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1 Dual space, strong, weak and weak™ convergences

In what follows we consider X a (real or complex) vector space endowed with a
norm denoted by || - || or || - || x. We assume that (X, || - ||) is a Banach' space, that
is any Cauchy sequence has a unique limit in X. The algebraic dual of X, denoted
by X*, is the space of linear mappings from X into R (if X is a real vector space)
or C, in the complex case. We denote by X’ the topological dual space of X,
that is the subspace defined by those elements of X* which are continuous from
(X, -)intoRor C. If x € X and £ € X’, the value of ¥ at x, or the action
of € on x, is denoted by (¥, x) or sometimes £(x). When X # {0} is an infinite

dimensional abstract vector space, it is not obvious to decide whether X =+ {O} e

This result, is a consequence of Kuratowski’-Zorn®’ lemma (also called Zorn's
lemma), or equivalently a consequence of the Axiom of Choice.

First recall that in an ordered set (Z, <), an element m € Z is said to be maximal
if

xX€/Z and m<x = x =m.

Note that a maximal element need not to be the largest element. Also, if (Z, <)
is an ordered (non empty) set, one says that (Z, <) is inductive if forany A C Z
which is totally ordered, there exists a* € Z such that for all x € A one has
x < a* (in short: (Z, <) is inductive when any totally ordered subset, also called
a chain, has an upper bound in Z. Note that it is not required that a* belongs
to A).

1.1 Lemma. (Kuratowski-Zorn Lemmal). If (Z, <) is an ordered, non empty and
inductive set, then there exists at least one maximal element in Z.

L Stefan Banach, Polish mathematician, 1892-1945.
2 Kazimierz Kuratowski, Polish mathematician, 1896-1980.
3 Max August Zorn, German mathematician, 1906-1993.



This lemma has many applications in Algebra, for instance in the proof of exis-
tence of bases for general vector spaces, as well as in Analysis, for instance in
the proof of the Hahn*-Banach theorem :

1.2 Theorem. (Hahn-Banach Theorem, real case). Let X be a real vector space,
and j : X — R a function such that :
(i) forany A > 0 and x € X, one has j(Ax) = Aj(x);
(ii) forany x,y € X one has j(x +y) < j(x) + j(y);
Let Eqg C X be a vector subspace and fo : Eo — R a linear mapping such that
for all x € Eg one has fo(x) < j(x).
Then there exists an extension f : X — R such thatf|EO = foand f(x) < j(x)
forall x € X.

There is another version of the Hahn-Banach theorem for the case of complex
vector spaces :

1.3 Theorem. (Hahn-Banach Theorem, complex case). Let X be a real or complex
vector space, and p : X — [0, 00) a semi-norm on X. Let Eg C X be a vector
subspace and fo : Eg — R a linear mapping such that for all x € Eg one has
|fo(x) | < p(x).

Then there exists an extension f : X — R such that f|E0 = foand |f(x)]| <
p(x) forall x € X.

A geometric version of Hahn-Banach theorem is extremely useful and important :
recall that a set K a subset of a vector space X is said to be convex if for all
te[0,1]anda,b € Konehas (1—-t)a+tb € K.

1.4 Theorem. (Hahn-Banach Theorem, geometrical version 1). Let (X, || - ) be
a normed real vector space, A, B two non empty convex subsets of X. Assume
that A is open and that A N\ B = @. then there exists f € X', ¢ € R such that
foralla € A and b € B one has f(a) < «x < f(b).

This result is interpreted in a geometrical sense by saying that the closed hyper-
plane [ f = «], that is the set of x € X such that f(x) = «, separates the convex
sets A and B, thatis A C [f < «] while B C [f = «]. Another version of the
theorem concerns the separation of a closed subset from a compact one :

4 Hans Hahan, Austrian mathematician, 1879-1934.



1.5 Theorem. (Hahn-Banach Theorem, geometrical version 2). Let (X, || - ||) be
a normed real vector space, A, B two non empty convex subsets of X. Assume
that A is closed, B is compact and that A N\ B = @. then there exists f € X',
& € R such that for alla € A and b € B one has f(a) < «x < f(b).

The various forms of Hahn-Banach theorems are essential in Functional Analysis :
for instance they are used in showing that for a non trivial normed vector space X,
the topological dual is not reduced to {O}

Also, denoting by (X") the set of all subsets of X’, one uses the Hahn-Banach
theorem in order to show that there exists a duality map ¥ : X — 2(X') \ {@}
such that for any x € X one has

V(x)={f €X' Iflx=lxl, and (f x)=IxI?}.

By the way, it is noteworthy that for each x € X the set ¥ (x) is a convex subset
of X’, and when the norm of X’ is strictly convex it is reduced to a single element”.

Also, Hahn-Banach theorems are crucial in the following characterization of dense
subsets in a Banach space : first, for a nonempty subset A C X, let us denote
by A+ the subspace of X’ defined as being

At={feXx;VxeA, (fx)=0}.

1.6  Density Lemma. Let (X, || - ||) be a Banach space, and A C X a nonempty
subset. Then A is dense in X if and only if At = {0}

> A norm on a vector space (X, ||+]]) is said to be strictly convex if one has the following property
vx,y€X, lxll=|y|=1 VvVte(0,1), [[(1-t)x+ty]| <]I.
The norm is said to be uniformly convex if one has the following property:

Ve>0, 36>0, Vx,y€EX,

X +
Ixl<1 i< x-ylze = [55%]|<1-5
A space (X, ||+]|) in which the norm is uniformly convex is reflexive. It is easy to see that any
Hilbert space (H, (-] -)) is uniformly convex. Also it is important to know that the spaces LP(Q)

are uniformly convex for 1 < p < oo,



When (x4 )5, is a sequence of X one says that (x4 )n (Or x5) converges weakly to
x* € X, if and only if for any f € X’ we have

(fyxn) = fxn) = f(x*) = (f,x™).

We shall write x;,, -~ x* or x;,, > x™* in X,. When we talk of (x5, )n OF Xy, cOnverg-
ing (or converging strongly) to x*, we mean that the convergence takes place in
the sense of the norm of X, i.e. ||[x* — x| = 0 as n —» .

If X is a Banach space and X' is its dual space, we say that a sequence (fu)n
in X’ converges to f in X’-weak™ (and we write f, —* f in Xy»), if for any
x € X we have (fy, x) — (f, x). Note that if (fy)x is a sequence in X’ and
(xn)n a sequence in X, then if f,, » f in X’ and x; — x in Xy, then one has
(fn, Xxn) = (f, x). The same is true if f;, —* f in Xy« while x, - x dans X.
In general one cannot say anything about the limit of { fn, X») when f;, =™ f in
X+ and x4, — x in Xyp. It is useful to recall that when x4, —~ x and fy, —* f in
X+ then we have :

(1.1) [Ix]l < liminf [[ x4, Ifllx < liminf || fr |l x.
n— 0o n— oo

Let X be a Banach space ; then X’ is a Banach space and so one may consider its
dual X” := (X")’. It is easy to see that there is a canonical embedding ¢ from X
into X” : if x € X denote £ := #(x) as being that linear functional on X’ defined
by £(f) = (f,x). Uponidentifying X and ¢ (X) one may consider X as a subspace
of X”. We say that X is a reflexive Banach space when this embedding & is also
onto, that is @(X) = X”. If this is the case then we shall identify X and X”. For
instance a Hilbert space H is a reflexive Banach space and, as a matter of fact
as far as only one Hilbert space is involved, thanks to F. Riesz® representation
theorem, oe may identify also H and H'.

However it is important to have in mind that in general it is impossible to identify
simultaneously the dual spaces of two Hilbert spaces, one being embedded into
the second. To be more specific, let Hgp and Hj be two distinct Hilbert spaces
such that their norms, denoted by || - [[g and || - ||1, satisfy (for some fixed positive
constant ¢)

Hj; C Hy, and Vu € Hy, lullo =<cllull,

6 Frigyes (also written Frédéric in French) Riesz, Hungarian mathematician, 1880-1956.



and moreover let us assume that H; is dense in Hyg. Hence one may identify the
dual H{ of Hg with a subsapce of Hj, the dual space of Hy, so that we can write
Hg C Hi with a continuous embedding. Now it is quite clear that if, for instance,
we decide to identify, through F. Riesz' representation theorem, Ho with its dual
Hj, then we cannot consider at the same time H; as a subspace of Hp and also
identify H; and Hi. Quite often, when Hy is the Lebesgue space L2(Q), one
identifies Ho and Hp, hence prohibiting the identification of a smaller Hilbert
space with its dual.

