proof of
Proposition 3.4.9 in Section 3.4.

Proof of Lemma 3.5.12. We define
X(ve) =1 — (s1 —7)Vp,vx, where 1z :=x5— (s— 51)0s,

and we recall that x5 does not depends on v, € R? (see for instance the Step 1 of the proof
of Proposition 3.3.10. We also recall that
V0% (21) Vyo(ex1)

Vi Vs = Vs — 2[vy - n(z1)]n(z1), and n(zr)=— |V 405 (x1)] - IVyd(ez1)]’
@ y
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where the second inequality of the second expression comes from (3.1.8). Putting together
the expressions above we obtain that

2
[Vyd(ew1)?
We now remark that using [108, Lemma 2-(2)], s; = s1(v«) is a smooth function, and we

can then compute the derivatives component-wise with respect to the components of v, of
the previous expression. Indeed, for every i,j € {1,2,3} there yields

[V - Vy5(5x1)]8yi5(£x1)> (s1—1)

X)) =25 — (s —1)vs + (51— 1) (Vs - Vyb(ex1)|Vyo(ex1).

8vaZ‘('U*) = —(5ij(8 — 7“) + 28Uj (

- Vyd(ex1)]?
(Vs - Vyd(ex1)]0y,0(e21)
2 : 0
" ( Vo) O
where we have considered v, = (vl,v2,0v3), and d;; as the Kronecker delta function.

Moreover, a direct computations gives that
Y [Vs - Vy6(e21)]0y,0(ex1) _ 0,,0(e71)0y,6(ex1)
[Vyd(ex)[? [Vyd(ex1)[?

where we remark that the term €'(g) comes from the fact that |v.|< 1 and § € C?(R3,R).
Therefore we can write

8vai(v*) = *(517'(8 — ’I“) + QCLibj + ﬁ(&),

d(e),

Uk

with
0y,0(ex1)
a; 1= m and b = 9y, 6(ex1)(s1— 1) + [vs - Vyd(e21)](9,551),
thus a direct computation gives that
3
det Vo, X (v,) = —(s — 1) +2(s — 1)? Z arbr + O(¢).
k=1

We compute then

3
Z apby, = Z ( )’ {8%(5(61'1)(31 — ’I”) + (Vy5<€x1) . ’U*)avfsl}
k=1
3

3
= 7’)) Z Oy, 0(ex1) ]2 M Z d(ex1)0, k81

\V (5 (ex1)? &= Vyo(ex1)* =
B B Vy 5(5x1) ~04][Vyo(ex1) - Vo, 51]
= (s1—1)+ V,0(0)P

= (s1=7)+[n(z1) - vl[n(z1) - Voosi] = s =,
where we have used again [108, Lemma 2-(2)] on the last line to deduce that
[n(z1) - vil[n(z1) - Voos1] = (s = s1).

It is worth remarking that the use of [108, Lemma 2-(2)] holds due to the fact that the
proof is based on the Implicit Function Theorem, which holds for our case.
Altogether we have obtained that

det Vo, X (v,) = —(s =72 +2(s = 1)2 ((s1 — 1) + (s — 51)) = (s — )3 + O(e).

The conclusion follows by putting together the previous informations. O
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RESUME

Cette these est consacrée a I'étude de plusieurs équations cinétiques posées dans des domaines bornés et munies
de conditions aux bords de type Maxwell. Nous nous intéressons en particulier aux problemes ou la frontiére est non
isotherme, c’est-a-dire qu'’il existe une fonction dépendante de la variable spatiale représentant une température de paroi
prescrite, constante dans le temps mais pouvant varier selon la position.

Cette étude est motivée par le probléme physiquement pertinent de la description de I'évolution de particules a l'intérieur
d’'un domaine cylindrique, dont chacune des bases est munie de réservoirs de chaleur maintenus a des températures
différentes.

Nous considérons deux cadres différents :

Premierement, nous étudions des équations cinétiques de type Fokker—Planck pour lesquelles la température au bord
peut varier de maniére arbitraire, a condition qu’elle soit bornée et strictement positive. Dans ce cadre, nous utilisons des
théorémes de type Krein—Rutmann et Doblin—Harris, pour construire une solution stationnaire a ce probleme et nous en
décrivons sa stabilité.

Deuxiemement, nous étudions une équation de Boltzmann dans le régime de la limite hydrodynamique, dans des
domaines régulieres ou cylindriques, mais nous ne considérons que le probléeme isotherme. Dans ce cadre, nous
montrons I'existence de solutions perturbatives prés de I'équilibre et la stabilité asymptotique de la Maxwellienne. Cette
étude est un premier pas vers I'étude de ce probleme dans des conditions de Maxwell non isothermes.

MOTS CLES

comportement asymptotiqgue en temps long, théorie cinétique, conditions aux bords de type Maxwell,
solutions stationnaires hors équilibre, équation de Boltzmann, équations cinétiques de Fokker—Planck,
réservoirs de chaleur de type BGK, théorie d’hypocoercivité, inégalité de Harnack, théoréme de
Krein—Rutman, ultracontractivité.

ABSTRACT

This thesis is devoted to the study of several kinetic equations set in bounded spatial domains and complemented with
Maxwell boundary conditions. We are particularly interested in problems where the boundary is non-isothermal, meaning
that there is a space dependent function representing a prescribed wall-temperature which is constant in time, but may
vary in space.

This study is motivated by the physically relevant problem of describing the evolution of particles within a cylindrical
domain, where each of its bases is equipped with heat thermostats held at different temperatures.

We consider two different setting:

First, we study kinetic Fokker-Planck equations where the wall temperature at the boundary may vary arbitrarily as long
as it is bounded away from zero and infinity. In this framework, we use Krein-Rutmann and Doblin-Harris theorems to
construct a stationary solution to this problem and we describe its stability.

Secondly, we study a Boltzmann equation in the regime of the hydrodynamic limit, set in smooth or cylindrical domains,
but we only consider the isothermal problem. In this setting, we prove the existence of perturbative solutions near the
equilibrium and the asymptotic stability of the Maxwellian. This study is a first step towards the investigation of this
problem under non-isothermal Maxwell boundary conditions.

KEYWORDS

long-time asymptotic behavior, kinetic theory, Maxwell reflection boundary conditions, Non-equilibrium steady
states, Boltzmann equation, kinetic Fokker-Planck equations, BGK heat thermostats, Hypocoercivity theory,
Harnack inequality, Krein-Rutman theorem, ultracontractivity.
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