Reflexive Banach spaces play a crucial role in the study of variational problems
and nonlinear equations, due to the following interesting property (see for in-
stance K. Yosida, Functional Analysis, Appendix to chapter V, § 4):

1.7 Theorem (Eberlein’-Shmulyan®). A Banach space X is reflexive if and only if
any bounded sequence (xyn)n in X contains a subsequence (xy,)i which con-
verges weakly in X.

In practice, this result is used when one has to show that a certain sequence in
a reflexive Banach space is relatively compact (at least for a reasonable topol-
ogy) : one begins by showing that the sequence is bounded, then one considers
a weakly convergent sequence (which exists thanks to the above theorem) and
finally one tries to show that this weakly convergent subsequence is strongly
convergent... Clearly, in general this last step is not an easy one, but using dif-
ferent strong topologies (for instance by considering a larger Banach space) one
hopes to achieve this goal. Most difficulties in the study of nonlinear problems
stem from the passage from a weak convergence to a strong one.

1.8. Remark

When X is a Banach space, one can show that any bounded sequence ( f )5 in X’
contains a subsequence ( fn,); which converges in X ’-weak™®. This is particularly
useful in the case in which X is the Lebesgue space L1(£), and thus X’ is the
Lebesgue space L®(). As a matter of fact, the only usable weak convergence
in L*(Q) is the weak™*-convergence of sequences. Another situation is when,
K C RN being a compact set, we have X = C(K) endowed with the norm || - || «,
and X’ = M(K) is the space of bounded measures on K : in this situation very

” William Frederick Eberlein, American mathematician, ??-.
8 Vitold Lvovich Shmulyan, Russian mathematician, 1915-1945?



often one is led to consider a bounded sequence of measures (L )n in M(K).
Then the fact that M(K) is the dual of the Banach space C(K), allows us to state
that there exists a subsequence () j which converges weakly to some bounded
measure y in M(K). O

2 Exercises

—— Exercise 1

Let the space L2(R) be equipped with the scalar product and its associated
norm

(flg) = | fxrgdx,  ILF1 = VTTF,
Take fo € L?(R) be given, and for n > 1 integer define

Sn(x) = folx +n).

Study the sequence (fyn)n=1 in L?(R) regarding its weak or strong conver-
gence.

What can be said if we consider L?(R) for 1 < p < oo instead of L?(R).

—— Exercise 2

Let the space LP(R) be equipped with the scalar product and its associated
norm

(flg) = | fergtardx, ] =TI,
Take fo € L?(R) be given, and for n > 1 integer define

fa(x) =nl2fy(nx).

Study the sequence ( fy)n>1 in L?(R) regarding its weak or strong conver-
gence.

Construct an analogous sequence in the space LP(R) for 1 < p < oo,



—— Exercise 3

Let H be the Hilbert spaces of functions which are square integrable for the

Guassian measure du = exp(— |x|2/2)dx, i.e.

We shall denote by (-] -) and || - || the scalar product and the norm of H.
Let u € ARYN) a function. For A > 0 et b € RN we denote up p(x) :
u(Ax + b), and we denote by Eg the vector space generated by the family
(ua,p)a>o0,pery. Recall that if & € NN we denote by |«| := Zﬁ;l ok, the

H := {u €L (RN); JRNIu(x) 2 exp (—|x|2/2)dx < OO}.

length of «.

1

2)

3)

4)

Prove that the space CP(RYN) is dense in H. (Recall that it is assumed

that we know already that CZ(RY) is dense in L?(RN)).

We denote by IT the vector space of polynomials generated by the func-
tions @u(x) = x%=[l1<j<N x;.xf for « € NN, For f € H fixed, justify

the equality
ZJ 1x § ———=—f(x) exp(—|x|?/2)dx =
k=0

[ o3 CE ) exp(—Ix 22 dx
k=0

Conclude that if f € IT+, then f = 0 and thus IT is dense in H.

For n € N given, prove that there exist integers ax = 1 such that

o on
aA—nu;\,h(x) = z aacpa(x)M—ZL(Aerb),
lxl=n
where as a matter of fact
n! .
Ao = with «! = a1l ag! -~ an!.

Let f € H. Prove that if we set h(A) = (flua,p), then

h™(0) = d;\nh“’) > aa(fl1@a) 3%u(b).

lxl=n



5) Here we assume that the function u is such that the space Eg is not
dense in H. Prove that there exists an integer n > 0, and some con-
stants ¢, for « € NN and || = n, not all equal to zero, such that u
satisfies the the partial differential equation :

(2.1) Vx € RN, > cad*u(x) =0.

lx|=n

6) Let € > 0 be fixed, and denote by E; the vector space generated by
the family u,,p when A vary in the interval (—¢, ¢), that is [A]| < g,
and b € RVN. Can one characterize the function u with a homogeneous
partial differential equation such as if E1 is not dense in H ?

7) Letu(x) :=exp(—|x 12/2). With the above notations for the spaces Eg
and E1p, are either of these spaces dense in H ? With this choice of u,
can one restrict also the parameter b to vary under the condition b € Q
for a non empty open set Q2 C RN ?

—— Exercise 4

For 1 < p < o we denote by £7 := £P(N*, C) the set of complex sequences
X = (Xn)n=1 such that > ,>1|xnl|P < oo. The set of bounded complex
sequences will be denoted by £% = £®°(N*, C). We shall also denote by
co = co(N*, C) the st of complex sequences which converge to zero, and by
¢ := ¢(N*, C) the set of complex sequences which converge to some limit.
We introduce the following notation which will be proved to be a norm in
this exercise :

1/p
Ixlp = ( > Ixnl”) , et |Ixlleo = sup |xnl.
n=1 n=1

For p € [1, ] on note p’ := p/(p — 1) the (Holder) conjugate of of p.
1) Letx, B € Cand 1 < p < o0. Prove the Young inequality :

p r’
|0<[3|S&+|ﬁ|, .
p p

(One can start by showing this result for «, B € R4). Conclude that for
x € P and v € {7 we have



2)

3)

4)

5)

6)

7)

8)

9)

L ETPUATT 2 SETOT
(2.2) z | Xnynl < p Ixlp + p,llyllp,.

nx=1

Let p € [1, co]. Using the previous question, show the following in-
equality (called the Holder inequality) : for x € £7 and vy € Vi

(2.3) Z IXnynl < ”XHp “y”p’-

n=1

(In replace x by Ax and y by A~1y for a parameter A > 0 and then
choose A appropriately).

Let 1 < p < o0 and x, y € {P. Upon writing
(Ixnl + |ya)? = Ixnl(Ixnl + 1y DP~L + | yul(xal + 1ynDP 7L

and using the Holder's inequality on each of these terms, prove
the Minkowski inequality

(2.4) Ix +>llp < lIxllp + 1y lp.

Prove that the spaces que (£7, || - [lp), for 1 < p < o, as well as the
spaces (cg, || - llo) and (c, || - [lo) are normed vector spaces.

Prove that all these spaces are Banach spaces.

Prove that for 1 < p < g < o0, if x € £P then |[xllg < lx|lp, that is
we have 7 C £4 and that the imbedding is continuous. Show also that
these spaces are distinct.

Let po < o and x € £7°. Prove that limy - o [|1Xlp = X || 0.

Denote by [ the vector space consisting of complex sequences (X )n>1
for which there exists ng > 1 such that x, = 0 for n > ng. Prove that
for 1 < p < q < o we have the following strict inclusions :

ECPC¥1CcogCcCL®.

Prove that cg and c are closed subspaces of £*.

10) Prove that for 1 < p < oo the closure of E in £? is equal to £?, and is

equal to cg if p = .



11) For x € c denote by L(x) = limy - « X5n. Prove that L is a continuous
linear form on c. Conclude that c is isomorphic to C & co.

12) Prove that £7 (for 1 < p < o0) as well as ¢ and ¢ are separable Banach
spaces.

13) Let B = {x € £*°; Vn € N*, x, € N}. Verify that if x, y € B are
distinct, then |[x — Vlleo = 1.

14) Let A C £ be a dense subset in £®°. If x € B, we denote by a, an
element of A such that ||x — dxlle < 1/4.

Prove that the mapping x — ay from B into A is injective, and conclude
that £ is not separable.

15) Let 1 < p < o0. For n = 1 we denote by e, the sequence such that
(en)x = 0K for k > 1 (the Kronecker symbol, 6% = 1 and 6% = 0 if
n # k). We denote by (-, -) the duality between ¢? and (£?)": for
x € ¥P and € € (£P)" we denote by (-, -) the duality between £P and
(£?)". Also, for convenience we set q == p’ = p/(p — 1), in order to
avoid, for the time being, confusion between £ and (£7)’...

For & € (£P)" we set oty := (&, ep,) for n > 1. Prove that & := (&p)n>1 €
41 and that || xllg < [IE]l (gry. (Observe that setting
vi= ol 2w
we have y(™) == %) yje; € £P, and [(E, y ™) | < 1€l gry 1™ [Ip).
16) With the above notations, consider the mapping @ : (£?)" — £4 defined
by #(€) = x (recall that g == p" = p/(p — 1)).

Prove that [|Ellgry < II®(E)llq for & € (£P)". (If x € L7 consider
x (M) = Z?:l xjej and then find an upper bound for ‘ (€, x(M) ’ using
the Holder inequality, and finally let n — o0).

17) Prove that ¢ is surjective and is an isometry from (£?)" into £% with
g = p’. From now on, we shall make the identification (£?)” = £¥’, for
1 <p<oco.

18) Using an analogous approach show that the dual of £! can be identified
to £%.

—10 —



19) Prove that (cg)’ = #1.
20) Determine the dual of c.

21) Prove that if 1 < p < oo the Banach space £P is reflexive.

—— Exercise 5

Let (H, (-| -)) be a Hilbert space. Prove that the norm of H, defined by
x| :+/(x|x) for x € H, is uniformly convex, that is

Ve>0, 36>0, Vx,yeEX,

X +
Ixl <1, Iyl <1, [x—y|z2e = H Zstl—é.

(Remember the parallelogram identity for a Hilbertian norm, that is the fact
that || x + ¥ [I* + [lx — ¥ 12 = 2| x> + 2|l ¥ |* for x, y € H).
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3 Convergence theorems

When studying various properties of functions or operators acting on functions,
or manipulating series and sequences of functions, one is led quite often to han-
dle integrability properties of functions and at the same time pass to the limit in
different senses. In this note we gather a number of results which are useful in
such situations.

In what follows the notion of integral is that of Lebesgue'. For a thorough study
of this notion, the reader is strongly encouraged to refer to the excellent book by
Walter Rudin® Real and Complex Analysis. However, as long as the application
of the following results is concerned, one may admit that all the functions and
sets involved are measurable, and at this stage it is not essential to get into the
intricacies of the precise definition of this term... (please, be kind and don't tell
anyone that I said that this aspect is not essential, or else I am going to be in
big trouble...). The most important is to know how to check the assumptions or
conditions of the convergence theorems below, and be aware that there might be
counter-examples when one or several of conditions are not satisfied exactly as
it is stated.

First of all, let us recall what is a null set:

3.1 Definition. A set A C RN is a null set (for the Lebesque measure) if for any
& > 0 one may find a countable sequence of balls (B(xj,7vj))j=1 such that

Ac U B(xjrp), and Y v} <e.
j=1 j=1

Thinking of the fact that the measure of the ball B(xj, rj) corresponds to its
volume, that is to TJN up to a fixed multiplicative constant (equal to the volume
of the unit ball of RYN), a null set would correspond to a set of measure zero.
However, some care is due here since there is a serious problem, far from being

! Henri Lebesgue, French mathematician, 1875-1941.
2 Walter Rudin, American mathematician, born in 1921.



a metaphysical question : if we have two sets Bg C Bj, and if B; is measurable
and the measure of the set B is known, can one also define the measure of the
set Bg and say that the measure of Bg is not greater than that of By ?...

The reader may verify that when A is reduced to a single point, i.e. A := {a} for
some a € RN, then A is a null set. It is an interesting exercise to show that if
(Ap)n is a countable family of null sets, and A = Uy, >1An, then A is also a null
set. In particular one sees that if A := {an ;N = 1} for a sequence of a,, € RN,
then A is a null set.

Once the notion of null set is at hand, we introduce the notion of almost every-
where convergence :

3.2 Definition. A sequence of integrable functions ( fu )n (for instance defined
on Q2 C RN with values in C) converges almost everywhere to f, if there exists
a null set A C RN such that fn(x) — f(x) for all x € A€ = RN \ A,

We shall write f;, — f a.e. in Q, and in general we shall say that an inequality,
or a property, holds almost everywhere, in short a.e., if it holds outside a certain
null set. In particular the functions we consider are defined a.e. and we identify
two functions which are equal a.e.

When 2 in an open subset of RN, we denote by L1(Q) the Lebesgue space of
integrable functions defined on Q taking their values in R or C. We shall note

£l = 1y = L)If(x) dx.

One of the great advantages of Lebesgue measure is its robustness regarding the
integrability of limits of integrable functions. The first result, which as a matter
of fact is the crux in the definition of Lebesgue integral, is the the following :

3.3 Theorem. (Monotone Convergence Theorem). Let (fn)n>1 be a sequence
of measurable functions defined on Q such that 0 < f, < fn+1 a.e. Then
upon setting f(x) = supn>1 fn(x) (meaning that f(x) = limy > frn(x) €
[0, +00]) we have

I f(x)dx =sup | fulx)dx = lim j fn(x)dx.
0 n—->oo JO

n>1

A slightly different version is :



3.4 Theorem. (Beppo-Levi's’ Convergence Theorem). Let ( f)n>1 be a sequence
of integrable functions defined on Q such that fn+1 = fn a.e. Then upon set-
ting f(x) = supnp>1 fn(x) (Mmeaning that f(x) = limy - fn(x) € [0, +00])
we have

f isintegrable < sup | fn(x)dx < oo,
n=1

and if f is indeed integrable we have

J f(x)dx = limJ fn(x)dx =sup | fu(x)dx,
0 n=1JQ

nx=1

and lim Qlf(x) — fn(x)ldx = 0.

n— oo

Quite often it is not known whether a sequence ( f5 ) of integrable functions con-
verges, or not, almost everywhere, and nothing is known about the monotonicity
of the sequence : in these situations the following lemma is of great help :

3.5 Theorem. (Fatou's’ Lemma). Let f,, > 0 forn > 1 be a sequence of integrable
functions. Then

J liminf f,(x)dx < limian Jn(x)dx.
Q2 N> n—->o JQ

The next important convergence theorem is

3.6 Theorem. (Lebesgue's Dominated Convergence Theorem). If ( fn)n converges
to f a.e. and if there exists an integrable function g such that for allm > 1 one
has | fn| < g a.e., then f is integrable and moreover

J f(x)dx = lim J Jn(x)dx, lim | f(x)— fu(x)ldx = 0.
RN n—>o JRN

n— oo |RN

In other terms, we may pass to the limit under the integral sign, provided there
is a.e. convergence and domination of the sequence (f, )5, by a fixed integrable
function g.

3 Beppo Levi, Italian mathematician, 1875-1961.
4 Pierre Joseph Louis Fatou, French mathematician, 1878-1929.



A typical use of this dominated convergence theorem is in the proof of the fol-
lowing result. Let f : [a, b] X RN — C such that for all t € [a, b] the function
x — f(t,x) is integrable and, a.e. in x € RN the function t — f(t, x) is contin-
uous at tg € [a, b]. Then, upon setting

F(t) = jRNfu,x)dx,

can one say that F is continuous at tg ? In general the answer is negative (it is a
good exercise to exhibit a counter-example...), but if we assume moreover that
there exists an integrable function g : RN — [0, o) such that for all t € [a, b]
and a.e. in x € RN one has |f(t,x)| < g(x),thenF is continuous at tg. Indeed, if
tn — tois a sequence of pointsin [a,b] and fn(x) = f (tn, x), then we know that
fn(x) = fo(x) = f(tg, x), and that | fn(x)| < g(x) a.e. in x € RN. Therefore,
according to theorem 3.6, we may write :

lim |F(tn) — F(to)| < lim j fn() — fo(x) ldx = 0.
n— oo n—>oo |RN

Another noteworthy result concerns the derivation under the integral sign :

3.7 Theorem. . Let f :[a,b] X Q — C be such that for allt € [a, b] the
function x — f(t,x) is integrable and, a.e. in x € Q, the functiont — f(t,x)
is of class C1 on[a, b]. Set

F(t) = J f(t,x)dx,
Q
and assume that there exists an integrable function g : Q — [0, c0) such that
‘% <g(x) ae.in x € Q

Then F € CY([a, b]) and

F'(t) = [qof(t,x)
otdx.

(3.1)

The proof of this result is quite easy: for tg € [a, b] and a sequence h, — O,
according to the mean value theorem there exists 8 € (0, 1) depending on x, tg
and hy,, such that:



(3.2) F(t0+hn)—F(to):L)f(to+hn,x)—f(to,x) dx

hn hn
Q ot
Then setting
of (to + Ohny,
fn(x):: f(O at nx)
of (to,
fotx) = LL0X)

we know that f;;, — fo and | fn| < g a.e. Therefore, according to the dominated
convergence theorem 3.6, in we may pass to the limit under the integral sign
and obtain (3.1).

Another important result in the handling of integrals is when one has to integrate
a series of functions. Let (fn)n>0 be a sequence of positive functions. Then
using the monotone convergence theorem 3.3 we see that

Ja 2 fnorax = 5[ i

where, by convention, we assme that the equality holds in [0, +o0]. Actualy
this is a particular case of Fubini>-Tonelli® theorem, of which the version we give
below is particularly useful. Before stating this result let us make the following
convention: if m, k > 1 are given integers and N := k + m, a generic element
x € RN is written as x = (x1, x2) with x; € R¥ and x» € R™.

3.8 Theorem. (Fubini-Tonelli Theorem). If f : RN — C and either of the following
three integrals

r

|f(x)ldx,
RN

r

) Rk<JRm |f(x1,x2) |dX2) dxi,

r

(], 1 Cer 2 1 ) dxa

JRmM

is finite, then the two others are also finite, and the three integrals are equal.
Moreover we have

"5 Guido Fubini, Italian mathematician, 1879-1943.
6 Leonida Tonelli, Italian mathematician, 1885-1946.



RNf(X)dx = J[Rk“"wf(xl, X2)dX2> dxy = JRm(Jka(xl, xg)dx;l) dxs.

Practically this result is used as follows : in order to compute a double integral
by inverting the order of the integrations, one shows first that one of the above
three integrals is finite.

A useful version of the Fubini-Tonelli theorem is the following useful result con-
cerning the integral of the sum of a series of functions :

3.9 Theorem. If fyn:RN — C, and if either of the two expressions

JRNn2=:0|fn(X) ldx, ngojRN|fn(X) ldx

is finite, then the other one is also finite and they are both equal. Moreover
when these quantities are finite we have

Jan 2 frtxrax = 3 | nirax

Recall that a sequence of continuous functions (@4 ) ) defined for instance on
a compact metric space (K, d) is said to be equicontinuous when for any ¢ > 0
there exists 6 > 0 such that for x, y € K and d(x, y) < 6, for all n > 1 we have
|Pn(x) — Pn(y)| < ¢:in other terms the modulus of continuity is the same for
all @,. Now, an analogous notion exists regarding the integrability of a sequence
of functions :

3.10 Definition. A sequence of integrable functions ( f) defined on Q is said
to be equi-integrable if for any € > 0 there exist 6 > 0 and a subset A C Q
withmeas() < oo, such that for alln > 1 and all measurable sets E C Q with
meas(E) < 6 one has:

J fn(x) ldx <&, j fin(0) 1dx < €.
Ac E

This notion is particularly useful in proving the convergence of sequences of
integrable functions of which one knows they converge a.e.:



3.11 Theorem. (Vitali's” Lemmal). Let ( fn)n be a sequence of integrable functions
defined on Q, such that fyn, — f a.e. Then

lim || f — fullzr) = 0 <= (fun)n is equi-integrable on (2.
n—o0

The reader is strongly encouraged to prove the following corollary which is a
slight improvement of the Lebesgue's dominated convergence theorem :

3.12 Corollary. Assume that ( fn)n and (gn)n are two sequences of integrable
functions such that fy, — f and | fn| < gn a.e. Moreover assume that gn — g
in L1(Q) as well as a.e. Then fn — f in L1(Q).

Finally the following result, which is almost the converse of Lebesgue's dominated
convergence theorem, is of some importance in the study of nonlinear equations :
it establishes a certain relationship between convergence in the sense of the norm
of L1(£) and almost everywhere convergence.

3.13 Theorem. Let ( f, )n be a sequence of integrable functions such that f,, — f
in LY(Q). Then there exists a subsequence (fn )k and g € LY(Q) such that

S — f ae. in Q, and lfmel =g ae in Q.

When using this result, one should be aware that we may only assert that a sub-
sequence ( fyn, )k is converging to f, and not all the sequence ( f )n.

4 Exercises

—— FExercise 1

—— Exercise 2

Give an example of a nonnegative sequences of integrable functions ( f;)n
on a domain Q such that

’ Giovanni Vitali, Italian mathematician, 1863-1909.



liminf f(x)dx < liminfj Jn(x)dx,
Q N> n—-o JO

and another (non trivial...) example where

J liminf f,,(x) dx =liminfj Jn(x)dx.
Q N> n-o JQ



Universidad de La Habana & Université Paris-Saclay (site de Versailles)
Topics on Functional Analysis & PDEs
Academic year 2024 — 2025 Otared Kavian

5 Change of variables in integrals

In this section we show the theorem concerning the change of variables in the
Lebesgue integral. Here m denotes the Lebesgue measure on RN. We begin with
an algebraic result regarding a ceratin type of matrix decomposition (E. Cartan's'
decomposition). Recall that an orthogonal matrix is a matrix R such that

R*R = RR* =1,

where I is the identity matrix.

5.1 Lemma. IfT is an invertible matrix, there exist two orthogonal matrices Ry
and R, and an invertble diagonal matrix D such that T = R1DR».

Proof. Indeed the matrix T*T, being self-adjoint and positive definite, is diago-
nalisable and can be written in the form T*T = U* AU where U is an orthogonal
matrix and A is diagonal with positive entries. Setting

D=AY2 Rp:=U, Ry=TR¥D7},

one checks that RfRy =1 et T = RiDRy. O
In a first step, we consider linear changes of variables.

5.2 Lemma. Let T be an invertible matrix of order N. If p(x) = Tx and Q C RN
is a borelian set, we have

m(p(Q)) = |det(T) | m(Q).

Proof. Let m1(Q) = m(@(£)). One verifies that m; is a measure, invariant
under translation, and therefore m1 is a multiple of m i.e.

(5.1) 3c¢(T) >0, VQ measurable, mi1(Q) =c(T)m(Q).

I Flie Cartan, French mathematician, 1869-1951.



One can see easily that c(T1T2) = c¢(T1)c(T>), for two invertible matrices Ty
and T». If R is an orthogonal matrix, the unit ball of RN is invariant under R, and
thus c(R) = 1. Taking Q the set ]0, 1 [N and for T the diagonal matrix D such
that Dj; = A;, one sees that

N
c(D) =[] IAsl = | det(D)|.
i=1
However, according to Lemma 5.1, any invertible matrix T has a decomposition
T = R1DR2, where R1 and R are orthogonal matrices and D is a diagonal matrix.
In (5.1) we have thus c¢(T) = ¢(D) = |det(D)| = |det(T)| and the lemma is
proved. O

Next we show the theorem regarding the change of variables in the regular case,
more precisely when the change of variabes is of class C2.

Recall that when w and Q are two open subsets of RN and ¢ : w — Q is a C!
function, a matrix representing @’(x) is called the jacobian matrix of @ at x,
and one denotes by Jg(x) the jacobian of @, that is the determinant of @’(x) :

’ a(pi
Jo(x) =detp’(x) = det[(—_) }
¢ 0x; 1<i,j<N

When w, Q are two open sets, we shall write w CC 2 to mean that @ is compact
w C Q.

5.3 Proposition. Let Q and w be two open subsets of RN and ¢ : w — Q a
diffeomorphism of class C2. Then upon setting Jp(x) = det(@'(x)), for any
measurable nonnegative function f : Q — R we have :

(5.2) L)f(y)dy - L)f(cp(x)) () ldx.

Proof. It is sufficient to prove for functions of the type f := 1, where A is a
borelian set of Q2. More specifically, since the o-algebra of the borelian sets of w
is generated by sets of the type
i=N
P:= []lasbi) CCw,

i=1



and since @ is a diffeomorphism of w on Q, one sees that the borelian o-algebra
of Q is generated by sets of the type @ (P), with P CC w. Finally, it is sufficient
to show (5.2) when f is the characteristic function of a set such as @ (P), with

N
P = 1_[ [ai, bil CC w.

i=1

Let n > 1 be an integer and h := 1/n. Upon dividing each interval [a;, bi[ in n
disjoint sub-intervals of length (b; — a;) h, we obtain a decomposition of P into
a union of disjoint sets P; :

p= |J P, PinPj=@ if 1<j*i<M, M:=nN.
1<j<M

Since @ is one-to-one, we have

M
(5.3) m(p(P)) = > m(p(Pj)).
j=1

Let xj be the center of Pj and Tj = ¢’(xj). For x € Pj, there exists & € Pj such
that:

(5.4) @(x) = @(xj) + Tj(x — xj) +% @ (&) (x — xj, x — xj).

Let us introduce the following notations : if § > 0 and Q is a subset of RN, we
shall denote

(5.5) Q¢ = {x RV, dist(x, Q) < 5},
Q5 = {x € RN ; dist(x, Q¢) > 5}.

Next set A = supgepll@”(E)|l, and

N 2
0i== [ max diam(Pj)] ,
2 |1<j<M

Qj = @(xj)+ Tj(Pj — xj).
One sees that for h small enough (or equivalently for n large enough), we have

Q)5 C @(P) C(Q))},



and since there exists a constant C depending only on P such that § < C h?, this
implies that, since m(Qj) = m(T;Pj) :
m(@(Py) —m(TiPy) | <m((QF) —m((Q)7)
<C-hN"1.5 <chN*+1,

(Here and in what follows C denotes a constant of which we state the dependence
or independence on various parameters). Setting

Jp(xj) =det®’(xj) = detTj,

and using Lemma 5.2 which says m(TjPj) = |det(Tj)|, one gets, for some con-
stant C independent of h :

—ChN* 1+ | (xj) Im(Py) < m(@(Pj)) < lp(x;) Im(Pj) + ChN*L.

Therefore, upon summation on j we have :

M
(5.6) —MChN*TL <m(@(P)) — > Jp(xj)Im(Pj) < MChN*L,
j=1

On the other hand, using the dominated convergence theorem and letting h — 0,
or n — oo, we have:

M M
lim > [Jp(xj)Im(Pj) = lim J Zl,,j(x)uq,(x,-)mx
wj=1

n—>+ooj=1 n—>+oo

j 1,() [ Jop(x) ldx.

wWN+1 —

Finally, since M h, we conclude from that

m(@(P)) =j 1,() g (x) ldx,

and the theorem is proved when @ is of class C2. O

For the general case, if the function @ is only of class C1, one may approximate
it by a sequence of C? functions and obtain the following :

5.4 Theorem. LetQ and w be two open subsets of RN and ¢ : w — Q a C!
diffeomorphism. Then setting Jo(x) = det(@’(x)) (the jacobian of @), for
any measurable nonnegative function f : Q — R4, we have



[ fonay = @) e lax.
Q w

Proof. Clearly it is enough to show the result for f = 1¢(p) where P CC w is
as above. If € > 0 is given and Q := PQ‘ with above notations introduced in (5.5),
then for € > 0 small enough we have Q C w and since there exists a sequence
(@n)n of C? diffeomorphisms such that

Pn— @ dans CL(Q).

we have that, according to Proposition 5.3,
M(@n(P)) = | 1,(x) U (x) ldx.

However, it is clear that m(@»{(P)) - m(@(P)) when n — o and (using the
dominated convergence theorem) we have

j 1,0) 1o x>|dxqj 1,() 1o (x) ldx.

Consequently we have m(@(P)) = [, 1,(x) |Jp(x)|dx and the proof of the
theorem is complete. O

6 The surface measure

Let w be an open subset of RN=! and F : w — RN a ¢! function. We shall
say that F is an immersion if F and F’ are injective. Observe that saying F'(x)
is injective means that for all x € w the matrix F'(x) has rank N — 1. Also
note that if F is an immersion, then F’'(x)* F'(x) is a square (N — 1) X (N —1)
matrix, which is positive definite and its generic entries are (0;F(x)|0;F(x)),
where (| -) denotes the scalar product of RN. The surface measure is defined as
follows :

6.1 Definition. Let w C RN~ be an open set, F a C! function from w into RN,
Suppose that F is an immersion and define the surface

S = {F(x);wa}.

If u : S — R is a continuous function with compact support, we define the
integral of u on S as being :



(6.1) Lu(mdo = J u(F(x)) (det(F'(x)*F'(x)))!/? dx.
w

The measure do is called the surface measure of S.

In order for this definition to be of any interest, one has to show that it depends
only on the surface S and is independent of the particular immersion (or param-
etrization) F of S. In other terms, we have to show that if Q C RN~1 is another
open set and G : Q — RY is another immersion such that

Sz{F(x);wa}z{G(x);xe_Q},

then the two surface measures defined through F and G coincide.

6.2 Proposition. The surface measure defined on S in Definition 6.1 is indepen-
dent of the immersion F.

Proof. Indeed, let Q be an(other) open subset of RN=1 and G : Q@ — RN an
immersion such that S = G(). Then h := F~1 0 G is a C! diffeomorphism
of Q on w. Now let u : S — R be a continuous function with compact support.
Denoting by d* o the surface measure defined through G, we have :

Lu(a)d*a = L)u(G(y)) [detG (¥)*G'(y) ] % dy.

However, since G = F o h, and G'(y) = F'(h(y))h'(y), using the change of
variables Theorem 5.3, we can write

Lu(o)d*o = ;2u(F oh(y)) [detF (h(y)*F (h(y))]*?|deth’(y)|dy

~

= | w(F(x))[detF (x)*F(x)]"?dx
J

~

= | u(o)do,

J

where we have naturally used the change of variables x = h(y) and dy =
|deth’(y) | tdx. u

7 Exercises



—— Exercise 1

—— Exercise 2

Give an example of a nonnegative sequences of integrable functions ( fn)n
on a domain Q such that

J liminf f,(x) dx < liminff fn(x)dx,
Q2 N> n—-o JO
and another (non trivial...) example where

J liminf f5,(x) dx =liminfj Jn(x)dx.
Q2 N> n—-o JO



Universidad de La Habana & Université Paris-Saclay (site de Versailles)
Topics on Functional Analysis & PDEs
Academic year 2024 — 2025 Otared Kavian

7 The space 2(Q)

In this section and the followings we introduce the functional spaces which will
let us have a beautiful environment of functional spaces useful in the study of
partial differential equations. We follow here the points of views introduced by
L. Schwartz'.

Let Q C RN an open domain (that is non empty, open and connected). If a con-
tinuous function @ : 2 — Cis given we denote by supp(g), the support of @,
the set

(7.1) supp(@) = {xE.Q; cp(x)io}.

For any integer k > 0, we denote by CX(Q) the space of functions defined on
which have a compact support and are of class C¥, that is which have continuous
derivatives up to order k, and then we set

Ce(Q) = () CkQ).
k>0
Indeed it is not obvious that this space contains any non trivial function. We shall

see later on that in fact this space is dense in any space LP(Q) for 1 < p < oo,
But before arriving to that point, we give just an example of such functions.

The reader may joyfully show that the following function pg defined on RY be-
longs to CL(RN) and that its support is the closed ball [|x| < 1]. Recall that for
x € RN we denote |x|? = YN_;|xk|% Define

exp<_—12> for |x| <1

0 for |x| =1.

The support of pg is clearly the closed unit ball [|x| < 1]. Now if Q is any non
empty domain and xg € Q, let ng € N* be such that B(xp, 2/ng) C Q. Then for

' Laurent Schwartz, French mathematician, 1915-2002.



any integer n > ng, setting pn(x) = po(n(x — xp)), we have p,, € C2°(Q) with
supp(pn) = [I1x —xo| < 1/n].

Now, we are going to define a notion of convergence for sequences of functions
in C2°(Q). First we set 2(Q) = CL(Q), and for ¢ € Z(Q) and a sequence
(@n)n>1 of functions in (), we shall say that (@Qy)n converges to @ in Z(Q)
if the following two conditions are satisfied :

(i) there exists acompact K C Q such that for all n > 1 we have supp(@pn) CK;
(i) for any & € NN we have [|0%@p,, — 0%@lleo — 0 as 1 — 0.

In general the knowledge of all convergent sequences in a topological space is not
enough in order to define its topology, but in this case on the one hand we shall
only be concerned with sequences indexed by integers, and on the other hand
one can show that one may extend the above convergence notion to generalized
families (that is indexed by a general set) and thus prove that the space Z(Q) is
endowed with a topology (called the inductive limit of C(’:‘(Q) topologies).

A linear operator L : 2(Q) — 2(Q) will be continuous whenever we have
(Pn)n—~> @ in 2(Q) = (Lon)n = L in 2(0Q).

For instance if for « € NN and | x| < m we are given a family of functions cy €
C*(Q), then the differential operator of order m defined by

L= > cxd%p,

|lxl<m

is a linear continuous operator from Z(Q) into itself.

8 The space of distributions 27 (Q)

If Q C RN is an open non empty domain, we shall say that a linear continuous
operator (or a continuous linear form) T : 2(Q) — C, or R, is a distribution on 2.
Thus T is a distribution on Q when the mapping @ — T(@) = T is linear from
2(0Q) into C (or R) and for any ¢ € 2(), and any sequence (@xn)n in Z2(Q),
we have

Pn— @ in 2(Q) = T(pn) > T(p) in C.

The set of all distributions on (2, that is the dual space of (), will be denoted
by 2'(Q).



As we have already done with the dual spaces of Banach spaces, we shall usually
use the duality brackets and note

(T, @) =T(@) forall T € 27(Q2), @& ().

It may happen that when we are using several vectorial topological spaces con-
taining (), and their duals, in order to be more precise we use the notations

(T, ®)a), o)

to signify that the duality is taken in the sense of distributions.

As a topological vector space, 2’ () is endowed with the weak topology asso-
ciated to Z(). More precisely, we shall say that a sequence (T3 )n of 27(Q)
converges to T € 2’(Q) when we have

Vp € 2(Q2), (Tn, @)~ (T, @) as n— .

Let us recall the following result :

8.1 Lemma. Letf € Llloc(.Q) be a function such that for any compact K C Q we
have

JKf(x)dx = 0.

Then we have f = 0 a.e. in Q.

Now, for any f € Llloc(Q), one can easily check that the linear form Ty defined
by

vie o),  (Tpe) = | e fixodx,

is a distribution, that is Ty € 2’(£2). On the other hand, if we have a function
g € L{ (Q) such that

loc
Tr = Tyg, thatis Vo € 9(0Q), L)cp(x)f(x)dx=chp(x)g(x)dx,

one can first infer that for any compact K C Q we have

J (f(x)—g(x))dx =0,
K



and thus, thanks to Lemma 8.1, we have f = g a.e. in Q. This allows us to
conclude that the mapping f — Ty is an injection, and thus upon identifying Ty
with f, we have the inclusion

LL.(Q2) C9'(Q).

In particular all the spaces LP(Q) for 1 < p < oo may be identified with a subspace
of Z7(Q). Whenever f € LL _(Q), we shall write ( f, @) instead of (Tf, @).

loc

9 The space .#(RN)

For &, B € NN and @ € C®(RN), let us introduce the semi-norms

(9.1) Pa,p(®) = sup |x*Fe(x)|.
XERN

The Laurent Schwartz' space of rapidly decreasing smooth functions is defined
as being

92 ARV = @ € C¥RN); Vo, B €NV, pap(e) < oof.

Essentially, this is the space of smooth functions which decay to zero at infinity,
as well as all their derivatives, faster than (1 + |x|2)~™ for any m > 0.

A sequence (@g)k=1 of A(RY) is said to converges to @ € A(RY) if and only
if we have

(9.3) Vo, ENY,  lim pap(@k— @) =0.
— 00
One may define a family of norms || [/, on A( RN) by setting

”(p”m,n:: Z Pa,ﬁ((P),

lal<m,|Bl<n

so that the convergence of a sequence (@g)k to @ is equivalent to

Vm,n € N, lim [|@kx — @Iy = 0.
k—>00 ’

As a matter of fact one can show that upon setting

P~ Wlm,n

. —(m+n)
(9.4) d@,p)= > 2 T+ 1® — Ulmn

m,n=0




the space ((A(RN), d) is a complete metric space which is also a locally con-
vex topological vector space (such a topological vector space is called a Fréchet’
space).

One has obviously Z(RY) c .A(RY), and any function ¢ € A(RY) can be ap-
proximated by a sequence of functions (@ )n=1 of elements of Z(RN). In order
to see that these functional spaces are distinct, one may examine the functions

Pa,alx) = exp(—A(1+ |x12)%),

and see that for any A > 0 and « > 0 we have @« € A RYN), while clearly
Pa,a & Z(RN).

10 The space .’ (RN) of tempered distributions

A continuous linear from T : A(RN) — C, or R, is called a tempered distribution :
thus if (@ )k is a sequence in .#(R)N and ¢ € .Z(RN) we have

vmneN,  lm ok = @lmn=0 = lim (T, px) = (T, ).
— 00

k— o0

The space of tempered distributions on R is denoted by .”(RY), and it is en-
dowed with the weak topology associated to .#(RN) : thus a sequence (Tk)x of
distributions in .%” (RN) converges to T if, and only if,

Ve € ARN), lim (Tx, @) = (T, @).

k— o0

Since a function @ € .#(RN) satisfies

@ llm,o0

Vm € N, X)| S5,
POl =Ty

it is clear that for f € L}(RN) the mapping

Q- J px) f(x)dx
RN

is continuous on .(RY). On the other hand, for 1 < p < o and f € LP(RN) we
have

2 René Maurice Fréchet, French mathematician, 1878-1973.



J[RN|(p(x)f(x) | dx < ||(p||m’0 ||f||p (JRN(l + |X|2>_mp,dX)1/p,.

Clearly when m is large enough so that 2mp’ > N, the integral on the right hand
side is finite and therefore the mapping

Q- J px) f(x)dx
RN

is also continuous on .#(RN). Thus we may indentify the spaces L?(RN), for
1 < p < o, to a subspace of . (RN).

The space LL (RN) is not included in .%”(RV), since for instance if f(x) =
exp(|x|?), then the mapping @ ~ (f, @) well defined on Z(RN) cannot be
extended to .Z(RN), because pg(x) = exp(—+/1 + |x|?) is an element of .(RN)
and [gry@o(x) f(x)dx = +oo.

11 The Fourier transform

For @, ¢ € .A(RN) we define the Fourier® transform of ¢ by setting

L) (F@) @ =pE) = em N[ glxeEax,

and its conjugate (which will be proved to be its inverse and its adjoint in L>(RN))
(11.2) (Fw)) (x) = 2m N2 e e Ede,

The numerical factor (21)N/2 is of no significant importance and is chosen
differently by various authors (one can even remove this factor and replace the
term e~ "% by p—2imx '5). as we shall see in a moment our choice is made in order
to have

F(g) =g, when g(x) =exp(—|x|%/2).

Another variant of the definition of the Fourier transform is by modifying the
Lebesgue measure dx and setting

3 Jean-Baptiste Joseph Fourier, French mathematician and physicist, 1768-1830.



(11.3)
d*x = (2m)™N24x, and (F(@)) (§) = JRNcp(x)e—iX'Ed*x.

With this renormalization of the Lebesgue measure we have

RNg(x)d*x =1.

Our first observation regarding the Fourier transform is that
vEERN, @8] < @m)T™N2| @] pgn),

showing that the Fourier transform can be extended as a bounded linear opera-
tor from LY (RN) into L®(RN). As a matter of fact using the dominated con-
vergence theorem of Lebesgue, one can see that when @ € L1(RN) we have
F(@p) € C(RN). Also (see Exercise ) one may show easily that 7 (@) (£) — 0
when |E| — .

Thus if @ € LL(RN), we have 7 (@) € Co(RYN), the space of continuous functions
converging to zero at infinity.

One checks easily that
F(@Pp) (8) = (18P 7(p) (&), %7 (@) (8) = 7((—ix)%* ).
Combining these, one sees that
(i5)P %7 (@) = 7 (P (—ix)* ).

Now, when @ € ARYN), we have 38 (—ix)*@p € ARN) c L}(RN), and thus
its Fourier transform belongs to Co(RN). Therefore for any «, § € NN we have
(i£)P %7 (@) € Co(RN).

From these observations we conclude that 7 (@) € .(RY), and that the mapping
@ — F (@) is continuous on .#(RN).

If, for h € RN, we denote by T4 the translation operator defined by
Th@ = @(-+h), thatis (Tp@) (x):=@(x+h),
for @ € .A(RN), one sees that

(11.4) F(th) (§) = P EP(E).



Also if for A > 0 we denote @a(x) = @(Ax), one checks that
(11.5) F(@a) (§) = A Np(a71x).

In order to show that the Fourier transform .7 is a continuous isomorphism on
ARN), we compute first the Fourier transform of the Gaussian function g(x) :=
exp(—|x|?/2). This function being an even function on RY, we have

g(&) = (2mw)=N/2 JRNg(x) cos(x - &)dx
from which by an integration by parts (since g(x)x = — Vg(x)) we infer that

VG(E) = —(2mr)~N/2 J[RNg(x) sin(x - &) x dx

-g(&)¢&.
This yields, since g(0) = 1,
J |e§|2
(11.6) g(&) =g(0)exp| — =9g(8).
Using the rescaling property , for t > 0 we have

(11.7)
2
if ge(x) =exp(=tlx?),  Gi(E) = F(ge) (§) = (21) N/ZeXp(_%).

Using Fubini's theorem it is easy to see that for g, € .A(RN) we have, for all
x € RN the F. Riesz identity

(11.8) | o @@EaE = | a0 ex+yidy

In particular, taking g := g¢ given in , we have g = G¢ and thus
GEPEOELE = | Gy @(x+ ) dy
RN RN

2
= JRNeXp<—|—ZZ—|—) @(x ++2tz)dz.

Letting £ — 0 we obtain



. 2
JRNQ?(z)em'fdz = @(x) JRNQXP(_%> dz = 2" p(x),

which proves that .7 defined by (11.2) is the left inverse of the Fourier transform
F, thatis 7.7 = I.

Using (11.8) in the form
[, 90 Fen e Eax = | (Fa) eE+ vy,

and following the same procedure as above, we see that.7 is also the right inverse
of 7, thatis 7.7 = I.

12 Exercises

—— Exercise 1

We consider here various functions in Llloc( R) of which we study their deriv-
atives in the sense of distributions.

1) Let Y(x) = x1(g,c0). Determine the distribution derivatives Y" and Y”.
2) Let f(x) :=|x]|. Determine f" and f”.
3) Let g(x) =exp(|x|/2). Determine g’ and g”.

4) Let K(x) :=exp(—|x|)/2. Determine K’ and K” as well —K” + K.

—— Exercise 2

For h € RN we define the translation operator T, on Z(RN) by setting
(Th@) (x) = @(x + h) for p € Z(RN).

1) Verify that this operator can also be defined on 27 (RN) by setting
VT € 77(RN), Vo e 2RN), (tpT,@) = (T, T—n@),
and that T — T3, T is a linear continuous operator.

2) We denote by e; the i-th element of the canonical basis of RN. Verify
thatas e - 0



TgeiT - T

. - 0;T in 2"(RN).

—— Exercise 3

Consider the function f(x) = (1/2)log(x?) on R.

1) Verifythat f € Lloc([R) so that the linear form @ = (T f, @) = [rp(x) f(x) dx

is well defined.

2) Prove that the distribution derivative Tj’e is given by

@ (x) —CP(O)d
X

vp e 2R), (Tfo)=

This distribution is called the finite part of 1/x, and is sometimes writ-

ten as
<FP—,(p> Jcp )dx.

One should be aware that the integral sign on the right hand side of
the above equality is not a classical Lebesgue integral, in particular one
cannot separate the integral into two pieces, say

J m(x)—m(o)dx and J m(x)—cp(o)dx’
[lx]<1] X [IxI=1] X

since the latter is not defined as a Lebesgue integral.

3) More generally show that for any integer k > 2 one has

<T}k>,<p> = <—1>’<—1<k—1)!jR( Z qo‘JMO)—)d—’,j

j=0

These distributions are sometimes called finite part of 1/x¥ and one
sometimes write

<F-P-ﬁ,cp> = LR((P(X) Z P (0 )i{ ’

and thus we have that the k-th derivative of F.P.% in the sense of dis-
tributions is given by

—10 —



—— Exercise 4

For ¢ € Z(R) consider

(T, @)= > (-1 ™ (n).

n=>0

Does T71 belong to the space 2’(R) ?

—— Exercise 5

For ¢ € Z(R) consider

(T2, @) = > (=1)"@™(0).

n=0

Does T» belong to the space 2’(R) ?

—— Exercise 6

For n € Z and x € R let T (x) = el"*,

1) Show that (T, @) — 0 when |n| — oo, for each @ € .A(R). (Consider
the functions f; = Ty /in).

2) Conclude that for any ¢ € C.(R), or @ € L'(R), we have
lim | @(x)e™ dx =0.

3) Deduce the Riemann-Lebesgue Lemma which asserts that

Vf e LY(RN), lim F(x)e*Edx = 0.
|§|—>oo RN

—— Exercise 7

In 2’(R) we consider the following distributions



n
Uy = z Ox—2—ndo
k=1
&1
Up = > = 0k-1— log(n) 6o
k:
n k
-1
Wn = Z ( k) 6k—2.
k=1

-

Show that these distributions are convergent and determine their limit in
2'(R).

—— Exercise 8

A distribution T € &7(Q) is said to be nonnegative if for any ¢ € Z(Q) such
that @ > Owe have (T,@) > 0. Thusif f € Llloc([)) is anonnegative function,
itis also a nonnegative distribution. We are going to prove that a nonnegative
distribution T is a Radon measure on (2, that is for any ¢ € C.() such that
supp(@) C K we have |(T,@)| < c(K)|l.f|le for a constant c(K) depending
on K and Q.

1) Give an example of a nonnegative distribution which is not a function.
2) Give an example of a distribution which is not nonnegative.

3) Let T be a positive distribution and K C Q a compact set. We fix a
compact set Ko C Q such that K C int(Kp), and then we consider 0 €
2(0) such that supp(0) C int(Kg) and 0 < 0 < 1, while 0 = 1 on K.
Prove that for any @, € 2(Q) such that supp(@;) C K we have

NPl (T, 0) < (T, Pn) < |[[@nlle (T, 0).

Conclude thatif @ € C.(Q) and supp(@) C K one can define (T, ) as
the limit of (T, @4 ) for an appropriate choice of the sequence (@y)n,
that is T is a Radon nonnegative measure on (.

—— Exercise 9

On R? we consider the functions

G(x) =log(|xI?),  Ge(x):=1log(e®+ |x|?),



where £ > 0.
1) Show that G¢ — G in 27(R?).

2) Compute VGg and AGe, and deduce VG and AG in the sense of distrib-
utions. (One may define the function fg(t) := log(e2 +t)fort=0and
note that Gg(x) = fe(|1x12)).

—— Exercise 10

Assume N > 3. On RY we consider the functions
G(x) = |xI27N,  Ge(x) = (€2 + |x|3)@~N)/2,
where € > 0.
1) Show that G — G in Z’(RN).

2) Compute VGg and AGe, and deduce VG and AG in the sense of distrib-
utions. (One may define the function fe(t) := (€24 t)2~N)/2fort >
and note that Gg(x) = fe(|x?)).

—— Exercise 11
Recall that the Laplacian operator is defined by

N
Ap = ) 355,
j=1

whenever the above expression makes sense, for instance when @ € C2(RN).
We shall also denote denote by M the multiplier operator

(12.1)  M(x)=1+1x]% and (M) (x):=(1+|x|?)@(x),

where | x|% = >¥_. |xx|%. We denote the Fourier transform of ¢ € .#(RV)
by

(AP)) (E) = P(E) = (2m)~N/2 JRN(p(x)e_ix.ng_

Form,n € N and ¢ € C®(RN) let us denote by | lm,n the quantity

—13 —



(12.2) (@l = [M™I -2 @5+ [ (I-A)™ M p]|5.

1)

2)

3)

4)

5)

Verify that | @ |, # is well-defined for ¢ € RN) and p ~ | lm,n 1S
a norm.

Verify that for ¢ € A(RN) we have |12, ,, = [P |2, 5.
Show that the space .#(RY) can be characterized by

(12.3)
ARN) = {cp e C®(RN) ; Vm,n €N, |Q9|m,n < oo},

and that a sequence (@g)k converges to @ in .#(RYN) if, and only if,
vm,n € N, | @k — Pl > 0 as k —> oo,
We define a linear operator (L, D(L)) by setting Lu := —Au + Mu for
u € D(L) = {u € L3(RN) ; —Au + Mu € L2(RV)].
Verify that u € D(L) if, and only if, one has 1 € D(L), and that
D(L) = {u € H3(RN); @i € H3(RN)].
Find an analogous characterization for D (L") for any integer n > 2.
Prove that the space .(RN) can be characterized as

ARN) = () D(LM).

n=0

Show that a sequence (@g)k=0 of ARYN) converges to @ in ARN)
if, and only if, for any integer n > 0 we have || L"(@r — @)ll» = 0 as
k — oo,
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13 Exercises

—— Exercise 1

Consider the function u(x) = (1 — |x|)T on R. Determine all s € R such
that u € H*(R).

—— Exercise 2

Let 2 be a smooth bounded domain of RN, k € R given and f € L?(Q). We
study here the equation

—-Au+u=f in Q
(13.1) u = constant on o0
a—udo = k.
Yo on

1) LetV:={v € HY(Q); v is constant on 9Q}. Prove that V is a closed
subspace of H1(Q). In the sequel we will denote by m(v) the value of
v € V on the boundary.

2) Write the variational formulation of and prove that this equation
has a unique solution.

3) Is the mapping (k, f) — u continuous from R X L2(Q) into V ?

4) When N =1 and Q = (0, 1) write and interpret equation

—— Exercise 3

Show that if u € H1(Q) we have |u| € H}(Q) and

Viul = uliy>o01— ulfu<ol IVIulliez = [[Vullga.

(Consider the function jg¢(t) = &2 + t2 — &, and then show that ug := Je(u)).



As an application show the following weak maximum principle. Let A =
(aij)1<i,j<n 18 a uniformly positive definite matrix with a;j € L*®(Q), and
c € L®(Q) be a nonnegative function. Show that if f € L2(Q) and f > 0,
and u € H}(Q) satisfies

—div(A(x)Vu) +c(x)u = f, u =0 on 00,

then one has u > 0 in 2. Show that the same result holds if ¢~ is sufficiently
small in L*(Q).

—— Exercise 4

We know that H%(Q) is closed subspace of the Hilbert space H(Q). In this
Exercise we characterize the orthogonal of the space Hé(Q ), depending on
the norm chosen on H1(Q).

1)

2)

3)

We assume first that the norm of H () is given by
ullf = I Vull2: + llull2,.

Show that u; € H(Q) is orthogonal to H§(Q2) (with respect to the

scalar product associated to |||-]/|7) if, and only if, there exists ¢ &
HY2(30) such that

—-Auir+u;=0 in Q
(13.2)

Uy =@ on 0.
Denoting by Hj = (Hé(.Q))J', show that H(Q) = H} @ Hj is isomor-
phic to H3(Q2) x H/2(302). What does this imply regarding the dual of
HY(Q)?

With the above notations, show that if u € H1(Q) and yo(u) = @, then
w1 lll1 < lllulll;, and if this inequality is an equality we have u = uj.

Show that the following
el = | Vull2, + J lu(o)|?do,
Q

defines a Hilbertian norm on H1(Q), equivalent to ||| - ||



4) Show that uz € H'(Q) is orthogonal to H(£2) (for the scalar product
associated to || - [||») if, and only if, there exists @ € H1/2(30) such that

—Aup =0 in Q
(13.3)
U =@ on oQ.
5) We set Hp := {uz € HY(Q); u» satisfies } Show that

HY(Q) =H{(Q) & Hy
is isomorphic to H}(Q) X H/2(3Q).

6) With the above notations, show thatif u € H1(Q) and yo(u) = @, then
Mzl < lllulll2, and if this inequality is an equality we have u = up.

—— Exercise 5

We denote by sgn(t) the sign function that is
+1 ift>0
sgn(t)=4 0 if t=0
-1 if t <O0.

Recall that if Q is a subset of RN and Ty, To € 2(Q), we write Ty > T> when
we have (T1, @) = (T, @) for all p € Z(Q) such that @ > 0. Our aim here
is to prove the Kato' inequality :

(13.4) if fell(Q), Alul=sgn(u)Au in '(Q).

1) Let j(t) = |t| and for € > 0, define je(t) = (€2 + t?)1/?2 — . Prove
that jg is convexe and that 0 < jg(t) < j(t) for t € R. Verify also that
for t € R fixed

lim je(t) = j(t), lim jz(t) = sgn(t).
-0 =0
Can one determine a sens to a limit for jg(t) ?

2) Let @ € 2(Q) fixed. Prove that if u € Li, .(Q), then

' Toshio (or Tosio) Kato, Japanese mathematician, 1917-1999.



3)

4)

5)

6)

7)

8)

9)

—— Exercise 6

lim Jg(u(x )cp(x)dx—J jlu(x))p(x)d

-0
With the above assumptions on @ and u, we assume that a partial de-

rivative ou belongs to Llloc(Q). Prove that

lim Qiﬁ(jg(u(x))) p(x)dx = L)sgn(u(x))au(x)cp(x)dx.

-0

Let u € L} .(Q) such that du € LL _(Q). Verify that sgn(u)ou €
9'(02).

Let u € L (Q) such that du € LL (Q). Prove that
olul =sgn(u)ou in 2’(Q).
(Note that (dlul, ) = — [glul 3@ dx = —limg—0 o je(u) 0@ dx)

Let u € L{.(Q) such that for 1 < i < N, we have d;u € Lloc(.Q) and
Au € LL (). Compute Aje(u) and verify that it belongs to L{ .(Q).
Deduce that if @ € 2(Q) and @ > 0, then

J jg(M(X))A(p(X)dXZJ je(u(x)) Au(x) @(x)dx.
Q Q

Prove thatif u € L] .(Q) and Au € L}, .(Q) then jz(u) Au — sgn(u) Au
in 27(Q).

Let u € LL .(Q) such that for 1 < i < N we have d;u € L3 _.(Q) and
Au € LIOC(Q). Prove that we have the Kato inequality (13.4).

More generally, show that if u € LL (Q) is such that we have d;;u €

LL.(Q) for some integer i, then

0iilu| = sgn(u) dj;u in 2'(Q).

Let f(7) = exp(—v)/¥ for » > 0. For x € R3 and A > 0 (a fixed constant
which will be determined later on) we consider

Lexp(—Ix])

Yix) = ]



1)

2)

3)

4)

5)

6)

7)

8)

9)

Replacing | x| by Vel + | x |2, find a sequence Y, € .A( R3) suh that Ye —
Y in . (R3) as € — 0.

Compute T == —AY + Y in .%”(R3.
Determine the solution Yx € .’ (R3) of the equation
—AYx + Yy = 0.
(The function Y« is called the Yukawa potential).
Determine all the p's in the interval [1, co] such that Yx € LP( R3).
For a given f € L2(R3) show that the unique solution of
ue. (R, —Au+tu=f

is given by u = Y * f. (One may also consider ugs = Y¢ * f and compute
—Aug + Ug, then let € — 0).

Show that when f € L2(R3) then u € Co(R3), and that if f € LL(R3)
then u € L1(R3).

Let v > 0 be given. Taking your inspiration in the above study how
would you suggest to solve the equation —Au + w?u = f for a given
f EL3(R3)?

Let again w > 0 be given and consider the function

exp(xiw|xl])
|x|

Hag(x) = Axg

where Ak is a constant which will be fixed later on. Does H+, belong
to a space LP(R3) for some p € [1, 00] ? Determine all the exponents
p € [1, o] such that Hx¢ belong to LP. (R3).

loc

Compute

Si= —AH+g — W2Hiyq  in ' (R3).

10) Let f € Cc.(R3) be given. Show that the function

wx) = | Holx =) f(r)dy



is solution to the Helmholtz® equation
(13.5) u € ¥ (R3), —Au = wu + f.

Does u belong to a space LP(R3) for some p € [1, 0] ? Is u continu-
ous ? Is the solution unique ?

11) Show that there exists a unique H € .%”(R3) such that
—AH = w?H + ¢
and which satisfies

-VH(x) —iwH(x) = O(ﬁ) as | x| — oo,

X

(13.6) x|

(This is called the Sommerfeld’ radiation condition for the Helmholtz
equation).

12) Prove that for f & Co(R3) given, the Helmholtz equation has a
unique solution u satsifying the Sommerfeld radiation condition

Vu(x) —iwu(x) = O(ﬁ) as |x| — oo.

X
| x|

2 Hermann Ludwig Ferdinand von Helmholtz, German physicist and medical doctor, 1821-1894.
3 Arnold Johannes Wilhelm Sommerfeld, German physicist, 1868-1951.



